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IlpegucnoBue

Ha npoTaxeHNUH ABYX C IHIIHHUM THICAYENETHI oNpefieneHHOe 3HAKOMCTBC C MaTEMAaTH-
KOH CYHTaNOCh HEOTHEMIEMOH YaCThIO KYABTYPHOrD GaraXa BCAKOTo 00pa30BaHHOrO
Yenopeka. B Halll JHH TPaAMLHOHHO BHICOKOE NOAOKEHHE MaTeMaTHKH B o5pazoBa-
HHMH HaXOZHMTCA NOF yTpo3oil.

3TUMH coBaMM HauHHAeTcA NPeAUCICBHE K KaccHYeckol kHHTe «UTo Takoe
MaTeMaTHKa?», HanmicaHHoi PHxapaom KypautoM B 1941 rogy. YTelinTelasHO CO-
3HaBaTk, YTO NMpoOaeMEl, B BOSHHKHOBEHHH KOTOPEIX MH CKJICHHEI BHHUTH HAHIC
BpeM#, CTOANK HE MEHee OCTPO H CeMb JeCATHOB JeT TOMY HasaJ (a CKopee BCEro,
H eme padee), KoHeyHo, MBI He XOTHM 3THM CKa3aTh, YTO B Hallle BpeMs C Npemo-
JlaBaHHEM MATEMaTHKH BCe XOpOINO; MBI HAIEeMCs, YTO ITAa KHHTA BHECET CBOH
CKpoMHBIA BKIAJ B MOAASpKAHHE MaTeMATHYeCKOH KyNbTYpLL,

[Meppas kHHra MO MATEMATHKE, KOTODYIO OAMH M3 HAIOWX MaTeMaTHYECKHX
KyMHpoE BnaguMup Hropesny ApHo/AbJ NMpOYMTasN B BO3pacTe ABEHAALIATH JET,
6 «Hucaa u ¢urypel» I'aHca Pagemaxepa u Orro TerviHua. B cBoeM HHTep-
BbIO, OMyOAHKOBaHHOM B 1990 roay B ypHane «KBaHT», ApHOABJ BCIIOMHHAET,
9TO KHUTY OH 9HTAjl MedAeHHO, Pa3fupas no HeCKOALKO CTPAHHI] B AeHb. Ham
OYeHb XOYeTcHd HaAeAThCA, YTO B 6yAyllleM M 3Ta KHUCA CHIPpAeT aHAJNIOTHYHYIO
POib B CTAHORACHHMH KaKOro-HHOYAR BHIZAICINErOCH MaTeMaTHKA.

Mer HazeeMcA, 9TC 3Ta KHUra OpeACTABAAET HHTepec Jjs BCeX, KTo AwbuT
MATEMATHKY, OT MIKONBHWKOR A0 NpodeccroHanoB. Mu He ofelllaeM 4HTATEAAM
JIerKOH MpOTY/IKN: YTeHMEe NoTpedyeT OT UMTATe/A Cephe3HBIX ycuauil. Xodercs
BEPHTE, 9TO, B Harpady 3a 3TH YCHINA, K YNTATeN0 6yaeT nopoH NpHXOANTL BOC-
XUIIeHHe KpacoTofi mpeaMeTa — TO caMoe YYBCTBO, KOTOPOe B NEPBYIO OUEpeih
BAOXHOBISET MaTeMAaTHKOB B UX TpyZe. BoT uro mumeT I X. Xapay B «ANoNoruu
MaTeMaTHKa»:

CosnaBaeMble MaTeMaTHKOM 06paskl, NoAo6HO o6pazaM XyROKHNKA WAH TI03Ta, J0MK-
HH ofradams kpacomofi; noAcOHO KpackaM W/H CI0BaM, WAEH AC/KHH COYETATHCH
rapMoHMYecKkH, KpacoTa Cy:MT NIepBHM KPHTEPHEM: B MHPE HeT MecTa Ge300pasHoH
MmaTemarHie,!

Jnst Hac Taloke Kpacora ObU1a MepBBIM KPHTEPHEM NMpH BHIGOpE CIOXETOB M /UM
COGCTBEHHRIX HeCMeA0BaHUM, H A NONYAAPHBIX cTaTell win nexuul, 4, B KOHeY-
HOM cueTe, IpH oTBope maTepHana And 3TOH KHUrH. Mei He oTpaHHIHBaNH cebA
KOHKPETHBIMM Da3fieNaMM MaTeMaTHKH (CkakeM, TeopHeil WnucelN WIH reOMeTpH-
eii}; MH CTapaianch CAeNATh YAapeHHE Ha pazHooOpasHK K €IHHCTBE MAaTeMaTHKH.
Ecam 9uTaTe)ls, IPOYTAR HANLY KHUTY, 3ax09eT Oojlee CHCTeMATHYECKN HAYUHTh
KAKYI0-HUGYAE H3 3aTPOHYTHX B Heil TeM, OH Jierko HaWAeT THTepaTypy, NOJX0a:A-
LIyIO ANA 3THX Heneii.

~ CA0BO «KIACCHYECKHI» U3 MO3aroN0BKA K KHUIe ONPEAENACTCA B CIOBape Kak
«MMEIOLLIMIA HEPeXOAAMIYIO LIEHHOCTE». MBI CTapaJHCh BHOpaTh MaTeMaTHYeCcKHe

leperon 10. A. Aaumnosa. — Mpum. ped.



6 MMpegwcrosne

CIOMETHI, VAOBACTBOPAIONIHE 3TOMY CTPOTOMY KpHUTepHIo. YKTaTens HailzeT B KHH-
re TeopemMsl, IpHHaAnexamue Ucaaky HeloToHy u JleoHapay 3itnepy, OrtocTeHy
Jiyu Koumn 1 Kapny I'ycrasy Axo6y Axotw, Mamemo [Hamo u [MTadryTHio Jibeo-
puay YeOrnnesy, Makcy JeHy u JiKeiiMcy AnexcaHgepy, 4 Taxoke MHOTKHM APYTHM
BEJIHKHM MaTeMaTHKaM Npouuioro. Hepeaxo Me! Hanaraem M pe3yABTATHL COBpe-
MEHHBIX BBEIAAIOMIMXCA MATeMAaTHKOB, Hanpumep Pobepra Konxenn, [DroHa KoH-
Bed u B. M. ApHonbja.

B KHHPE OKOIO YeTHIPEXCOT PHCYHKOB. MBI MOMHOCTRIO COTAIACHEL C OCHOBH-
geit «nyullle OAHH Pa3 YBHAETh, YEM CTC pa3 yCABIMHNATE» (MM mpodHTarts). Ha-
I} WUTIOCTPALMH SBAAIOTCA MaTeMaTHYeCKH KOPPEKTHEIMH: HanpHMep, KyGH4e-
CKad KPHBaA — 5TO KOMITBIOTEPHOE H3o0paXeHHe MHOMKECTBA TOUCK, YOBAETBO-
PAIOINKX HEKOTOPOMY KYGHYECKOMY YPABHEHHKO, B 4aCTHOCTH, HAHIH HANIOCTPA-
UMK AEMOHCTDHPYIOT NONEZHOCTE TOUHBIR YepTexeit Kak cpeAcTEa IKCIepHMEHTA
B PeOMETpHUYIECKHX HeCAeoBaHUAX. JIBa NIpHMepa TOMY PHBEACHE B JIEKOUH 29:
TeopeMma MaHH-KyTTca, orkperras B 70-e roasl XX BeKa B pe3yAbTaTe H3YYEHHHA
aKKyPaTHHX YepTexeil, 1 coBceM HeflaBHAA TeopeMa Pruapaa [sapiia o penreTe
IToHcesne, OTKpHITAR B Pe3yibTaTe KOMNBIOTEPHHX SKCIepHMeHTOB. Jpyroil npH-
Mep KOMIBIOTEPHOTO IKCIEPHMEHTHDOBAHHUA TIPHBEAEH B ekiun 3 (eM. ofcyk-
AeHHE «IPHBHAETHPOBAHHEIX TIOKA3aTeNel»),

Mul He CTpeMHANCH K TOMY, YToOH AAMHA WM YPOBEHE TPYAHOCTH BeeX JIeK-
uuit 66K oANHakoBE, HexoTophble M3 HUX AeilCTBHTEALHO JOBOJIBHO JJIMHHEE
M CIOXKHEIE, APYTHEe 3HAYUTENBHO Npolle 1 Kopode, Ocoboe nonoxeHie 3aHAMaeT
JIEKIHA O TOUYKAX BO3BPaTa: B Hell HeT HM OAHOro AOKA3aTeNbCTBa, HO MHOTO NpPH-
MEPOB, WeApo NPOHIIOCTPHPOBAHHEIX YepTeXaMH, MHOTHE H3 3TUX NpHMepoB
pasGHPAIOTCA YKe ¢ JOKA3aTe/bCTBAMH B APYTHX JEKIHNAX.

Jlekunu He32aBMCHME ADYT OT ApYTa, HO, KaK YBUAMT YHTATelb, HEKOTODHIE
TeMhl BCTPEYAIOTCA B KHUTE HeOAHOKPATHO. Cephe3HRIX MpeABAPUTEIBHHX N03HA-
HUll A1 YTeHHA KHUTK He TpebyeTca: B GOABUIMHCTBE CAY9aeB AOCTATOYHO 3HA-
KOMCTBa €O CTaHAAPTHBIM KYpCOM aHajlW3a, a YacTo ¥ 3Toro He Tpebyerca; 1o
KpaitHeli Mepe JacTh KHHTH AOCTYITHA HHTEPeCYOIIEMYCA MaTeMaTHKoil cTapme-
wiaccHUKY. [lonaraeM, ofHaKo, 9TO BCAKHI YHTATENE, HE HCHIIIOYAs MOAHATOPEB-
IHMX B MaTeMaTHKe Npo(decCHOHANOB, NOYTH B KAXACH JeKHH HalgeT 4To-HU-
6yap HeoKHAanHoe ana cebs,

KHUra coiepXuT OKOIO ABYXCOT YIIpaKHeHHH, KO MHOTHM M3 KOTODHX MpHU-
BefieHEl OTBeTHl WIH pelleHUA. B ympaXHeHHAX DASBHBAKOTCA HEKOTOPLIC TeMbl,
3aTPOHYTHIE B JIEKIMAX; BO MHOTHX CTy4asx Ans 3Toro TpebyeTca 6onee cioxHanA
MareMaTHka (B TAKHX CAYYafX MBI BMeCTO PelleHMil NpUBOAMM CCBIIKH Ha JIMTe-
patypy). Bonee TpyAHbIle yIpaskHEHNsI OTMEYEHH! 3Be3/104Koi, 00060 TPyAHHE —
IBYMA 3BE3A0YKAMIL,

DTA KHKIa BHIPOCAA U3 cTaTell, onyONHKOBAHHEIX ABTOpPAMH B mepwnoj ¢ 1970
o 1990 roa B Hay4HO-NOMYAAPHOM XYpPHate «KBAaHT», H H3 MHOTOUUCIEHHKHX
TOTYMAPHEIX JeKiuil, NpouuTaHHEIX UMH Kak B CCCP, Tak U B CIUA, rae aBTOpH

19707 3MYpHAZ, BITIOYAA CTAPEE HOMEPA, ZOCTYTIEH N0 afpecy http: //kvant .mecme. ru,
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WueyT ¢ 1990 rosa, CrymiaTensMHu 3THX JeKIHit GBIIH M IIKONbHIKH CTAPUIRX K1ac-
cOB {MHOTJa — BMeCTe ¢ POAUTEAAMM K YUMTENAMK), ! CTYACHTH; B YaCTHOCTH,
3TH JIEKIMH YHTATHUCE B AMEPHKAHO-KAHAACKOM MaTeMaTHYeCKOM arepe B 2001 u
2002 rogax, B paMKax nporpaMmel MASS B Penn State University B 2000—2006 ro-
Jax, i B Bay Area Mathematical Circle B Bepn,

[lo MaTepHanaM KHWTH MOXHO NPOBOAUTH CIENCEMBHADE A MAaAUWIEKYpPC-
HHKOE (€€ cOmepKHMOro ¢ JIHXBOH XBAaTHT Ha Uesbi yaeOHBIA rog), pasnnyHble
CHenKYPCE], 3aHATHA MATEMAaTHIECKNX KPYKKOB A1 WKONEHHKOB; MOXHO H IpO-
CTO YUTATE ee ANA CBOETO YAOBONBCTBHA.

Te, xTo 5yAYT 9MTATh KHHTY JJIA YEOBOABCTRYSA, OLEHAT MARIOCTPalHU, CAeTaH-
Hele TpodeCcCHOHANBHHM XVIoKHUKOM Cepreem MBanorHM. B 80-e rogaw on 6611
IEABHLIM XYAOXHKKOM XypHaIa «KBaHT», 3aTeM 3aHsUT aHANIOTHYHYIO AOIKHOCTh
B €ro aHMOA3EMHOM aHajuore «Quantums». C.paHoB no o6pa3zoeannio QH3HK,
¥ erc HINMIOCTPAlMK He TONBKO MHTEPECHB! KAk [TPOHABeAeHUA rpaduky, Ho U OT-
paxaloT MaTeMaTH4eCKoe COAePKaHHe WITIOCTPHPYEMOro.

MEI HAYAAH 2TO MpefUCROBHE C IIMTATH], LUTATON Xe M 3aKOHYHM. BoT 4To
Maxc JleH, o TeopeMax KOTOPOT'O He OAMH pa3 MZAET peqb B 5Toil KHuTe, ckasan
B 1928 roay {36].

Tlopoiil MaTeMaTika o6ypeBaeT Takas e CTPAcTh, KK NOJTa HIN 3aBOCBATENS; €ro J0-
BOJIBE CTOJIb JKE CTPOTH, KaK ¥ OTBETCTBEHHOTO rocyfapcTBeHHOTO ASATeNs WIH Cephes-
HOFO 0TI, A €0 TEPIHMOCTL H NIOKOPHOCTD HE MEHBIIIE, HeM Y YMYAPDEHHOTO ONLITOM
cTapua. OH U PeBOMOLHORED, H KOHCEPBATOP, H CKENTHK, H HCKPEHHHK ONTHMHCT.

MEL HageeMCA, YTO 3TH CI0Ba [IPUMEHHME K IIPDEAMETY Hapreit KHUTH.

BaarogapHoCcTH

3Ta KHHMra BHINUIA K ceMHAECATHIETHIO B. W, ApHOoNnbaa; ero cTwiIbL MaTeMaTH-
YeCKUX HCCASACBAHUH M M3MOMKeHU MHOTHE TO/IBL OKA3BIBAN HA aBTOPOR Cephes-
HOE BIMAHHE,

B 2005 u 2006 rogy MH y4acTBOBajiH B IporpaMMe «Research in Pairs» Mare-
MarH4ecKoro UHCTHTYTa B O6epBonbdaxe (Tepmakusa). Mul ry6oko 61aroaapHel
OpraHH3aTopaM 2TOr'0 MATeMATHYeCKOro pasd, Ifie TROPYeCKHH MMIYAbC MOCeTH-
TEAAM NPUAAOT W aAMIHHACTpANNA, H osapa, u npupoaa. C. JI. TabauHukoB Gna-
roflaput MaTemaTHyecKHii BHCTUTYT KMeHK Maxca [nanka (BorH, FepmaHua) 3a
ero HeM3MeHHoe TOCTEeNPHUMCTBO,

Meu: rny6oko Gnarogaptel Jxxony JyHiany, Cepreto lensdangy u Toutepy Lur-
Jiepy, BHUMATENBHO [TPOYHTABUIKM PYKOIIMCE; HX MOAPoGHBe (1 MOYTH He Ay6au-
PYOIIHeCa) KOMMEHTADHH H KPHTHYECKHE 3aMedaHHA CHIBHO CIHecoGCTBOBANH
YAYYIICHIIO N3JI0XKEHNS,

C.JI. TabaunukoB GnaropapeH HanmoHasbHOMY HayuHoMy doHzmy (CUIA) 3a
OHHAHCOBYIO NOANEPIKKY.

Jesuc, Kanugoprun u Cmetim Koanedxc, flencunveanusn,
dexabpe 2006,



IMpeaucioBue K pyccCKOMY U3JAaHHIO

B oTHOIWIEHHM CofepXXaHHA KHUTH, MPHHUHNOB orfopa MaTepHana H Kpyra
yuTaTeneli, KOTOPOMY, TI0 HalleMy 3aMEICAY, KHHra aApecOBaHa, HaM Hedero aoba-
BUTD K NIPEANCAOBHIO, HAIMCAHHOMY YeThIpe rofa HazaA. Bee ke, IPOXUB Nocea-
Hue 20 sieT B AByA3bIMHON aHTIO-pyceKoil cpefie, MBI pajbl BO3MOMKHOCTH HaIIUCATh
HECKOJIBKO C/IOB Ha POAHOM S3HKE.

MbI GeckoHeyHo GaaroapHsl peAaKTopy nepeposa Ceprero JILBOBCKOMY, Kave-
CTBO paBOTH KOTOPOTO FHAMMTENBHO TPEBOCXOAUT Mofoe nOHSTHE O PeAaKTHDO-
BaHWH, CBHIETEARCTEOM STOrO ABAAETCA IOMEINEHHHIH Ha BeG-cTpaHnie AMepH-
KaHcxore MarematHveckoro OfLiecTsa, H3AaBIIero aHIHHCKHHA OPHTHHA, IITH-
CTPAHMYHBIHA CIMCOK HCTIpaBAeHnit, crenanHeIX Ipy nepeBoge. O TakNX pejakTo-
pax asTopaM NpUXCAUTCH TONBKG Medrars. Cnacubo, Cepreiil

M 3aTPYAHAEMCA CKa3aTh, KaKoe M3 M3JaHNi, pycckoe HAM aHIMRICcKoe, cre-
AyeT CYHTATh OPHIMHAJIOM, a Kakoe nepesodcM. MHOrMe YacTH KHHTH TaK WK
HWHave CBAZaHB CO CTAThAMH, NyG/IHKOBABIINMHACA HAMH B HallleM JIOGHMOM Xyp-
Hasle «KBaHT». Jla M BeCh ¢TWIb KHHUTH NIpeACTABAAETCA HaM CTHIEM pyccroil Ma-
TEMATHKH, KOTOPEIE 14 Hac 6bUT Beerda NepcoHHGHUHMPOBaH B UCKITIOYHTeABHOM
JHYHOCTH Bragumupa Mropesnda ApHonbaa.

CKa3aB 3TO, MBI JO/DKHBI 3aKOHYHTDL HA IPycTHO# HoTe. MBI NOCBATIIIM HAy
KHMry B. M. ApHonbay B cBaA3M ¢ ero 70-1etneM. B. M. ApHonbp cxoHdanca 3 HioHs

2010 r. C rayGoxol MeYaNbio MBI IOCBAMAEM TENEPh PYCCKOE M3AAHHE ero ma-
MATH.



OT u3naresabCcrBa

Hzgatenscteo MITHMO rayGoxo 6marcgapHo nepedHcAeHHHM HIDKe OpraHu-
3aITHAM H OTAeNbHBIM JIHIaM,

JIx. Anexcanaepcony {Gerald Alexanderson) — 3a pa3spemeste KCoAL30BaTh
nzobpaxenns 3, Bopens, [, Twisbepra B nexuun 19, X.-B. MowHcene u X. YHTHH,

ApxuBy MHCTHTYTa MaTeMaTHYeCKHX Mceiegopanuil B Ofepeonbdaxe (Mathe-
matisches Forschungsinstitut Oberwolfach) — 3a paspemnenne Hemoab3oBaTh H306-
paxenua B. Basmke, T. Pamens, K. @.Taycca B nekuuy 3, M. JI. pomora, A. Kue-
3epa, M. A, Kpacrocensckoro, Jx. Konees, P. Kornenu, H. Kiolinepa, M. Maxknao-
Hanwza, P. [TeHpoyza, C. PamanyaxaHa, B, Cerpe, C, CMmeiina, A, Tapckoro, P, Toma,
W. ®apn, I X. Xapau, M. Xupma, "xenb Hlen-mens, W. f. [1énbepra, K. red-
eHa.

Butnnoreke 0blecTEEHHEIX HayKk MHCTHTYTA BRICHIMX HecnenoBaHHH B [TpHH-
croHe (Historical Studies-— Social Sciences Library, Institute for Advanced
Study) —3a pazpelieHHe HcHoAb3oBaTk QoTorpadmio i Anexcarzgepa. Porto-
rpadus IpeIOCTAaBACHA C COIIaCHA CEMBbH AJIeKCaHepoB apxuBoM Shelby White
and Leon Levy Archives Center.

Banpa-cryxbe yaHeepcureTa Croun Bpyk (Media Services, State University of
New York at Stony Brook) — 3a paspemeHude uenoyeaoearth GoTorpaduio Jx. M-
Hopa.

Anaroauio JlBepHHy — 3a pa3spellleHHe MCIOAB30BaTh HaobpakeHus M. leHa
u M. Kpodrona.

KamexyrTckoMy MaTeMatideckoMy obmectsy (Calcutta Mathematical Socie-
ty) —3a paspemreHne NCIOAB30BaTh Haolpaxkenne [IbaMagaca Mykxonagxesau.

Ceermiade TpeTbAKOBOH — 3a paspellleHFe HCIOAB30BaTh dororpadun B. M. Ap-
HOMBAA,

H.-H. Beapumnne (Jean-Yves Welschinger), dpumeny [Haficony (Freeman
Dyson), 3teeny Kusy (Etienne Ghys), I’ Kynepbepry (G.Kuperberg), Dmanya-
mo Qeppany (Emmanuel Ferrand), A.T. XoeaHckoMy, A. C. [llBapuy, P.leapuy
(Richard Schwartz), [Oaeny Mpammy] (Oded Schramm) — 3a paspenieHue HCIOIbL-
30BaTh CEOM oTorpadum.

WagatenbcTro Gnaropapur nepesoxuukoB M. B.XKutHHukoro (nexmum 1—3),
C.M. IeBoBCKOTO (pemleHnA ympaxHenuit), E.10.CumuproBa (mexunu 20—27),
H.B. lunepny (mexkuun 9—12, 28—30), A.B. PouapeBa (mexunn 13—16, 18, 19,
B. P. ®penkuna (nexunsa 17), H. A, Hluxoey (Aexuun 4—8).
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Jexuusa 1

MoOKeT JIM YUCI0 GhITH NpUOIMKEeHHO
palnHuOHaNbHBIM?

1.1. TIponor

Anucal (exodum vepes deepb cresa): Sl MOTY I0Ka3aTh, YTO YHLIO v2 HppaLH-
OHAIBHO.

EoE (axodum uepes Qseps cnpasa): Ho 310 TaK NpocTo: BO3BMEM KaIbKYATTOP,
HaKMEM KJIABHINY , IOTOM , ¥ Ha 3KpaHe Mbl YBHAUM KBaJpaTHHH KO-
peHb 13 2. QUeBHUAHO, YTO OH HPPAHOHANEH!

(Lfa]1l4]2]1]3]s5]6]2]

Anuca: BoT Tak gokasarenscTso! YTo eciy v'2 — NepHoaKIECcKas ACCATHHASA
Apobb, HO TIOPAAOK ANMHHEE TBOETO SKpaHa? ECn uenonb3oBaTs TBOH KaMbKyIA-
TOp, YTOGH! MOACTUTE, CKaKeM, 25 Ha 17, Toxe moayunTces GecnopaaouHasn mocsue-
JNOBATENBHOCTL LHP:

[L[4]7]o]s{s[8]2[3}5]

Ho 3ro yneno paltHoHaAbHO!

Lamica u Bo6 (A u B) — MONMYNAPHBIE NEPCOHKH PAVIMUHEIX MATEMATHYECKHX O4EPKOB; CM,, Ha-
npumep, D. Knuth, «Surreal Numbers», Addison-Wesley Publ. Co., Massachusetts-London-Amsterdam,
1974,
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Bos: Tel MOXeNb OBITE NpaBa, HO /I YHCEN, BO3HUKAIOLUIUX B PEANbHOM XH3-
HH, MO#t MeToR 06LIMHO AaeT BepHHIH peaynbTar. Tak YTO A MoJjaraioch Ha cBoi
K&ILKYIATOP ANA olpejefeHia TOro, KakHe YHCIa palMoHANbHEL, a Kakue Hppa-
LOHOHANBHEL BepodrHocTs omubkn GyneT oueHs Mana.

Anuca: { ¢ robolt Be cornacHa (yxodum uepes daepe cresa),

BoE: A s He cornaceH ¢ ToBoit (yxodum uepes daeps cnpasa).

1.2. Kro ie npaB?

MEI 3aaBasf 3TOT BOIPOC MHOTHM AIOQAM, H Bee OTBeTHIN: Annca. EciH BBl
3HaeTe AeBATh (WM AEBAHOCTO, WA ZEBATh MIWUIMOHOB) ACCATHYHHX PaspaAOB
YU, BE He MOMKeTe CKa3aTh, PallMOHANLHO OHO AN HPPAHOHAJIBHO: CYIIECTBY-
eT GecKOHEeYHO MHOTO KaK PAMOHANBHEIX, TAK M UPPAMOHANTBHEIX YHCeN ¢ TAKHM
HaYaAOM HX JecATHIHOH 3allHcH.

Ho Bce e ABa yHcIa, IPUBEAEHHLE B 1. 1.1, Kak 6Bl MOX0XKe OHH HM BhITIAZRE-
JIK, HMEIOT OHO CYIIECTBEHHOe pasnuyne, Bropoe M3 HUX 0YeHb GIK3IKO K palli-

OHAIBHOMY SHCAY %—3—: pasHuiHa Mexay 1,470588235 n % COCTaBIALT NpUGAH3n-

TeasHo 3- 10719, Yro xe kacaeTcsa wHcaa 1,414213562, To He CYLIECTBYET ApoSH

¢ ABY3HaYHHIM 3HaMeHaTe/leM, HACTOARKO GHBKOH K HeMY; AcHCTBHTENbHO, GNIH-
xafman Kk 1,414213562 u3 takux apobei — aTo %, H pasHOCTb MEXIy ITHMH

qHCIaMK — NpUGIHsHTeNLHO 7 - 1072, CaMoit KopoTkoii ApoBbio, NpubnHkatome

v2 ¢ orpemsocTrio 3- 10710, Gyaer g;iéi , 4TO ropasjio AAHHHEE, YeM 25 Eme

17°
Ba)KHee TO, WTO 3Ta Pa3HHLA MEXJAY ABYMA JeBATH3HAYHEIMU AeCATHIHBIMK APO-
6aMM (He OYEBHMHAA HEBOODYKEHHOMY I1ady)} MoweT OHTb JIerko oGHapykeHa
€ MOMOIBI0 OOHYHOTO KAPMaHHOTO KaabKyAATOpa,

Yrobul noagepxaTh Boba B ero crope ¢ Anncoli, BHi MOXeTe [TOKA3aTh CBOMM

APY3EAM HeToKHE dokye.

1.3. dokyc

BaM noHago6UTCI KApMaHHBIH KaNBKY/ITTOP, KOTOPEIA MOYKET CKAAALIBATE, Bhi-
YUTATh, YMHOKATE U JeUTh (IPUroIUTCA KIaBHIIA ). [TycTsb KTO-HEGYAR ZacT
BaM ABe JeBATH3HayHble ApobH, paclioinokeHHBIe Mexcay 0,5 ¥ 1, HanpHMep,

0,635149023 u 0,728101457.

QZHO M3 BTHX YHCeN AOMKHO BHITH NMoMydeHo Kak Apobb co 3HaMeHaTeNeM, MeHb-
muM 1000 (M3BecTHAA ayANTOPHH); ADYToe AWDKHO ObITh crysaiubiM. Bl Gepe-
TeCh 3a OAHY MHHYTY BEIACHWTEL, KaKOe M3 ITHX ABYX uUHcel ABIACTCA Apobbio,
a elne 3a MHPHYTY — HaliTh caMy Zpo6s. Bam pa3spelllaeTca HCMOAb30BaTh KAIbKY-
Jarop (ayanropua 6yAeT BUAETE, ITO BEL ¢ HUM ByAeTe AeNaTh).

Kak 310 ¢ienaTh? Mel 06BACHHUM 3T0 B 3T0i AexupH (cM. 1. 1.13). Hedopmans-
HO TOBODA, OJHO M3 3THX YHCceN «NPUOMKeHHO PAHMOHANBHOY, a APYroe HeT -—
qr0 6B 3TO HH 3HAYHAC.
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1.4. Yro Takoe xopouiee npulimKeHne?

ITycTh o -— MpPalHOHANBHOES YHCH0, KaK MBI MOXKEM ONPEACIHTD, ABIACTCA Y
apobb r (MOMHO IIPEATIONOKUTE, YTO OHA HECOKPATHMA) XOPOINHM NPHO/HKeHH-
eM Ana a? Bo-nepBHX, MOrpelIHOCTDb, TO €CTh Ia - %|, JomkHa 6HTh Manoii. Ho

3TO €lile He Bre: Apobk AoMKHA OHIThL YA0OHOH, TO eCTh YKena P M ¢ AQDKHEL ObITh
He CAumKoM GonpluMy. Byzer pasyMHo TpeoBaTh, 9TOGBl CAHIIKOM GOMBIITHM
He ObUT 3HaMEeHATeNh ¢ BEMMYMHA p 34BHCHT OT O M HE CBA3aHA ¢ TOUHOCTERIO

l'lpKﬁJ’lH}KEHHﬂ. Hrax, MH XOTHM MHHHMH3HPOBATE ABa 4YHCAA: OIJIHSKY |a - %l

M 3HaMeHarens g. Ho 3Th ABe NeAW NpOTHBOPEYaT OHA APYroi: 9TolH cAenaTh
omubKy MeHbHIe, MEl AWDKHH GpaTe Gdipuiue 3sHamenaTenw, u HaoGopor. Yro-

Okl cornacoBaTh ABA NNPOTHBOPCYHBRIX 'I'p'ESOBaHHH, MBI MOXCM Oﬁ'be,E[HHHTI: HX

B OANH «<MHAHKATOP KaucCTBa» HpHﬁJ’lH}K'EHHH. By,qu Ha3LkIBATh npnﬁ.nmlcenﬂe %

YHCHA @ XOPOWiiM, ECTH TIPOUSBEAeHAEe !a— -g-l @ Mo, CKaXeM, MeHbIIe 'l%f)'
WIM ooioss. 3Ta MACH KaXETCA PAgyMHOM, HO CTeIYIOmIas TeopeMa BLITTANT

paao%poaunamme .

TEOPEMA 11. [na mobozo a u nwobozo € > 0 cyuecmayem GeCKOHEHHO MHOZO

makux dpobeii %, Ymo

qla— %I < £

JpyrUMH cloBaMM, BCe YHCAA HMEIOT NPOHIBOABHO XOpPOUIHe IpUiIDKeHus,
TaK 4TO MBI HE MOMXEM PasiMYaTh YHUIA 110 KadeCcTBY MX PAUHOHANBHEIX IPHOAK-
MeHUH,

Hamre goxazaTensCTBO TeopeMsl 1,1 — reoMeTpHUueCKOe, I OCHOBHBIM FeOMeT-
PHYECKKM HHIPEAUEHTOM ACKA3ATENBCTBA SABJASETCA «peHieTKa». ITockonbKy pe-
1meTKH SyayT NOAe3Hbl M B AaJbHeHneM, Mel 08CYIHM HX HeoGXOAMMEE CBOHCTBA
B OTAEIBHOM NYHKTE,

1.5. PemeTxH

ITycTs O — TOYKA HA IIOCKOCTH («HAYANO KOOPAKHAT»), B NycTh v=04 H w=
= OB — Ba HEKONNMHEAPHLIX BeKTopa (3TO 03HAYaeT, uro ToUkKn O, A, B He ne-
aT Ha OAHOH MpAMOIL). PaccMOTpHM MHOMKECTBO BeeX ToYeK (KOHIOB BeKTOPOB)
pv+gw, rae p ¥ q —ueane yucaa (puc. 1.1). 3to penmietka (mopoxacHHAA BEK-
TOpaMH v 1 w). HaM noHajo68TCa caegyioinue ABa NpeIokeHNa (M3 XKOTOPHIX
TOMBKO 1epBOe HeoBXoAUMOo AN JOKA3ATeNLCTBa TeopeMsl 1.1).

IlycTs A — pellleTKa Ha [LTOCKOCTH, MOPMKASHHAA BEKTOPAMH V K W.

[IrEAACKEHUE 1.2, flyemt KLMN — maxoil napaanenozpamm, Ymo sepilins
K, L, M npunadrexcamn A. Tozda N maicowe npunadaexwum A
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L] .C
. B A
w v .
¢ 0

Puc. 1.1, PemeTtka, NOpoXAeHHAR V H W

JIOKASATEALCTRO. [TycTh OK =av+bw, OL=cv+dw, OK =ev+ fw. Toraa
ON=0R+RN=0KR+IM=0R+(OM-0L)=(a—c+ev+(b—d+fiw;
cnegoBaTellbHO, N €A,

_O_Gosirgqﬂm ITOIMafh «MeMeHTAapHOrO» mapaiieorpaMmMa OACE (rae oC=
=0A+ 0OB) yepes s.

[TPEAROKEHUE 1.3. ITyeme KLMN — napannenczpamat ¢ 8eptHAMU 8 MOUKax
peutemxu A,

(1) Maowads napannenozpamma KLMN paexa ns, 20e n HamypansHoe,

(2) Ecnu Huxakas mouxa A, 3a uckniovenuem K, L, M, N, ne nexcum anympit
napanaenozpamma KLMN uau na ezo zpanuye, mo naouads KLMN pasua s.

Bonee o6imee yreepuieHne — popmynry [Tuka — cM, B yrpaskseHun L1,

JoKAZATEABCTBO. (2) [Tyers | — anuHa OonbiieH M3 ABYX AuaroHaneii KLMN.,

3aMOCTHM ILUIOCKOCTE NapajieslorpaMMamH, mapanensHeiMu KLMN. Iina ma-
panaenorpamMma 1 ofo3HauMM depes K, ero BepliMHy, COOTBETCTRYIOMYIO K npu
napaaneabHoM nmepeHoce KLMN — n. Torza « «— K, 6yaeT B3anMHO OQHO3HAY-
HBIM COOTBETCTBHEM MeXIy IapaafeAorpaMMaMH M TOYKaMM pemeTkH A, (B ca-
MOM Jeie, HEKaKas TOUKA PelIeTKH A He JIeXWT BHYTPH Kakoro-aubo rnaparerno-
rpaMMa WIH BHYTPH er0 CTOPOHBI, CNIeIOBATENBHO, BCAKAA TOYKA A ecTh K, gaa
Hexoroporo 7.) [IycTe Dp — KpyT paauyca R ¢ eHTpoM B O, U IycTh N — 4HCIO0
TOYEK A, PACTIONIONEHHBIX BHYTPH Dp. O603HauMM 3TH ToukH yeped Ky, Ky, ..., K,
lyers K; =K. O6pemunenne peex napauenorpaMMos 7t; (1 i< n) coRepxur
Dp_; v comepicurca B D . [NosroMy e romans KLMN paBua S, To

a(R—1)? € nS < n(R+1)2.

To ke caMoe BepHO (BO3ZMOXHO, ¢ APYTHM [, HO MBI MOXeM BaATh Oonbinee M3
Aeyx 1) na napaanenorpaMMa OACB, KOTODBIH TakoKe He COIEPHUT HEKakol ToY-
KK A, ODIMYHOH OT ero BepIIHH; CIe0BaTeNLHO,

n(R—1Y < ns € n(R+1)>.
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[NogennE 0AHO HEPABEHCTBO HA APYTOe, MEI TIOAYHMHM, YTO
2 2
(BRI . 8 . (R

R+IE s = R-12’
oA GoMbIIMX R croab yroguo BAH3K0 K 1, MLl QJIydaeM, 4To

(R-1)?

MOCKQIbKY (R-I-—I)"

S=s.

(1) Bo-nepBHIX, 3aMETHM, YTO €CIH TPeyroAbHUK PQR C BepIIMHAaMH B A He
cofepxHT (BHYTPH WAH Ha rPaHHLE) TOYEK A, OMIMYHHX OT P, Q, R, TO ero mno-
maas paBHa %: 3TOT TPEYTOARHHK ABMAETCA NONOBUHOH mapaxnenorpamMma PQRS,
KOTOpPRIA Takke He COAePMMT To4YeX A, OTIMYHBIX OT €ro BepllHMH, H S €A no
npeanoxeHuo 1.2. TakuM ofpasomM, Iwomans napaniaenorpaMma PQRS pasHa s
(mo yrBepxaenuio (2)), a mwrom@aabL TpeyroibHMKa PQR paBHa % Janee, ecin
Ham mapajinenorpamM KLMN comepXnT g TOYeK A BHYTDH ceba M p TOYeK Ha
cropoHax (OTMMYHLIX oT K, L, M, N), T0o p 4eTHO (MPOTHBOIOACKHbIE CTOPOHBI
COAepIKAT paBHOE YHUCJIO TOYeK A), W lMapasanenorpamMm KLMN MoxHO paspesaThb
Ha 2¢ + p + 2 TpeyTONbHHKOB C BEPHIMHAMMU B A, He COAEPKAIIMX ADYTHX TOYEK A

BHYTPH WIH Ha CTopoHax (cM. pHc. 1.2). Toraa ero uolnage paBHa

(2q+p+2)% = (q+%+1)s =ns, TAe n=q+%+lez.

N n « M

K L

Puc. 1.2, PaapesaHue NapaLleorpaMMa Ha TPLYTOALHHMKH

(IToweMy 4YHCAO TPEYTOABHUKOB PAaBHO 2q + p + 2? [ocunTaeM CyMMy BCeX yT-
JIOB BCEX TPEYTOJIBHHUKOB, XOTOpask, KOHEYHO, PABHA XONHYECTBY TPEYPOINLHHKOB,
YMHOXeHHOMY Ha 7. Kaxxan TouKa BHYTPH Napa/UieorpaMMa JaeT B 3TY CyMMY
BKJIAZ 27T, KaxJiad TOUKA BHYTPH CTOPOHEL laeT 7T, a YeThlpe BepUIHHEL AaloT 27T.
MNogennm Ha 7, YTOOH HaTH YHCIO TPEYTOIBHHKOB.)

1.6. JloxkasaTenscTBo TeopeMst 1.1

[IycTh @, p K q Te Xe, 4To U B TeopeMe 1.1. PaccMOTPHM pellIeTKY, TOpOKAeH-
HY10 BeKTOopaMu v=(—1,0) n w=(a, 1). Toraa

pv+aw=(ga—p,) = (a(a-£},q).



Jlexnua 1. MoxeT Au uneno Goite npubarkedHo pallMOHAABHEIMY? 19

J\y Jky
. (qa_’P:Q) _
. " 3 . . HE
ifiie s,
- l'[lkhil - [ ] /]l!
el el B 1 4 |l
il Ayl
. ol . /1'.':
it A
k] ] J,Q'Ao
. * *(a,1) B f
dinE 1
. ) ST _x o RE X
(-1,0) &8¢ _1 B 1
2 2n an 2
(a) &)

Puc. 1.3. MTokaszaTenncTso TeopeMet 1.1

MEL XOTHM AOKA3aThb, YTO Aas GeckoHedHO MHOrHX (p, ) 9T2 TOUKA JEXUT B MO-
Joce —¢ < X < £, 3aHITPHXOBAHHON Ha pHc. 1.3(a), Wiy, MHEIMH CIOBAMH, YTO 3a-
INTPUXOBaHHAA [ONOCA COBepXUT (Ang moboro ¢ > 0) GeckOHEYHO MHOTO TOYEK
pelneTKH.

2T0 OUEBHAHO, eC/TH £ He OYeHBb Maj0, CKAXKeM, eClId € = % B camMoM pene, ana
BCAKOTO LENOTC NOJIOKWTENEHOTO § TOPH3OHTANBHAA NIPAMAas Y = ¢ COIEPXKUT 110-
CNICAOBATENBHOCTD TOYEK PelleTKH, MPHYEM PACCTOAHHE MEXAY NOCIeAoBaTeAb-
HHIMM TOYKaMH DAaBHO 1; pOBHC OfHA M3 BTHX To4YeK GyAeT JeXKaThk BHYTPH IIH-

POKOii mojocH |x| < i [oaTomy uIMpokad NMoAoca COAePUT BecKOHEYHO MHOTO

TOYEK PEMIETKH C TIOMOXKHTEbHEIME ¥ -KOOPDAHHATAMH.

BrifiepeM Takoe 1lefioe MONOKHUTENBHOE N, YTO % < £, H paspekeM HIHPOKYIO
1

TOIOCY Ha 21 Y3eHbKHUX NIONOC WHPHHEL 55— TTo kpaifgeil Mepe oHA U3 3THX Y3eHb-
KX ONOC AOTKHA COAePKaTh GeCHOHETHO MHOTO TOYEK ¢ IMOJOKNTENEHEIMHE ¥ -KO-
OpAMHATAMH; INYCTE 3TO IOMOCA, 3alITpuxoBaHHag Ha pHc. 1.3(6). Ilycte A,
Ay, Az, ... — TOYKH B 3alITPHXOBAHHOMH Nosloce, IPOHYMEPOBAHHBIE B IOPAAKE YBe-
JWMeHNA y-KoOpAKHaTH, Jia moboro i > 0 pacCMOTPHM BEKTOp ¢ HAaYaIoM A;,
paBHE# A,Q; nycTe B; — KOHell aToro Bekropa. [lockoneKy OAqA;B; — napanne-
norpaMm U O, Ay, A; IPHHAJIEXKAT pellleTke, B; Toxe npuHapiexxur pentetke. Ja-
Jiee, X-KOOPAHHATA B; paBHA Pa3HOCTH MeXAY X-KOOpAHHATAMH A; U A, (ONATH-Ta-
K{ K3-3a TOoro, 910 OAgA;B; — mapannenorpamm). CiegopaTensHo, abcomoTHoe
3Ha4YeHHe X-KOOpAUHaTH B; MeHbIlle, YeM % < £; 9TO 3HAUMT, 4TO BCe TOUKM B;

JIe¥AT B 3aITPHXOBaHHOH Ha puc. 1.3(a) noacce.

1.7. KeagpaTH4Hble NpHOAMKeHHA

Teopema 1.1, Kak 66 H1 61K IpeKpacHE ee GOPMYIMPOBKA H J0KA3aTeNIbCTRO,
BHITVIFHT ZOCTATOYHO pa30dapoBbiBacle. ECAK Bee YHCAA MOXHO MPHOGIHSHTD
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CKQJIb YTOAHO XOPOIIO, TO Y HAC HET HUKAKOro ciocoba pasAMIHTE Y8, AOTYCKa-
IOIIHE M He JOMYCKAaIOUNe XOpomHe MPHOAKeHUA, YTO6H YAyYINUTE CUTYAIMIO,
MEL MOXeM OOTBITATLCA paboTaTh ¢ APYTHM ONpeAeTeHNeM KayecTBa npnbmnke-
HHSA, PH KOTOpoM GonbuiMil Bec NpHAaeTcd 3HAMeHATeNlo ¢. ByzeM Teneph ro-

BOPHTB, 4TO NpHGMINeHHe % YHCAA @ XOopouee, €CAH MPOUsBeAeHHe q2|a - %'

Malno.
Cneayolas TeopeMa, JOKa3saHHaA CTO JET Ha3aj, IOKA3kIBaeT, 9TO TAKOH BHI-

6op pasymeH.
TeoreEma 1.4 (A.TveBun, 3. Boreas). (1) Jra mobozo a cywyecrnayem Gecko-
HeuHo MHO20 makux dpobeti %, Ymo

2

Pla—=| < —==.

q V5

(2) Cywecmayem makoe UppayUOHAIBHOE YUCAC a, umo das Awbozo A > /5
ecme AL KOHeyHoe yucao makuy dpodeil %, Ymo

p|1

1
I
JokasaTelbCTEO 3TOrO pesyabrara cogepxurca B 1. L12. OHO ocHOBaHO Ha
reoMeTpHYeckoi KOHCTPYKIMH 1. 1.6 u Ha CBOMCTBAX Tak Ha3hIBAEMBIX LIEMTHBIX
Jpobeif, KoTopere Gyayr oficykaareea B 0. 1.8. Ho mpexae seM paccMaTpHBaTh
LenHele ZpobH, Mb! YAORACTBOPHM ecTeCTBeHHOe NI0GOMBITCTRO YHTATENA, KOTO-
pblil X09eT Y3HATH, YTO 3a YHCAQ YOOMAHYTO B VTEepAeHHH (2). Yro e ato
3a 4HCIO, CAMOE KPPaHOHAMBHOE U3 BeeX HPPALMOHAIBHBIX YHCES, YHCI0, HaH-
MeHee CKIOHHOe K pauMoHanbHOMY mpubiainkeHnio? Kak 3To HH crpaHHo, 3TO
«caMoe IUIOX0e» YHCHO 3HAKT ¥ JMoBAT MHOrMe NMOKOMeHHA XYAOMHHKOB, CKYAb-
1 1+45
—5

<

2 P
a__
72

IITOPOR H ADXUTCKTOPOR. 3TO 30JIOTOE CEYECHHAEC

1.8, Llenubie ApoOH

1.8.1. OnpejgereHusa H TepMHUHOAOTHA. Koreunotl yenwoii dpobvio HasLIBAET-
cA BhIDAXEHHE BAAA

ag+

1
a"_l + a

rAe dp eIoe, d,, ..., 0, HaTypaJabHHE H 1t = (1,

[TPEANONKEHUE 1.5. Kawcdoe payuoHanbHOe HUCRO MONCHO Npedcmasims 8 eu-
de xoHeuroil yennoil dpobu. 3mo npedcmasneHue eFUHCMBEHHO ¢ MOYHOCTLIO 00

ITounee ropops, He TONBKD 3010TOE ceYeHHe: NOG0E ZPYTOE YUCHO, SKBUBATEHTHOE EMY B CMBICTE
ynpakHennAa 1.8, GyaeT TaKHM He ILIOXUM,
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odrOol HeodnozHayHOCMU: echu n >0 u a, =1, Mo MoxcHo y6pams a, u 3aMeHums
a,_y Ha a,_1+1.

JIOKAZATEARCTBO CYIMECTBOBAHWA. JINA HECOKpAaTHMOMH Apobu % MEl JJOKA-

WeM CyLIeCTBOBaHMe MpefCTABAeHHs B BUAe HemHoii ApobH, HCMOAB3YA HHAYK-
ouio no q. Ans nenex uncen (g=1) ato cueBuzaHo. [Ipeamonoxym, 9T0 NpeAcTae-
JIeHHe B BHAe LENHON ApobH CymLECTBYET AAA BceX Apobeit o 3HaMeHaTeNAMH,
MEHBIIMMH q. [IycTh 1= %, ao=[r]. Toraar=aqaq+ %, rie0<p'<gq,ur=ay+ %7,
rge r' = % TTockonbKy p’ < q, cyllecTsyer npeAcTaBleHHe B Bije LenHoil Apobn
1

r=a,+ I
ws '+’ _'_"'_"'"'i"‘
a,,_i + a
U, DOCKOUIbKY ' > 1, a, = [r'] 2 1. MoaTomy
=dg+ ":‘;' =ag5+ 1 1 .
a, + 1
a;+ 1
oot T
an_l + '&:
JOKABATEALCTBO EAMHCTBRHHOCTU. EcnM
r=dy + 1 1
a,+ 5
.t i
an_l + a
na,>1{nmn=0), to
ag = [bo], a4 = [bl], vy Ay = [bn](= bn):
e
_ __1 __1 _ 1
bﬂ =r, bl bo -a,’ b2 bl —a,’ Rhbe) bn bn-l -y H

TAaKHM 06pa3oM, dg, 4,, dy, ... OFHOZHAYHO ONpeAelsIoTcA IO I

TocnenusAn crpoka GOPMYN JaeT anTOPHTM BRIYHCAEHHA dg, 4q, 43, -.. 74 3a-
JAaHHoro r. bojiee TOro, aToT ajAropUTM MCOXHO NPUMEHUTH BMECTO I K Mppalu-
CHANBHOMY THCAY ; B 3TOM C/Iydae MBI MOAYIHM GeCKOHEeYHYIO HOCaeJoBaTenb-
HOCTB LIeNIBIX UHCEeN ag, &y, dg, ..., T4 a; >0 npu i > 0, Torsa Mbl HIDEM

1
1
d,+...

a=da,+
a,+
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Yucaa gy, a,, da, ... HA3HBAIOTCA HEROMHLIMU YACHHBIMU 10 . Uncao

1
1

h = a0+
a,+ i

ot T

a,,_1+a—ﬂ

HasblBaeTcA n-# nodxodaueii dpobvio ¥ a. OveBHAHO,
ro<r2<r4<...{a<...‘(r5{r3‘(r1.

OfHyHaA NpoueAypa YIPOIEHHA MHOTO3TAKHEIX AApobel faeT 3HauYeHus J)IA THC-
JIUTENA U 3HAMEHATENS T,

r dy P agi; +1 _ Gudyay+ay+ay
a— 1* 1= a, > 2= a1a2+1 3 muey

WIH T, = -3"—, rae
n

Po=0aq, P1=0apd+1, p;=aed@+agt+az ...,
Q=1 q =a, G =aa;+1,

C aTorec MoMeHTa MEI GyZleM HCIIONB20BATh COKPAIleHHHE 0603HATeHHA JUIA Hell-
HEIX Apobeil: GecroHeuHas uenHad Apobb ¢ HEMOAHBIME JACTHBIMH Qg, 4, g, ...
6yaet obozHavaTheA [ay; a4, 4, -..]; KOHeUHAA LeMHad Apo6b ¢ HETONHMMH JacT-
HEIMH @y, 44, ..., 4, 6yder o6o3HadaTeca [ay; a;, ¢, .-, 4z ]-

1.8.2. HeCKONBKO MPOCTHIX COOTHOIITCHHIA,

[MrEAAOXKEHHUE 1.6. [Treme ay, @y, ...s Pgs P1s oo s Gos Q15 -+« TAKLE i€, KAK PAHL-
we. Tozda

(1) pp=@nPy_y +Pn-a (1 22);

(2) gp=angn1+qp.2 (R22);

(3) Pa-14r — Prn-1=(—1)" (n=1).

JoKA3ATEABRCTBO, (1} H (2), MW AOKAKEeM 3TH Pe3yinTaTel B Gonee obieM
crydae, KOrha dg, dy, 4, ... — IPCHIBOABHBE BelllecTBeHHHe Yicha (He obg3aTens-
HO uense). JUia n =2 tpeyeMile cOOTHOIICHUA YKe BRINOMHAIOTCA. [ycTh n>>2;
NpEeAIION0KIM, YTO

Pn-1 = @p-1Pn-2t Pn-3
1= Q1G22 qn 3

L i —_ / -

g moﬁmxlao, «ees Q1. IIpEMEHNM 311 GOPMYNLL K Ay =4y, ..., an_zp— [ S an_lq—
P F H 7 | ’ 1

=a,;+ g OueBuaHO, p; =Py, q; =¢; MPH I SN —2U p,_, = o q,_,= e
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[MoaTomy
Pn= anp;_1 = an(a;_1pn—-2 +Ppo3) =
=, ((anml + E]::) Prn-2 +Pn—3) =
= tp(@r-1Pn-2 +pr|-3) P2 =
= UpPp-1 + Pr-2s
Hl QHAJTOTHYHO q, = d,q,_1 +J5_2-
(3). Ilporegem wHAYKIMIO 110 1. g n=1 nMeeM
Po1 — P1do = Gy —(Gpa; +1)-1 = -1,
Ecam n 2z 2 1 papeHCTRO BHIIOJIHAETCA /Ut 1t~ 1 BMECTO 1, TO
Pn—197 — Pnn-1 = pn—l(“n‘lnul +er-—2)_ (anpn—l +Pn—2)‘1n—-1 =
= Pp-19n-2 — Pp-29n-1 =
= _(pn—z%—l - pn—l‘In—z) =
= - (-1t = (-1
Cneactsuk 17. lim r,=a.
n—oo
HOKABATEJABCTBO. B camMoM aene,

— Po_ Pnot _ PaQn-t —GePeoy _ (1P
Gn Qa1 GnGn—1 Qnny
1

@nn-1’

Ll £

Tax KaK & JACHKHAT MEWAY y_y K Iy, Iy — 2 < a 9T0 BRIPAKEHHE CTPEMHTCH

K0, Xora n CTPEMHTCA K GeCKOHEUHOCTH.

1.8.3. YemM nenHsle ApobH Jydille AecATHYHBIX, JecATHuHEIE ApoGH 1A pa-
THOHAILHBIX 1HcesT — 60 KoHedHHle, Anbo BeckorevHEle TepHoguieckie. Heca-
THYHNE ZPOSH 717 UPPALMOHAMBHEIX YHCE, TAKMX KAk e, 7T WIH v/ 2, COBepIIeHHO
GecnopAROYHEL

Lennbie Apo6i ANA pauHoOHAILHKX YHCE BCerga KOHeYHH., heCKOHeYHHe me-
pHOofHYECKHe HelHEEe Apo6H COOTBETCTRYIOT «KBAAPATHIHEM HPPAKOHANEHOC-
TAM», TO €CTh KOPHAM KBAAPATHHIX YPAaBHEHMI ¢ PALMOHANEHEIMH K03ddHLen-
TaMM, MEI oCTasndeM AOKA3aTENbCTEO 2TOTO YTBEPKACHHS B KAYSCTRE YIIPAKHE-
HHA A1 YUTaTend (M. ynpaxseHus 1.4 1 1.5), Ho aaanM napy npumMepoB. [ycTs

a=[1;1,1,1,...], B=[2222...

1

Torza a=1+%, B=2+ <. Mostomy a’ —a—1=0, §2—-28 —1=0, u, cregopa-

B
1+ 45

TEJILHO, & = —5—, B =1+ v2 (Mu GepeM TTONOKATENbHEIE KOPHH KBAADATHEIX

ypasHeHiTi). TAKNM 06pa3oM, a@ — «30/I0TOE CEYEHHE», KPOME TOro, V2= —1=
=[1;2,2,2,...].
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1.8.4. Yem aecaTHYHbIE APOGH JAy4iNe LEMHBIX. JAs AeCATHYHEIX Apobeii
HMEITCH yAoOHBIE aNrOPUTMEL BEINONHEHHA apudMeTHUeCKHX AelicTRHM (1 gake
H3BJeHeHUs KBAAPATHOTO KOpHA), Ayl enHEIX Apobeill TAKMX aITOPHTMOB TIOYTH
HeT. HanpumMep, eciu

[ag; ay, ay, ...1+ [bo; by, by, ... 1 = [eg; €1, €, -],

TO ITPaKTHYECKH HET PasyMHHIX GOPMYA, BHIpAKAIOUIKX ¢; Yepes a; ¥ b;, 3a HCKmo-
YeHHeM OYeBHAHbLIX COOTHOLICHUH

lag;ay, az, ...]+n=[ag+n;a1,a,,...] (ecmmneZ),
[ag; a1, 85,...]7 = [0;ap,01,a5,...]  (ecnm ag > 0)

(cM., opHako, ynpaxkaenua 1.2 i 1.3).

1.9. AnroputMm EBKNIMAA

1.9.1. Uennsle apobu n aaroputm EBrinaa. AnroputM EBxmMga ofndHo
HCTIONb3YeTCH B)A HaXOXAeHHA Hanboaplnero obmero geantend. Ecnu M u N —
ABAa HATYPAJBHBIX YHCAA M N > M, TO IOBTOpHOE Ae/ieHHEe ¢ OCTAaTKOM MO3BOJAET
TIQNMYSHTD LETIOYKY PABEHCTB

N= aoM +b0,
M= albo +b1,
by = azby +by,
bn—2 - anbﬂ—li

rie Bee ¢; H b; HaTypaeHbe 0
O0<b,_;<b, ,<..<by <M,

Yucao b,_, —HanGonpmmit obmuit Aennrens M 1 N, B ero MOXHO BHYUCAHTB
TPH ITOMOLIH aATOpHTMa EBxmuaa, Aaxke ecnu M u N CIMITKOM BeTHKH, 4TO0H HC-
KaTh UX PA3lOMEHHe Ha IPOCTRIE MHOKUTENH. (CTOMT YNIOMAHYTE, ITO aliTOPHTM
Epranna MoxeT GHITB NpUMeHeH He TOMBKC K LieABIM YHCIIaM, HO H K MHOTOWIe-
HaM OT OFHOil nepeMeHHOMH ¢ KOMILTEKCHEIMH, AeCTBUTENBHBIMH WK PALHOHANE-
HBIMH KO3p)HLUHEHTaMH. )

OpHaxo ¢ Haleif TemepernHell TOUKH 3peHNA, CAMOE IMIABHOE CBOMCTERO aaro-
prTMa EBKINAA — 3TO €ro CBA3b ¢ LENTHBIMK APO6AMH.

MMreanoxenue 1.8. (1) Jucra ag, a4, ..., @, — HenoAHste yacmuste dpobu %:

3 = lagi a1, o0, @)
(2) yemw -g-’— (i=0,1,2,..., n) — nodxcdauue dpodu Kk % Tozda

b; = (—1)'(Ng; — Mp;).
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JoxrasaTEnncteo. Joxawem (1):

%=ao+%=ao+ﬁ=
=ao+ =ag+—1—=
a1+b_:, a,+m
=ap+ —L— =ag+ =
a1+ a1+"""""""""'i""—'
az"‘g‘:‘ az-l-m

=...=[ay ay, .-, qz).
Joxaxem (2). Jing i =0, 1 yrBepx/ileHHe CUEBHHO:
by = N — Ma, = Ngo — Mpy;
by =M-—a,bp=M—Na,+Maya, =M(asa,+1)—Na, =
= —(Ng, — Mp).
Janee mo HHAYKIHH!
b; = b;y— by = (1) [Ng;5 =~ Mp;_ +a{(Ng;_; — Mp;_,)] =
= (—1) [N(a;qi-1 +qi—2) — M(a;pi_ + Pi-2)] =
= (—1)(Ng; — Mpy).
Bce npHBeieHHbIe BHINIE AeCTEAA MOKHO NPOAENATH B B Cly4ae, KOTAa Ienkie

yuciaa N, M 3aMeHeHH BeliecTBeHHBIMH 9ncaamu 3, v > 0, Mu nonyuum Gecko-

8

HeuHylo (ecan 7 MPPalHOHANEHO) TOCAEJ0BATEALHOCTE PABEHCTR

ﬁ = ao}"'l'bo,
Y =a1by+by,
by = aby + by,

rie a, Lienoe, d,, d,, ... HaTypanbHbie, a BeliecTReHHke YHeAa b; yAoBXeTBOPAIOT
HEpaBeHCTBaM
O<...<by<by<by<y.

Mpeanoxenne 1.8 MoxHO 0GOBUIUTE HA HTOT CTyHaii.
HpEANOKEHHKE 1.9, (1) -g-=[a0; ay, Qg,.0n )
(2) Ecru % — i-2 nodxodawas Opobv x % mo b;=(-1)"(yq; — Bp;}

(loKaBaTeABCTBO TAKOE XKe, KaK M BEIIIe,)
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1.9.2. TeoMeTpHueckoe nN3oGpackenne aaropurma Epkampaa. OHo nokasa-
HO Ha puc. 1.4.

BubepemM TouKy O Ha IUIOCKOCTH M IPOBeAeM Yepe3 Hee npaMymo [ (Ha puc. 1.4
OHA BepTHKANbHA). Bo3sMeM TOUKK A_; H A_ |, PaCTIVIOXKEeHHEIE Ha PACCTOAHUAX
B ¥ ¥ cOOTRETCTEEHHO OT TIpAMOI | ¥ HAXOASLIMECH BbIE TOPH3OHTAABHOMN NIPA-
Moli, apoxoaauiedl wepes O: A_, cnpasa ot I, a A_; — cnepa. OTNOXKKHM BEKTOD
OA_, 0T TOUKH A_, CTOIBKO Pas, CKOMBKO TOAYYMTCA, YTOGH OH He epecekan nps-
Mmyio [. [lycTh Ay — KOHeL NoCefHEro BeKTopa; BeKTop Ay,D nepecexaet !. Teneps
oTnoKuM BexTop OA, OT TOUKH A_; CTONBKO a3, CKOMLKO IIOMYYHTCA, YTOOH OH
He mepecekan l; BycTbh A, — KOHEL] IOCAEIHETO BeKTOpa. 3aTeM OTAMKHM BEKTOD
OA; OT TouKM A, W IOTYUUM TOUKY A,, MOTOM As, A, (Ha puc, 14 He moxasa-
HBI) ¥ T. 4. MBI NOAyYUM ABe JIOMAHHE A_sApAy4A4... 1 é:lA_L‘{‘.%:."’ CXOAALTHECS
Kkl ¢ ABYX CTODOH, NpHUeM A_,Ay=¢,0A_,, A_1A, =a,04,, AgA,=a,04, uT. 4

—

A A, =0y OA_;
A_,IA]_ =a;- OA{)
Ay =ay-0Ay

dist(A_,, D=$
| dist(A_y, =7
dist{ Ao, 1)=bo
dist(A;, D) =b,
* dist(Ay, D) =b,

T

f=apy+by
y=a,by+b,

Dg. bo=ayb, +b
14, 0 =yl T 5,

Puc. 1.4. TeoMeTputieckoe NpeAcTaBIeHHE alTOpUTMa EBriHAa
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C anropurmoM EBKIMZA 3Ty KOHCTPYKIHMIO CBA3HBAET LieTiouka GopMys, ToKasaH-
HHIX Ha pHC. 1.4. B 4aCTHOCTH, 7= lay; a;, ag, ...]-

B

3aMeTHM, 4TO eCAM KAKaa-TC TOYKa A, JAeKHT Ha IPpAMOH [, To OTHOINeHNE —
PALMOHANBHO U paBHO {ay; 4,3, Oy, -+, dp)- T

Creayiomee HabOASHHNE OYeHb BMHO JUTA nocefyioiero. Bee Touxu, oTMe-
YeHHBIe Ha pHUC. 1.4 (He Toneko A_y, A_y, Ag, A1, Ay, HO K B, C, D), npuHagnexar
pelleTie A, MOpoXAeHHOH BeKTopaMu OA_, u OA_,. JeiCTBUTENLHO, paccMOT-
PHM MOCIeA0BATENBHOCTD NapanielorpaMMoB

OA_,BA_;, A_,0BC, A_,OCAy, A_,OAyD, DOAGA,, A, OAgA,, ...

Tax kak A_,, 0, A_; — TOYKH pPELIETKH, TC, NOCAEAOBATS/IBHO TIPUMEHAS IIPeAJo-
»eHue 1.2, MEL monyuaeM, 9Te B, C, Ay, D, Ay, Ay, ... —TOUKM penieTki. Bonee To-
To, BEPHO CNefyioines,

TIPEANONEHHE 1.10. He cyijecmayem mouek peterniu A, AeHCaux mexcdy no-
MaHbMit A_yAgAgsA,... A1 A Ag... (uabiie A u Aq).

JokazaTenscTao. O61acTs MeXAY STHMH IOMAHEIMU TIOKPEBAETCH MApALIe-
norpamMmamu OA_,BA_;,OBCA_;,OCApA_,,0AcDA_,,0ApA, D, OA A A, OALEA,
(Touxa E HaxoAWTCA 3HAYNTENbHO BHILE pHC. 1.4} H T. 4. [Inomaan 31HX mapan-
JIeIOTPAMMOB PaBHBI (KaXAble Ba NOCIeA0BaTeNBHEX lTapaiite/lorpaMMa HMeIOT
ofinee ocHOBaHHE M PABHBIE BbICOTH), [TO3TOMY Yy HUX BCeX Takad e ILTOMIafb,
KaK y napamrencrpaMma OA _,BA_|, B, comacHo mpeAnoxeHHio 1.3(2), K1 ofgue
H3 HUX He COfIeP/KUT ToHeK pellleTKH A.

{OrmeTHM, uTO NOMaHble A_,AyAzA,... H A_yA1A;... MOXKHO IIOCTPOUTE KaK
«MHOTOYTOABHUKH HbloToHa». TIpeANoNnoXMM, YTO B KAMKAYIO TOUKY PEINETKH A,
PACIIONOXEHHYIO CIIpaBa OT | M BHINE A_,, BOHUT rBO3/b. PACTIONONUM HA IUIOCKO-
CTH JIMHEHKY FOPH20OHTANBHO M TaK, YTOGH OHA Kacajach rBo3fd B A_j, 1 ByaeM
BPAIlATh ee 110 YACOBOH CTpeske Tak, YTOOH OHa Brerga Kacajack N0 KpaitHei
Mepe oHoTo reo3ad, Torga yuueiika GyneT BpamaThea cHadanaa BOKPYT A_j, MO-
TOM BOKPYT Ap, OTOM BOKPYT A; M T. 4., M B PeayjkTAaTe OHA 3aMeTeT BHEIIHIOHO
ofinacrs noMaHolt A_;AgAyA,...)

1.10. ITogxopdmpe Apo6H KAk HAWIyYmue npubauxeHus

Tlycte a — AelicTBHTENBHOE YUCAO. B 1. 1.6 MBI paccMaTpHBANH pPelIeTKY A,
MOPOXACHHYI® BexTopamu (—1,0) # (a, 1). Ana mobeIX p H g TOUKA

p(-1,0)+q(a,1) = (qa~p,q) = (q(a - %) q)
p

MPUHAANEKHT PellleTKe; HAMIMM CTAPHIM NIOKa3aTeleM KadecTra mprbmnKeHns 7
K yHcny a 6bUIO PAacCTOAHHKE OT 2ToH TOYKM A0 ocH y. Hombili moxasaTens Kaue-
CTBa, |a-— -P—| paBeH MOZYMIO nponsnenenm KOOpPAMHAT 3TOH ToUKH. [ToaTomy

BOTIPOC O TOM, A1 CKOJIBKHK npuﬁnm{enuﬁ < K YNCAY O ITOT IIOKA3aTeNb Kaye-
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CTBa ﬁy.ae'r MEHBILIC £, IKBHBANCHTCH BOIPOCY O TOM, CKOMILKO TOYEK DEINeTKH A,

PaCNOJIONKEHHEIX BHILE 0CH X (g > 0), nexKaT BHYTPH «THIepboHYeckoro KpecTas
lxy| < ¢ (puc. 1.5).

.
N -
W‘\\\\\\\
o

\

Puc. 1.5. Touky pemreTKH B THIIepOOMHHYECKOM KpecTe

//////’////////fz/

N

MpumeHHM KoHETpyKuMio 1. 1.9.2 k pemtetie A ¢ A, =(a, 1) u A_; =(-1,0).
KaxeoBH KCOPAHHATHL TOUEK Ay, Ay, Az, ...7

NeeanoxeHuE 111 pu n 2 0 umeem A, =(g,a — p,, q,), 20e p, u ¢, — uuc-
Aument u sHamenamens (necoxkpamumotl} n-ii nodxodaweli dpobu K uucay a.

JokasaTenncTBo. IpoBegeM uHgykuMio o n. Ansa n=0, 1 Bce npoeepseTca

HeMOCPEACTBEHHO: TaK KaK Pg=dq, §o =1, p1 =0aety + 1, §, =a, (cm. m. 1.8), ume-
eM

Ag=A_s+agA_, = (a,1)+a,4(—1,0) =
= (a—ay, 1) ={qs@ — Po; do)s
A=A +aqAg=(-1,0)+a,(a—a, 1) =
={aa—(apay+1),a,) ={g;2—py, q1)-
Jlanee, ecint n > 2 ¥ popmynsl AN4 A,_, H A,_; BEPHEH, TO
Ay = Ap2+ 8y An) = (@n-2@— Pro2, a2} + (1@ — Ppys Gur) =
= ((@ngn-1+n-2)@ = @nPn-1 = Pa-2, AnGn-1 + Qa-2) = (Gy@ — P> Gn)-

[Ipeanoxenne 1.11 noka3kBaeT, YTO MOAXOAAINHE APCOU — ATO HAWAYYNIHE pa-

OHOHANBHEIE IPUOAMKEHIA AefiC TBUTEIBHEIX YHCce. B YACTHOCTH, BEPHO CISAYIO-
Hee.

NMreanoxkeHUE 112, [Tyerns € > 0. Ecau moasko Qs KOHEYHO20 YUCAa nodxo-

Odauux dpobeil g—"— 8bINOAHEHO YCRO8UE qila - g—" < £, MO 8CE MHOMCECINA0 NAKIX
" n

dpobeil %, ymo q*

a— 'g'| < €, KOHEYHO,
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JoKA3ATEABCTBO. M3 mpeAnmonomeHHd clefyeT, YTO AAA HEKOTOPOro nt BCe
TOYKH Apy 1, Anyiz, Ansss --. JENKAT BHE FHTIEPOOINIECKOTO KPECTa |xy| < . 3T 3Ha-
9T, YTO BeCh FMNEPOOIMUECKIiA KPECT ICHUT MEXAY JOMAHbIMHA A, 1A 340, 5.+
¥ Ay 0AniaBnse--- (MBI ACTIONB3YeM BHITYKAOCTB MHNepSONBl: ec/d TO9KH Ap H
A; 5 EWAT BHYTPH KOMIIOHEHTH CBASHOCTH 0OMAcTH |xy|> £, TO TaM e JeXHT
Bechk OTpe3oK ApAg,.). Ho cornacHo mpeanoxenuio 1.10 mexay AByMA NOMaHL-
Mu (M BHIOIE A,) HET ToUeK peineTkH. [loaToMy runepboanueckuii KpecT |xy|> ¢
He COASPXHT TOUEK pellleTKH, PACTIONOKeHHLIX Bhilre A,. OTciofa creayer Hallle
fipeAIoMKeHHE.

3aMeTHM, YTO BHPaXKEHHE g2|a — —’ HE OYeHb BAXHO [JIA 3TOrO J0Ka3aTenb-
CTBa, To e caMoe YTRePKACHHe

3a_%|,muq1ml p

€T BEMOTHATHCA, eCTH MOKAZATEIEM KAYeCTBA
a— %l, Wi BooBmre mofoe BHpaKeHHe F(q, {a— 7 ),
rae $yHKuMA F Takoea, 4To oOnacte F(x, y) > €, pacnonoXkeHHasA B NEpBOH WK
BTOPO#t KOODAMHATHOMN 4eTBEPTH, BHIYKA2 ANA JIOO0ro £.

TaxuM obpazoM, mogxose Apobu JalOT HaAyMHe npuikenns. Hanpu-

Mep, AJA 30JI0TOTO CeYeHK 1""2—’/3 =[1;1,1,1,...] HauNyIIAMHK TPUGAMKEHHA-
mu Gyayt
[u=2, ;,10=2, (51,,10=2, (KL,1,,1]=8, .;

3TO OTHOHIEHHA NOCTeROBATEABHEX YHCEN dubonayun ('-ITO CIEAYCT U3 Npeano-
xerua 1.6(2)). lna v2=[1;2,2, 2, ve) HaHJIy‘{J]JI[MP[ nprémoxennsMu SyayT

. _g .
1, [1;2]= [12,2] , [1;2,2,2) = 12, [12222]_29,
. _ 47321
(1;2,2,2,2, 2} 70, [1,2,2,2,2,2,2,2,2,2,2,2,2] = 3

ME! yIOMAHYIH TOCIeAHHe ABa MPHGIHKeHH K V2B 1.2; B 4aCTHOCTH, MEI
CKA3aJH, 4TO % — Hauiydinee NIpHUOMKeHHe K V2 cpezu apobeii ¢ ABY3HAIHEI-
MM 3HaMeHaTelIIMH.

Camoe YAMBHTENBHOE COCTOHT B TOM, YTO CYINECTBYET NpekpacHas opMyra
JUTe mokasaTenelt kauecTsa NOAXOAAINNX Apobeil,

1.11. TlokasaTens KA4ecTBA A/ NOAXOAMIIAX Apobeii

TeEoPEMA 1.13. ITycmb ‘:—" — (Hecokpamuman) n-a nodxodawan dpobs dnA ge-
n
WECIMBEHHOZ0 YUCRA &= [dp; 4y, A, ... . To20a

B _ 1
qn q, ln E
2de . .
Ap = Gpyq + T + 1
Auyo + a,+ 1
gyt "'" Qp_1 +
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JAoKA3aTeNbCTRO OCHOBAaHO HA CJIE,IW]OI.L(Eﬁ‘ JIEMME.

Jlemma 1.14. ITycms mouku A u B umetom xoopdumamst (a,,az), (—by, bs) 8
cmandapmHotl npAMoy2onLHotl cucmeme koopduxam ¢ Hauarom O, npuuem a,, d;,
by, b, nonoxwcumensubt, Tozda nrowads naparnenoepamma OACB (cM. puc. 1.6(a))
pasHa a,b, +b,a,.

Y

(a) ®

Puc. 1.6. HaxomaeHue MAGIIAAN apaiienorpaMma

JOKABATEABCTBO JEMMEL IIpoBefeM BepTHKANbHEIE NpAMbIe Yepes A u B
H POPHU3OHTANBHYIO IPAMYIO Yepez C. [Nomyanm natRyronsHUK OAFDB (oM. pHC.
1.6(6)). PazobnemM ero Ha ceMb YacTeH, MOKA3AHHBIX HA PHCYHKe, 1 0603HaqIM He-
pe3 S; mromaas yacTH, obosHaveHnoit kax {. Quenugro, EF=GA=qa,, DB=G0=a,,
AF =0H =b,, OueBHAHO TalOKe, 4TO S4=8,+Ss B uTO §y = S,. [loaToMy

SO}\CB - SS+S4+SG+87 - SS+(S2+SSJ+SG+SI =
=(SI+SZ+S3)+(SS+SG)= '
= Sueps + Sarec = D16y + a1 b,.
JOKASATEALCTEO TEOPEMEL. PaccMoTpmM puc. 1.7(a). OH COOTBETCTBYET CHTY-
9aio, KOrja n YeTHo. M 6yzeM Mcnonaw3opatk cGoaHavyeHue r, = |ag, — p;l- Ko-
ODAMHATHI TOUEK A_g, A_;, Ay, Ay PaBHEI (@, 1), (—1,0), (=1-1, Gn-1): (T, @) (€M

npeanoxenne 111). ITnciwmaar napannenorpamma OA,EA,_; paeHa 1 (cM. mpeaito-
seHue 110 ¥ ero JokasatenncTso). UMewoT MecTo Caefyollie COOTHOeHHS

(D) r—1Gp +1p1=1;

Ta-1
@ ,;'n = [dn415 Qus2> Ane3s 213

@) 72 =[ay; a1, ..., 01},
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Y y
E A Any )
In-
A ot "
i N A, 0
A.r‘
An—l Th-1 °
n qn
& A
Qn-1 \
< X
Ay o " A,
(a) (6)

Puc. 1.7. JokasaTenAsCcTBO TeopeMH 113

PapeHcTBO (1) BHITEKAET H3 JeMMEI 1 14 PaBeHcrso (2) caeayer M3 npejio-
KeHnq 1. 9(1) (anropuTM EBKUIMAA AR —— SBAACTCA YaCTHIO anropurma EBKau-

Ja ana = 1 , KaK moKazaHo Ha puc. 1.4). PaBeHcmo (3) MOKeT moKasaTbCA MeHee
QUEBHAHBIM, HO TAIOKe CJeAyeT H3 npeprokennd 1.9(1), Ytobel aTo ysHAeTh, OT-
PasuM TOYKH Ay, Ap g, ..., Ay OTHOCHTEABHO HAYAMA KOOPAMHAT, KAK MOKA3aHO
Ha prc. 1.7(0). [lomydydM KapTHHKY AaA anropuTMa EBxanza fns qq,, (oBep-
HyTYI0 Ha 90° M OTpa)XeHHYI0 OTHOCHTEIBHO OCH X). JIOMaHEIMH{, aHaJOTHYHBI-
MH A_pApdrAq... B A_1A1AzAs..., BYIYT A, A] .. Ag H Ay 1 Ay_s... A . BTOpas
H3 HHX 3aKaHYMBAETCA B TOYKE A 1 Ha OCH X; 3TO 3HauWT (KAK Mbl 3aMETWIH B
n.19.2), gto q‘:il — KOHe4YHasd uemHaa apobe [a,; a,_;, a,_g, .-, 1], KaK ¥ yTBep-
JJaeT paBeHCTBO (3).
Teneps noAenuM papeHcTBO (1) Ha r,q, M BRITHOINM A, :

=2 —lem1 gy G 1
ln - Thiln | + QH [ﬂn+1,ﬂn+2, ) ] + [ﬂn; [ PR GI] '
Kpome Toro,
)'-_:._l_z_.g.'.'...{.—rﬂ..__a,a ,a ++_
n-1 Th1Gn1 Qo1 1 [ s Yn—1s * 1] [ﬂn+1;an+3,---]

310 JasepniaeTt ACKA3IaTSIbCTBO TCOPEME! KAK ANA YETHHX, TaK H A1 HEYETHHIX 1.

Teopema 113 mokaswBaeT, YTO, XOTA NOAXOAAIIMe APOOH ABAAIOTCA HawTyd-
THHMEK npnﬁmmceﬂmu JAeHCTBUTENMBHEIX YHCE, He BCe OHM OAMHAKOBO XOPOHIM,

Npubmaxerue 22 a0 L AefiCTBHTENBEHO XOPOHIO, €C/IN A, BEJIHKO, TO eCTh (TTOCKONBKY
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Anyq <A, <dnyq +2) ecIV HellOJHOE JacTHOE &, BEIHKO. B 9TOM CMBICKE HH 30-
JIOTOE CeYeHHe, HK /2 He 061afaloT AefcTBITENBHO XOPOLIMMY MPUEAPIKEHUAMH.,
PaccMoTpumM Hauboslee HaCTo UCTIONB3YeMble pALHOHANIBHELE YHCIA 7T U e. Herpya-
HO TpPeBPATHTEL JeCATHYHLIE NMPHOMIDKEeHHA, NOIydaeMule IPH NOMOINM KapMaH-
HOTO KafbKyAATOpa, B HparMeHTH HeNHEX Apobell (MBI o6CyIHM 5TO AeTATLHO
B 1. 1.13). B yacTHOCTH,

®=1[3;7,15,1,293,10,3,8,...], =1[2;1,2,1,1,4,1,1,6,...].

MB! BHAMM, YTO, B OTJIMYHE OT €, ¥ 7 ecTh GOIBIIME HEMONHBIE YacTHEIE, TAKHE
Kak 15 1 293. COOTBETCTBYIOUIMMH XOPOUIMMHE NpHOAKeHUAMY OyayT
22 355
[3;7] =%, [3L151]=333-

IMepBoe U3 HUX GLLIO H3BECTHO ADXMMeZY; €ro 3HAMEHATeAb PaBEH 7, H OHO JaeT
3HayeHHe 7 ¢ ommKAKoi 1,3- 1073, Bropoe 6BI10 OTKPHITO NOYTH YETHIPE CTONETHR
Hazax AnpuaHoM MeunreM. OHO JaeT NpHMevaTeabHYI0 (s Apobu ¢ TaKUM 3Ha-
MEHaTeNeM) TOTHOCTb 2,7+ 1077, UTO NOSBOAET NOAYMHTh 7 C HIECTBIO BEPHBIMH
AecATHYHBIMY 3HAKaMH. JITd e HeT HHYero noxoxero: AyMIKMH MpHOAMKeHHAMA
(B paMkax ¢parmeHTa emHoit ApobH, NpHUBeAeHHOro BHIUR) ByayT % (norpem-
HOCTh & 4-10") 1 199 (morpeurtocTs & 2.8-1075). JansHelmyo RHpopMaLumo

71
0 DeMHBX Apo6AX AJIA T H e M. B [62, npunoxense 11].

112, JokazareancTBo TeopeMnl 'ypeHua—Bopens

Nyere a=[ag; 4,, 43, ...)] — KPPAMOHATEHOE YU 0. HaM HaAo AOKA3ATh, 9TO
Ans BeckoHeYHO MHOTHX MOAXOAMINX Apobeit iq’“— BHINIONHEHO HEPABEHCTBO
n

Ag=——>~L 545
Qn (G — P}

H YTO 5TO HE BCeraa BepHO, el 5 3aMeHHTh GOABIINM YACIIOM.
Cayuaii 1, TIyeTs GeCKOHEYHO MHOTO HEMTOAHBIX 9ACTHEIX a, PABHEI O KpaiiHeH
mepe 3, Torya A 3THX n HMeem

Ay >a, 23> 5.

Cnyuaii 2. TIycTb AMOIb KOHEYIHOE YHCAO @, Goabine 2, Ho GeCKOHETHO MHOTO
H3 HMX pasHsl 2. Toraa ana BeCKOHeTHO MHOTHX N d, 1 =2, 4, €2, 0,3 S2, K

A=t +—i—+—1—22+1l41=85 45
ﬂn+2+_ an+——.

Cryuaii 3, Jlna scex AoCcTaTouHO SoibuHX nt ¢, = 1. Torga NpH TakHX n HMeeM

—_ - +
An = [1, 1,1,1, ] + [1:1,1, ..., al} )
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IlepBoe cnaraeMoe paBHO 30MIOTOMY CEYeHMIO ﬁ; La BTOpOE CTPEMHTCH K ThC-
-1 _
ny ( ﬁ2+ 1 ) = ‘/32 L mpun—oCoH 5Y11€T fonpme i~ f 1 A KAKIOTO BTOPO-

ro n. llosromy 4, > @ + % =5 ana 6eckonetmo MHOTHX 1, HO, IOCKOIb-
Ky lim 2,= V5, Ana moBoro € > 0 HepaBeHCTBO A, > V5 + £ BEIOIHACTCS TOALKO
JUIA KOHEYHOT'O YHC/Ia 3HAYEHHI n.

MMpuMEYAHNA. W3 JOKa3aTeNbCTBA ACHO, UTO TOABKO B TPETHEM CIYUae HERB3A
3aMeHUTS +/5 Ha 6OBIIYIO KOHCTAHTY. B aToM cayyae a=[ag; a1, ..., Gq, 1,1, 1, ... ]
CaMeii 3aMedaTebHELE HpeACTaBUTENb 3TOrO KIACCA — 30JI0TOe CeYeHHe

pP= '{-_':tl = {1; 1, 1: 1, “‘]‘
ap+b
cp+d’
raea,b,c,d€Z u ad — be==%1. ECIH o HE OTHOCHTCA K 3THM YHCIAM, TO KOHCTaH-
TY +/5 MOXKHO YBEIMUHTE A0 +/8. MiMeloTca JanbHeiite peaytTaTH Ha Ty TEMY
(cm. ympaxkrenna 1.11—L.14).

B saxmoyeHHe NpHBeAeM CAeAYIOIYIO TEOPEMY, 3a KOTODYIO ee aBTop Kiayc
PoT nosryamn npemuto dunaca B 1958 roxay.

Moo AOKA3aTh, YTO YHCAA H3 9TOTO KAACCA — 3TO B TOYHOCTH YHC)Ia BHAA

TeoPEMA 115 (K. PoT). Ecau a — xopens Gazefpauyeckozo ypasHeHUR
A x"+a, X" L axta, =0

¢ yeasimu xoagduyuenmanu, mo daa awobozo £ > 0 cywecmayem Auuib KOHEUHOE

yucao maxux opobet -5, ymo

Ia——_l 2+s

113, BepHeMcsn K Poxyey

B n. 1.3 HaM GrUTH AaHH ABe ZeBATHIHAYHBE AECATIUHEIE APOGH, U3 KOTOPRIX
OfiHa GbUTa TTOMyUYeHa AeieHHEeM ABYX TPeX3HAYHBIX YHCeN, a APYTas apepcTaBIina
coboit cayyaitnyio nocaegoBarensuocTs Ludp. Tpebyerea, maaa Ha aTH ApobH,
BRIICHHTD, «KTO €CTh KT0», ECmi o — 9-paspagHoe IPHONIKeHNe IpobH —5— C Tpex-
3HAYHEIM 3HAMeHATeNeM ¢, TO

o= 4] < = s <
1{:-9 1000- (10002) 1000g2 "

B cuny Teopemst 113 aTC 3HAUMT, YTO COAHO H3 HEMOAHBIX YaCTHHIX (oBo3HAWMM
€ro dy,,,) Iucaa a Goapme 1000, a cooTBETCTBYIOMWCe g, MeHbIIe 1000. Hackonbpxo
BeJIKO MOXeT OHTE nt? Tax Kak ¢, = apG,..1 + Qn-2, YHOIA ¢, PACTYT IO KpaiiHei
Mepe TaK Xe, kak ynciaa Puboraqun F,. [ockonsky Fis =987, n A0DKHO DHITh He
Gonpie 15.

2 3ax. 3647
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OueHL JIETKO HAalTH HAYaAbHENL OTpe30K LelHo ApobH AnA ZaHHOIG O
fa] = ag;
(@a—ag) ' =ay, (1] =ay;
(e ~a) ' =ay, [a] =ay
(ay—a) ' =ay, [a3]=ay

HCHO}ILB)PH 3TOT ANTOPHUTM, Mbl MOXEM AOCTATOYHO 651(:1‘])0 HAHTH HECKOJNBKO He-
IIOVITHBEX YACTHHIX ABYX YHCEJ, IIPUBEAEHHLIX B II. 13:

0,635149023 = [0;1,1,1,2,1, 6,13,1204,1, ...],

0,728101457 = [0;1,2,1,2,9,1,1,1,1,3,1,15,1,59,7, 1,39, ...].
OyYeBHAHO, 9TO NIEPBOE YHCIC (HO He BTOPOE) KMeeT OYeHb XOpollee PALHOHAIL-
Hoe npubnuxenne, a umendo [0;1,1,1,2,1,6,13].

Creayomuii mar: UCTIOAL3yA cooTHOMeHuA (1) 1 (2) u3 npeanoxerns 1.6, MEl
MOXeM HallTH COOTBeTCTRYIOLIHE MOAXOAALIHe ApobH;

Po=a=0, p=aqnt+l=1, p2=1:pi+po=1,
ps=1-p;+p =2, P4=2-pP3+pz =05,
Ps=1-ps+ps=7, Ps = 6-Ps-+py =47,
p7 = 13- pg + ps = 618,

%=1 q=a=1 2 =1 +qg =2,
gz =1-qz+q, =3, 44 =2-q3+qz =8,
gs = 1-q4+q3 =11, 4s = 6-¢s+q4 =74,

gy =13-g5 +q5 = 973.

OKOHYaTe/ILHHI Pe3y/bTAT: IepBoe HHCAO paHOHAIBHO. QOHO paBHO 3% (ana

KOHTpOMA BBl MOMeTe MOAeNHTh 618 Ha 973 Ha BallleM KaJbKYRATOPE; NOMYIHTCA
Kak pa3 0,635149023),

L14. 3munor

Bos (sxodum uepes deept cnpasa): Tol Gbuta npasa. KansKynaTop He MOMeT
AOKA3ATb, YTO v2 HPPAMCHANBHO.
Annca (axodum wepe3 deepe cnesa): Her, Te1 Gplx mpab. IIpy oMoy KanbKy-

JLTTOpa AeﬁCTBHTeJIBHO MOXKHO pa3siH4YaTh TaKHe YH{Chna, KaK ﬂ/-i H 2

BoE: Jla, Ho 3TO elle He ACKAa3aTeNbCTEO KPPAlHOHANBHOCTH. S %ﬁm B KHHTe
O HCTOPHH, 4TO, KorAa [Tudarop Aokasan, 4To v2 HppalHOHANEH, OH IPHIIaCK
BCEX CBOMX ApYy3el Ha obej, yTo6bl OTNIPA3AHOBATE 2TO OTKPHITHE.

Anmuca: Hy, Bcex Hamux Apyaeit Mb npuraaliath He GyAeM, Ho Zapaii mooGe-
AaeM. Moii mupor roToe.

Bos: Tak Aagait ero nonipoByeM! (Vxodam amecine uepes dgeps nocepedune.)
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Smwie Bopens Azonbd T'ypBHI
1871—1956 1859—1919

1.15. YnpaxHeHHs

1.1 (vopmviia [Tnka). Ilycte P — HecaMonepeceKaloWUiics MHOTOYTOJbHHUK,
BEPIIMHBI KOTOPOT'O HAXOAATCA B TOYKAX pPEeLIETKH, PHUYeM IUIOaAb dJeMeHTap-
HOro napajuliejiorpamMma 3To# penieTku paBHa s. IlycTb m — 4KciIO TOYek pemieT-
KM, HaxOAAIUXCS BHYTpU P, a n — YKCJIO TOYeK pelleTKH, HaXOAALIMXCA Ha rpa-
Hulle P (Brmo4yas BepIIMHEL). JJoKaXKKTe, YTO IUIOIa b MHOrOYTOJIbHUKa P paBHa

(m+121— —l)s.

YKA3AHHUE. Pa3pexxbTe P Ha TpeyroJbHUKH C BEPIIMHAMH B TOYKaX peIleTKH,
KOTOpbIe He COZEepKaT APYTHX TOYEK pellleTKH BHYTPH WIH Ha CTOPOHAX, U BBIAC-
HUTE, YTO IPU 3TOM IPOHUCXOAHUT C MPABOM YaCThI0 paBEHCTBaA.

1.2. Jlokaxxute, 4TO
[-1-ag;1,a;,—1,a,,...], ecma; > 1,
[-1—-ay;a,+1,ag,..., e a; = 1.

_[aO; ai, ay, '"] = {

1.3. (a) Jokaxure, 4YTO €CJIM Ay, Ao, Ay, g, ... AEIATCA HA N, TO

[ap; a;,a,, ...] Ay | a;
I E— = -ﬁ-,nal, L nas, ... |.

(6) Jokaxwure, 4TO €CJIH a4, ds, ds, ... AEJIATCA Ha N, TO

. a as
n[aO’ a,, ay, '“] = | nay, T)naZ) A

1.4. Tlpeanosnoxum, 4TO
a = [ag; a3, a3...]

— nepHoAUYecKas 1enHas Apobb, TO €CTh YTO CYIECTBYIOT Takue r =0 u d >0,
YTO Ay y g =Ap, AA BCeX m 2 1. JIOKKHUTE, YTO @ — KOPeHb KBaZpaTHOr'O ypaBHe-
HHUA C LIeJIBIMU K03 PHULIeHTaMH.

YkA3AHME. Haynure co ciaydas r=0.
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1.5** JMoxaxuTe ofpaTHoe: eclny @ — KOpeHb KBaApaTHOTO YPABHEHHAA C HelH-
MH Ko HLHEHTaMH, TO @ IPEACTABIAETCA IePHOAMYECKO LenHoit apobbio.

1.6. Haiigure yennre gpobu, npeacrasasionme '3, v5, vn2+1, vn2 -1,

1.7. Ucnoabaya ympakHeHua L6 u 1.3, Hal{guTe HenmHEle ApoGY, NpeACTaBAfIo-
mpe 45, % " %

1.8 (NOATOTOBMTEABHOE K YIPAXHEHMIC 1.9). IlycTe a, f§ — BelmecTEeHHRIE

af+b

gucaa. MBI FOBOPHMM, 9T0 & FKausareHmno 3, eci o= Brd’ rge a, b, ¢, d nennie
% ad ~ bc =21, IoKaXuTe, YTO eI ¢ SKBHBANCHTHO 5, TO § SKBUBAJIEHTHO .
JlokaxuTe Taxke, YTO eclH & B3KBHBAJICHTHO § H § SKBHEBANEHTHO Y, TO & BKBU-

BaJIeHTHO ¥.
1.9% INycte

a=[ay; a1,05,...], B =[by; by, by, ...]

— «IIOYTH COBNAfaoONIne» NenHue ApoOH; 3TO 03HaYAeT, YTo cymecmymo‘r Takue
Ijefible HeoTpUNATeNbHEE Kk, I, uTo ay,,, = by, ANA Beex m 2 0. Jlokaxure, 4TO
a K 5 SKBHBAJCHTHEL.

110% Joxaxure oGpaTHOE: €Ak O U § PKBUBANIEHTHEL, TO HX elHkle Apobu
MOYTH COBNTaAa0T (cM. ynmpakHeHHe 1.9).

YKAZAHME. TYT MOXKeT NPHrOANTECA cedytomad semMa. Ecmn a 1 § skeuBa-
JICHTHH, TC CYHIECTBYET TaKad NoC/IeAOBATENBHOCTD BEINECTBEHHbIX YHCRN &y, ¢y,
e Oy, ITO =0, &y =P 0 11 1 $i <N umeem

o ==—a;_y, WH o;=a; 1+1, wm a; = P

111, JoxaxcuTe, YTO eC/IH @& He 3KBHBAJEHTHO 30J0TOMY CeYeHHIC (TO eCTh
o # [ao; a],’ a2’ "‘rarr 1; 1; 1’ "'])3

T0 V5 B Teopeme ['ypBua—Bopens MOXKHO 3aMEHMTL Ha v/8.
112. JoxaxXuTe, YTO eCTH & He SKBUBANICHTHO 30JIOTOMY CEYEHMIO HAK v'2, TO

+/5 B Teopeme I'ypsriia—Bopens MOXHO 3aMEHHTh Ha 22251 .

3AMEYAHUE K YOPAXHEHMAM 111 ¥ 112, YwuTaTens MoXeT NPOAOIKHTE 110-

CNeAOBATENBHOCTE 5, /8, 25 H Aansiie (TAaK, ecld @ He SKBUBAICHTHO 30-

JIOTOMY CeYeHHIO, V2 | ellle OAHOMY KOHKPETHOMY YMCAY, TO v5 B TeopeMe I'yp-
Brua—bopena MokHO 3aamMeHNT eme 66abpmeit koHcTanToH, H T. A.) [lony4aemasn
NoCAeA0BATENRHOCTE CXONATCA K 3.

1.13. JoxaxHTe, 9TO HMEeTCH HeCUeTHOe MHOKECTBO BeIeCTBeHHBIX YHCeA A,
oBNAAAIIIHX CAEAYIOUEM CBOMCTBOM: ecliid A > 3, TO €CTh JIMIL KOHEYHOE JHCI0

P Pl._1_
TakKux Apobeit q,trro|a |< e
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YrasaHue. MNonpobyiiTe unciaa
31,...,3,2,21,1,...,1,2,2,1,1,...,1,2,2,1,...},
e S e’ S gt

gy fly ity
TAe Ry, iy, My, ... — BO3PACTAIOIAA IOCTHeAOBATENBHOCTD LeLX THCeN,
1.14** Yucso 3 B ympaxsenun 113 HeNnbas yMeHBIIHTb.
115. Haiigure HauMeHbIlee YHCHO A, CO CASAYIOINUM CBOHCTBOM. Ecmu a =
=[ay; ay, ay, ...] ¥ @y £ n An4 gocTaTouHo Honplkx k, TO AN moboro A > A, ecTh

JHIL KOHEYHO YHCIO TaKKuX Apobeit %, 9T0 |a— % | < —1%—2-



Jexuua 2

ApudmMeTrnyeckye CBOCTBa OMHOMHUAJBHBIX
k03¢ PUnIeHTOB

2.1. BusoMHanbHEE KO3$IAIHEHTHE A TPeYToAbHAK [lackann

MH BriepBble BeTpedaemMcd ¢ SHHOMHANBHEIME KO3hHIMEHTaMH B LENOUKe
dopmyn

(a+b)P =1,

(a+b)} =a+b,

(a+b) =a®+2ab+b?,

(a+b)® = a®+3a%b+3ab® + b3,
(a+b)* = a*+4a°b+ 6a>b® + 4ab® + b4,

.......................................

KaK ¢ k03(GdHLUHEeHTAMH B IPABKIX YacTax pareHcTs, Koaddbuumnent npu a™b* ™
(rae 0 € m € n) oboaHayaeTca Yepes (:1) (snu C'); 5TO NPOH3HOCHTCH KAK «IHC-

JIo codeTaHuii H3 n o m», ECTh ABa OCHOBHHIX CIOCOGA BHYHCIATE ( r?:) OnuH
Aaetcq peKyppeHTHoi dopmynoit [Tackana

(W) =(r2D)+("2Y,
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KOTOPYIO HECNIOXKHO JOKA3ATDh:
ot (:l)a’“b““‘"+... =(a+b)" = (a+b)"Ya+b) =

= (et (pZy)em o (P a4 ) (a by =

= ...+((;’1:1)+(";1))a’"bﬂ‘"‘+..

Bropoe BEHIpaxeHHe A/ GHHOMKANBHEX KO3(QDUIMEHTOB — 3T0 PopMyaa

(n ) _na-1..(n-m+1) _ n!

m)~ 1-2-...-m T mtn—-m)’

KOTOPYI MOMHO BRIBECTH M3 DEKYPPeHTHOH GOpMYNEL 110 MHAYKLKH: OHA, OYEBKE-

HO, BEPHA IIPH n =0, a eCIK OHA BepHA A4 (nk 1) (anaecex kot 0 gon—1), To

nYy_ (n-1 n-1Y _ (n-1)! {n—1) _
(m) - m—1)+( m )_ (m—l)!(n—m)!+m!(n—m-1)l -
_m=-Dlm+n-1)(n-m) _ (n—-13n _ nl
- mt (n—m)! T mitn—-my  mi(n-m)’

PexyppeRTHaA $opMyIa NO3BOARET NOAYIHTE TPEeYroAbHUK ITackans — zame-
YaTeJILHYIC TPEYTONbHYIO TaGNMHIY, KOTOPas COIEPIKUT Bee GHHOMUANLHBE KO-
GULHEHTE U MOKET GBITH HEOTPAHMYEHHO NPOTOIKEHA BHH3!

1 g 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1
1 12 66 220 495 792 924 792 495 220 66 12 1
1 13 78 286 715 1287 1716 17161287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1

B a10if Tabnuue n-# pax (BepxHuii pag, cofepxaloii TOALKO efUHHIY, NMeeT
HOMeD () COCTONT M3 YHCEeN

(@) (1) (1) (R)

PexyppeHTHan GopMy/a 03HAYAET, YTO KAKAOE YKo B 3TOH Tabmiie, 3a HCKIO-
9eHNeM BepXHeH eZWHHIE, DABHO CyMMe ABYX 4YHcel HajJ HUM (Hampumep, 56
B 8-M paay ecTb 21+ 35). 3geck MH CIHTAEM, YTO HA MYCTHIX MECTaX CTOAT HY/IH.
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Yrobkl Y3IAKOHHTD NocegHee 3aMeyaHHe, Mbl mojaraeM, 4ro (:1) onpeacne-

HO JUIA BCeX uenbX n, m (ecau n 2 0); MB CUATAEM, YTO (:1) =0, ecqIH m < 0 WIH

m >n. 3TO He MPOTHBOPEYHT PeKyppeHTHOH dopMyne (ecnu n = 1), Tak YTo Mo
MOXEeM HCTIOAL30BAaTE 3Ty GopMyny ang moboro m.
BOT HeCKONMbKO HeMOCPeACTEEHHEIX creacTeuil ua GopMynsl 6HHOMA

@by = () (e (2 e s (1)
MeEsAONKEHUE 2.1 (1)

(3)+ (Dt (2 + () =2

(2) Ecrunz1, mo

(5)-(1)++ (2 + - (R) =o.

(3) Ecaunz1, mo

(6)+(G)+(8)+ = (D) + (B)+ ()4 =2
JOKA3ATEABCTBO. (1) cneAyeT u3 GOPMYAH GHHOMA, €C/IK B Hell ONOXHTD

a=b=1. (2) cregyer uz Toii xe GopMyNL, eci NOAOKHTE a =1, b=—1. ¥TBEp-
xaeHne (3) caegyer us (1) u (2).

2.2. Tpeyroavruk IMackana, KOMGHMHATOPUKA H BEPOATHOCTE

[leEAnOKEHUE 2.2. Ecme (:1) cnocoGoa auifpams m npedmemos us Habopa
n (pasnuunsix) npeomemoa.

3aMEYAHME 2.3. Ecmu m < 0 Wi m > n, TO HeT HK OAHOrO ciocoba BRGpaTs
m NMpeAMETOB U3 1. 3TO COOTBETCTBYET TOMY $aKTy, YTo ( ::1) =0 mpu m <0 WIH
ma>n.

JOKA3ATEALCTBCO NMPEANOKEHUA. ME BHOBR HCTIONB3yeM WHAVKUKIO. Ilpn
n =0 yTEep:KAeHHe OUeBHAHO. IIpeaArnonokuM, YTo NpeiIojKeHHe BHIIOMHACTCA
AN cnyvan n - 1 npeamMertos. IIycTe HaM JaHHBL 1t OpegMeToB (n = 1). OTMeTHM
oAnH %3 HUX. Korga mEl BEISHpaeM m NpejMeToB U3 HalllUX n, TO MEI IHGo GepeM,
aubo He GepeM oTMedeHHBOH NpeameT. ECIM MBI ero GepeM, TO HaM ellie HAAO

BHEpaTE M — 1 mpeaMeT U3 OCTABIIMXCA i — 1; 3TO MOMKHO CAenaTh ( :t__]l) cnoco-
Gamu. Ecam ML He GepeM OTMedeHHBIH IpeAMET, TO HaM HaAo BHOPATE m mpegMe-

TOB 13 N — 1, YTO MOXHO CAeNaTh ("; 1) cnocobamy, TakuM o6pazoM, cymMmap-
Hoe YHCN0 cnocoBoB paBHO

ao) (') =(a):

H Hall¢ YTBEPHIACHHUC A0KA3aHO.
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370 NpefNOKEeHRe HMEeT, KCTaTH, APAMBIe APHACKEHHS K TeOPHH BEPOATHO-
creil. HanpyMep, eciu caydaiiHEM o6pa3oM BHOGPaTh 4 KapTH H3 KOAOAH, COAEP-
Aalel 52 KapTH, TO BEePOSATHOCTb NOXYYHTD 4 Ty3a paBHa

— 41-48! _ 1

1 6
9 =51 = oy © 37010
4

(ectn (542) BOBMOXHOCTH, H TOABKO 0OAHA M3 HHUX A2eT 4 Ty3a). BepoATHOCTE Mo-
JAY9HTH 4 1UKY GonbIne; oHa paRHa

(143) _ 13t.41-48! _ 11

. -3
(52) = M-ors21 — 4168 ¥ 26410
4

(o6miee wueno HaGOPOB 4 ¥apT PABHO (542 ) , 4 TCA0 HabopoB, cofepKalmKX 4 K-
KH, paBHO (143 )).

2.3. TpeyroneHuK [lackanda H TPUTOHOMETPHA
Yurarens, BEPOATHO, 3HAKOM ¢ popMymaMu
sin 26 = 2 sin @ cos @,
cos 260 = cos® 6 —sin® 0,

Yro MOXKHO CKa3aTh Npo sin 307 cos 587 sin 1287 Bee 21 opMy/n COAEpKATCA
B TpeyronbRKKe [Tackans:

cos 00 = 1
cos 10 = 1cos @
sinl@ = 1sin @
cos 20 = 1cos? @ —1sin?6
sin 26 = 2 cos O sin 6
cos 36 = 1cos® & —3cos O sin® &
sin 369 = 3cos? Bsin @ —1sin* @
cos 46 = 1cos* B —6cos® O sin® B +1sin? 8
sin 46 = 4cos® Bsin B —4cos8sin® 0

MoxeTe A1 Bhl YBHZETD 3eChk TpeyroibHUK [lackanda? On HeMHOrO HCIOpUeH
3HaxaMM. PeaylbTaT TakoB,

TPEANONKEHHE 2.4.

sinn@ = ('11) cos™ 1 B sin@ — (g) cos" 2 @sin® 0 + (g) cos" P @sin®O—...,

cosnd =cos" @ — (g) cos™ 2 @sin? 6+ (:) cos"*Gsin*t0—...
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JokasaTeancTBo. Kak oferuHo, mpobefieM HHAYKOMIO. [Ipu n=1 dopMynu
ABnAoTCA TapTosordeii. Ecu dopmynn ana sin(n —1)0 u cos(n—1)8 (n>1) BH-
TIOJIHAIOTCA, TO

sinnf =sin{{n—-1)8+0)=sin(n—1)2 cos 8 +5in @ cos(n—1)8 =
= ((";1) cos" 2 8sinf— (n ; 1) cos®* B sin® 8 + ) cos 0+

+sin6‘(("al) cos" ! 9 — ("'2"1) cos™ ™ @ sin? 6‘+...) =

={{"> )+ ("" cos" ! @ sin 60—
((")+("11)
_((“;1)-{-(";1))cos"'sﬂsin39+...=
=[")cos" 1 @sin6— T )cos" 3 Bsin® 0 +...,
(%) (5)
1 aHANOTHYHO I
cosn® = cos((n—-1)0+8&) = cos(n—1)8 cos & —sin(n— 1)@ sin 9,

Kak 1 TpeboBanocs.

Hmeerca taxoke dopmyna ana tg né (obobarmians H3BECTHYIO GOPMyRy and

tg 20):
('1‘) g 8- (g) 12?6+ (g) s e—...

g =
B 1-(g)tg2 o+ (1) o-(2)uo+..

(cMm. ynpaxHenue 2.1},

He aTH npwioxeHHd, ofHaKo, ABIA0TCA Haweil uenslo. Hac 6yayr raBHEM
06pa3soM MHTEpEeCOBaTE apHyMeTHUYECKHE CROiCTEa OHHOMMANBHRIX Koa(HIm-
€HTOB: JeTMMOCTE, OCTATKH 1 TOMY moAoOHoe,

2.4. TpeyronasHuk Iackanmt mod p

BoabMmeM TpeyroibHHK [Tackans H 3aMeHHM B HEM BCe HEYETHEIE SHCIA YepHYI-
MH TOUKAMMU e, 3 BCE YeTHRIE YMCAa GeEIMH ToukaMu o. [lonydyeHHAS KapTHHKA
6yaeT moxoXka Ha KoBep CepIIMHCKOrO, OH Jie TPeYTONLHHK CePIMHCKOTO (/14 Tex,
KTO 3HaeT, YTO 3TO TaKoe).

BuuMaTenpHOe HayveHHue 2Toll KapTHHKH BhiABIAeT ceayomee. Ilyers 27 <
£n<2* Torpa ]

Decmim<sn—-2", 10 (:1) HMMeeT TV )K€ YeTHOCTD, MTO H (n;z );

QDecmumz2", 10 (:1) HMeeT TY e YeTHOCTh, YTC H (:1:%,; );

Nemn-2"<m<2, ro (:1) 4eTHO.

Cneayoluii peayasTaT o5o61aeT 2TH HabMIOAeHNA Ha CTyqail IpOU3BONIBHOTO
NpoCTOTO P.
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TEoPEMA 2.5 (Jliokd, 1872). [ycmb p — npocmoe HUCAO, U RYCMb I, 1, @, F —
HeompuyamensHbte Yicna, npuvem 0<q<p, 0<r<p. Tozda

prre) = () (3) tmod 2.

(M&l mpeAnIonaraeM, 9T YNTAaTENb 3HAKOM ¢ CMMBaoM =. 3amuck A=B {mod N,
«A CpaBHHMO ¢ B 1o Moayn» N», 03HavdaeT, UTo A— B fenurca Ha N, i yTo AU B
HMET OANHAKOBbIE OCTATKY NPH AeneHHH Ha N. Mbl fyaeM Taicke HCNONb3OBAThL
JTOT CHMBOA U1 MHOTOWIEHOB ¢ 1eABIMH KoabduupenTamu:; P =Q (mod N), ec-
au Bee xoaddUIHeHTE MEOrowieHa P — Q aenarca Ha N.)

YroOH AOKA3ATE TCOPEMY, HAM HYKHA JIeMMA,

Jiemma 2.6. Ecau 0<m<p, mo ( P ) denumea na p (o ne denumea na p?,
p m
XOMSA HAM 3THO U He HYWHO).

,HOKASATEJII:CTBD JEMMEI.

(R) =B,

npHYeéM HH OAMH H3 COMHOXHTEAEH B YHCIUTENE B JHaMeHaTene, KpoMe p B YHC-
JIUTENE, HE ACNHTCA Ha D.

JIOKABATEABCTBO TEOPEMLI. BBHAY MeMMHI (@ + b)P = aP + b® (mod p). Cre-
AOBaTeNLHO,

(a+b)P"* = ((a+ b)Y (a+b) = (a? +b7)(a+b) (mod p),
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(a? +bPYi(a+b)t = (@ +...+ 1 JaPmpPo-m) 4 52" )
X (a‘i ot (2)a’b""+... +b"),

U AICHO, YTO WieH aP™+ pP{—m+~r) pronpr B MOCHEAHES BHIPAXKEHHE TONEKO OHH
Pa3 1 ¢ xoadpdULHEHTOM ( r'::) (q ); TIO3TOMY

r

(o) = (2)(2) ot

K YTBCPHACHHAC JOKAa3aHO.

Y1066l NOMYINTE KpACKBOE CIeACTEHE U3 TeopeMEL JIKOKA, BCHIOMHHM, ITC KAK
/A MPOCTHIX, TaK U A/ COCTABHBIX YHCE P KAXA0e HATYPAILHOE i UMeeT eANH-
CTBEHHOE NPEACTABNEHHUE B BUAE N p" +1n,._ p" '+ ...+ p+n, e 0<n <p
nosm<panai=0,1,...,r-1. Mst 6yaeM UCTIQVIB3ORATh COKpallieHHOe o6o3Ha-
veHne n={(n,n,_;...MMNe),. YACAa N; HA3HIBAIOTCA paspadamu TUCIA 1 B CHCTEME
CUHCNIEHHA ¢ ocHOBaHueM p. Ec p=10, To TH paspAaH — obbIYHbE {AeCATHY-
HEle) paspaibl, Mpumep: 321 = (321),, =(2241); = (101000001),. 3amMeTHM, YTO
MBI MOXEM HCIONE30BATH NPEACTABACHIE THCEN B CHCTEME CUHCICHHA C TIPOH3-
BOJILHEIM OCHOBAaHMeM, YTOOH CKAAABIBATE, BRIUMTATE (M YMHOXATE, H AaXe Je-
JIXTE) 9HCAA TOYHO TAK e, KaK MBI AefaeM 3T0, UCHOAB3YA JeCATHYHYIO CHCTEMY
CIHCTEHUS,

BepHeMca k HallleMy TIpeJIONOKEHHIO, YTO P HPOCTOE,

CnepcteME 2.7. ITyemb n=(nn,_;...nNg)p, m=(mm,_y...mymg}, (Mbt do-
nyckaem, umolnt m, 6stn0 nyrem). Tozda

(m)=(m) (o ) (m ) (m) (mod .

JOKA3ATEALCTBO. [IpoBeaeM HHAyKUMIO no r, Cryvali r =0 oueBHAeH, Ipes-
MOJICHGIM, YTO Hallle CpaBHEeHMe BBbITOMHAETCR, €CIK I 3aMeHMTE Ha r — 1. Torga
n=pn’+ng, m=pm’+m,, rae 1’ =(nn,_y...nm),, m' =(m.m,_,...mym, },. Ha
TeopeMbl JIIOKa U NPeAIONOKEeHNI HHAYKIIHY COOTBETCTEEHHO CACAYET, ITO

(n)= () (o) tmoap),

(m)=()(3) mod p),

()= () () (32 ) (moap,

DTOT peaynLTaT NoKa3kBaeT, IT0 GHHOMHANbHBIE KoaGGHINEHTEH HMEIOT TeH-
AeHIIHIO AeRUTHCA HA YPOCTHIE YHC/IA: eCAH X0Tq Obl OOHO mM; NPEBOCXOANT COOT-
BETCTBYIGIIEE i, TO NPOU3BeAeHKE B IpaRoil YacTH MOCAeJHETO CpaRHeHM:A obpa-

TOSTOMY

H BCe J0Ka3aHO.
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IaeTcA B Hy b, [IpHMep: 4eMy paBHO (?%3% no moayao 3? [Mockoneky 31241 =

=(1120212002),, a 17101 =(0212110101);, aMeeM
(o) = () )R HDE)C)EE) =
=1.0-2.0-2-1-1-0-1-2 = 0 (mod 3).
C apyroit cTopoHE, 31241 ={1444431);, 17101 =(1021401)s, 1
(T =DEEGOEE)G) =
=1-1:6-4:1-1-1 = 24 = 4 (mod 5),
3aMeTHM B 3aKTIOYEHHE, ITO (eACTBHe 2.7 obbacHAeT HabmOaeHus, CAenas-

Hble B Hayane 3Toro myHkra. Ecmu 2" <n <2 10 n=(1n,_;...n;np)y (n; =0
Wil angi=0,...,r—1). Eecmm<n—-2", To m=(0m,._,...mymy), 1

()= ()G ) (m) = () () = ("57) tmoa 2.

Ecmimz27, To m=(1m,....mymy); 1

()= G)mn)- () = () () = (225 ) moa 2y,

Ecmu n—2" <m < 2", 1o m; > n; Xora 61 aas ogHoro i £ — 1, B atoM ¢iyvae
(m‘)_o, H (m)=... ...=0 {mod 2), Tak uro (m) YETHO.

2.5. Pasnoxenye Ha IPOCTHIE COMHOXHATENAH
HauHeM co cieAytolero NpocToro, HO KpacHBOTO pesyabTaTa.

TeorEMA 2.8. Ilycmb n=(n,...n n,),. Tozda uiteno commoxrcumeneil, pashbix p,
@ pasnoxceHuu n! HQ NPOCIbE COMHOMUMENU PABHO

n—{n,+.. +n1+n0}
p-1
3AMEYAHME 2.9, HaHuas ApoOb ABALETCH LeThIM YUCHAOM BHE 3aBHCHMOCTH
OT TOTO, IPOCTOE P MAKN COCTABHOE; 3TOT HAKT XOpPOoIHo H3BecTeH And p = 10: Bed-
Koe HATypaJbHOoe YHCIO AaeT NpH AeJeHHH Ha 9 TOT Xe OCTaToK, YTC H CyMMa
ero updp. IT0 MOXHO JOKA3aThH AJA MPOH3BOJABHOTO p TOYHO TaK e, KaK 2T0
Aenaercsa g p = 10 B aneMeHTaApHBIX YueOHHKAX,

JoxazaTenscTeo. [IpoBegeM HHAVKUHK HO n. O6o3HaYNM Uepes Cp(n) 4HC-
710 COMHOXWTenell, paBHHIX P, B DadfIeKEHUH N Ha MpoCTHE MHOXHTENH. Ecik
Cp(ﬂ)=k, TO Mgy = ... =Ny =0, M #0, 1
—1=(n,..y (e —1)(p—1)(p —1)...(p — 1})p-
CoTyTacHO NPeAoACKEHHI0 HEAYKIUH,

CP((H—].)!)= (ﬂ—1}_(ﬂ,+...+:k:11+ﬂk—1+(P—1)k} - n-—(n,;:i.-hnk)

-k;
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CIeJOBATENLHO,

n—(n+..+n)

Co(n)=Cp((n—1M+C,(m) = p—1

Jra TeopeMa JaeT odeHb 3(pberTUBHEEH crocob nogcyeTa YUCAA TPOCTHIX MHO-
srrelieit 8 GHHOMHAMBHOM KoadduuuenTe, HanpumMep,

(31241) _ 31241! .

17101/ — 171011-14140!°

31241 = (1120212002);,  Cy(312411) = 32U=1L = 15615,
17101 = (212110101);, C5(17101)) = lZWZL?. = 8546,
14140 = (201101201);,  C;(141401) = 14149=8 — 7066,

Cs (312‘”) = C4(312411) — C5(171011) ~ C5(141401) =

17101
= 15615 — 8546 — 7066 = 3.
B 31241
NpeAbIAYIIEM MYHKTe MBI BBICHIIH, YTO { |- 01) AeauTtcs Ha 3. Teneprs MH
BUAHM, 9T0 KOIHYECTEO COMHOMXHUTeAel, papHBIX 3, B PA3NOKEHHHN STOTO WHCAA Ha
NPOCTBE MHOXKHTENH paBHO 3, TO eCTh OHO AenUTCA Ha 27, HO He gennrcd Ha 81,
Hame manoxenue 6pio 6B HENOAHEIM, eciiid GBI MBL HE YIIOMAHYIH 3aMeva-
TeNbHEL CHocod HANTH YHCTI0 COMHOKHTEREH, pPABHEIX JAHHOMY, B PasiOKeHHH
GrHOMHANLHEIX KO3h()HIUEHTOB Ha NPOCThHe MHOKATENHN, NPHHAANEKAIIWI 0~
HOMY W3 JIyUNIHX TeOpeTUXKO-YHCIOBHKOB XIX Beka.

n
TeorEMa 2.10 (KvmMmep, 1852). C, (m) POSHO KOAUYECMBY NEPEHOCO8, BO3HU-
KaoWUX NpU cCRoXeHUU m-+ (n —m)=n 6 cucrmeme CULCAEHIA ¢ OCHOSGHUEM D.

Hanpemep, 17101 =(212110101);, 14140 ={201101201);. BemonxuM cacxe-
HHE:

* * #*
+ 212110101
201101201
1120212 00 2

3aech ecTh TpH NepeHoca (OTMeYEeHHEIX 3Be3I0YKAMH ), H B PASIOKEHHH (“;';fgi

Ha NpOCTHIE COMHOXKUTEN 3 BXOAMT B TpeTheil cTemeHH.
MK oCTABAREM YHTATENIO B Ka¥ecTBe NPHATHOTO YIPaXXHEHUS BHIBOA Teope-
Mbl KyMMepa M3 NpeARAyINNX pesyAsTaToR 3TOTC paszena {CM. yIIpakHeHHe 2.5).

2.6. CpaBHeHuA no Mozyiio p® B TpeyroubHuKe [lackans

PeayapraThl 0. 2.6 1 2.7 ropasgo Jierde cGopMyTHpOBaThE, YeM AOKa3aTh. [lo-
aToMy MH bopMynHpyeM Holee MIM MeHee Bee M3BeCTHEIE Pe3yNBTATH, HO He
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TIPUBOAKM MOYTH HUKAKUX AOKA3aTeABCTB. HUTaTeNb, BOZMOMKHO, 3aX04eT BOCCTA-
HOBHTE HEKOTOPEHIE ACKA3aTeNbLCTBA (XOTSI OHH M HEJIEMEHTAPHH) H NOAYMATb
O anpHeNIUX pe3y/lbTaTax B 3TOM HaNpaBIeHHH,

U3 teopema Mioka (1. 2.4) cnegyer, 4To

() = (2)(8) = () Gmod .

Bo sKCNepHMeHTE] HOKASKBAICT, 9T0 HA CaMOM Jie/Ie HMEeHT MeCTO «Iy4iie» Cpae-

HeHua. Hampumep, (gg - (g) AOIBKHO ASUTLCA HA 3, HO B AeHCTBUTEALHOCTH

35)-(3)=(%)-(3) =5005-10 = 2995 = 185-3%.

Jlpyro# npumep:;

(33 - G) = 3003 —3 = 3000 = 2453,

H HMeeTCA TeOpeMa, KOTopad yrBepajaeT B TOYHOCTH TO, YTO MBI BUAUM!

TeoreMA 211 (AkoBWITAAL, 1949, [27]). Ecru p 25, mo

(5n)-(2)
deaumesn na po.

(370 TaxkKe BepHO ANA p=2 ¥ 3, HO ¢ HEKOTOPHMH HCKMOYeHHAMH. JeftcTBU-

TenbHo, (1;) - (g) =3003 ~35=2068=371-2% 1 (132) -~ [‘1‘) =216=8-3%,

omaxo (5) - (3)=15-3=12=3-22u (§) - (}) =20-2=18=2-3". Jlam-
HeHIONE pe3yAbTaThi CM. B ynpaskHeHHsax 2.6 1 2.7.)

M He 6yfieM AOKA2HEBATE TeopeMy AKobrTans, orpaHHYHBIIHCE Goee CKpoM-
HLIM PEe3y/ETATOM,

TMPEANCHKEHUE 2.12. [Jas ecaxozo npocnmozo p U SCAKUX M U N YUCAO
(gn)-(2)
pm m
deaumes na p2.

JOKABATEABCTRO. MH ByAeM HCNOIB30BATE TAKOE CAEACTBHE M3 TeopeMEl JIio-

:1) Aenwrcsa Ha p. (JedcTBUTENBHO,

e n=pr u m=ps+t,0<t<p, 10 (:1) = (:) (?) =0 (mod p).)

Jasee Ml mpoBeaeM MHAYKIWO no n (4% n =1 fokassBarth Hedero). [IpeAro-
NIOXWUM, YTC YTBEp)KAEHHE CRPABLINRO, eClTA B HeM BMeCTo n CTouT n— 1. Pac-
CMOTPHUM DaBEHCTBO

Ka. €C/TH n ACNHTCA Ha p, a M HE ACNHTCA, TO (

(@+b)" = (a+bP"V.(a+bY.
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TpupaBHMBan kKoaddUIHeHTE! IpK a?™bP™) Myt moMydaeM ceAyomee:
(o) = (P52 () + ) (D)

et ()2 + (A 0):
B mpaBoit YacTH KaXAoe CaraeMoe, KpoMe ABYX KpaliHHX, ABAAeTCA NMpou3Bese-

HHeM AByX uMCe, ASTAINXCA HA P; CNe0BATEIBHO, KaXKA0E W3 ITHX CIIAraEMHX
Aenutes Ha p? n

)= (020)+ (2073) cone .

1o NpeaAnoaOHEeHHIO HHEAYKIHA
(PG (m) = (o) + (273) = (7) tmoa o
9TC ACKAZHBAET HAIle YTEEPXKACHHUE,

MO3KHO JH YAYYIINUTE pe3yabTaT fAkobmTana? B HEKOTOPEIX CNENHANBHLIX CIIy-
Yagy 3T0 BOIMOXKHO (CM. craeayomumii nyHrT), Ho Boobuie ropops, 5T0 Manosepo-
ATHO. YIIOMAHEM CeAYolni (HeonyOInKOBaHHRIE) pesybTar.

TropeMma 2.13 (. Kvnepserr, 1999). Ecau

(%)=(3) meapn,
(5:1) = (:1) (mod p%)

mao

ona uobuix m u n.

YenoBHe aroil TeopeMmt ((2p ) (2) {mod p*)) BHIMONHAETCA He CIHLIKOM

yacro. CoracHo KynepGepry (y KOTOPOTC €CTh 3BPHCTHIECKOE «JOKA3aTEILCTBO»
TOTO, YTO OHO MMeeT MecTC AiA GeCKOHeYHO MHOTHX MPOCTHIX P), HaNMeHbloee
TPOCTOE YHCNO, ANA KOTOPOrO OHO BHIONHEHO, paBHO 16483,

Bce e zAA HEKOTODHIX CNEUMANBHLIX 3HAWEHHR N K N1 MOTYT HMETh MECTO
CPaBHEHHA NO MOAYMIO ropaszio Sonee BRICOKHX cTeneHeil p. MBI paccMOTPHM He-
KOTOpHIe Pe3y/bTaThl TAKOTC POAa B CAEAYIOIEM ITYHKTe.

2.7. CpaBHeHHA [0 MOAY/0 CTAPIIAX creneHeti p

2n+l
PaceMOTPyM THCIa BHAA on ):

(D=2 (3) =6 (§)=70 (¥)=12870, (32) = 601080390.
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Hu oaHO 13 5THX Yice He ASAHTCA Aae Ha 4. Ho moCMOTDHMM Ha X MOCIeA0Ba-
TeMTBHEIE PA3HOCTH!

(g)_(f) =6-—2=4=22%
(2)"(;) =70~6=64 =25

(136) - (i) = 12870 —70 = 12800 = 25.2°,

@2 - (186) = 601080390 — 126870 = 601067520 = 146745 -2'2,

PaCCMOTpHM AaHAJIOTHYHHIC PpasHOCTH ANA BONBIINAX NIPOCTBIX YHUCET:

()-(2)=s-3=01=5.
(Z)-(5) = 4686825 -84 = 3143.%,
(%)-(3) =s3130-5=17-55,
(%) - (7) =ss900584—7 = 5111 7.
TlonbiTaeMca 06 BACHHTE 3TH PE3YIBTATH,
TecoPEMA 2,14 (A. C. Lsapu, 1959). Ecau p =5, mo

N _ (P s
(5)=(}) (modp®.

3aMEYAHME 2.15. (1) DroT pe3yarTaT He 6but onybnukopaH. A. C. IlIsapy (ceit-
Ya¢ — BEAIONIHICA CIELHAJHCT B 00JIACTH TOTIONOrUH M MaTeMaTHYeckoil Guan-
Ki) ¢aM He NOMHHT, YTOGH OH OKA3bBaj 3Ty TeopeMy. OTHAKO OAKH H3 ABTOPOB
atolt kuuru (. B. OyKe) G cBHALTENEM STOrG COGHTHA,

(2) MH He aHaeM, BHITOIHACTCA JIu CpaBHeHHe 1o Mogyio p® ang xakoro-nubo
npocToro p. M TOHUMaeM, 9T0 COBpEMeHHOe MporpaMMHoe ofecriedeHHe, Bepo-
fTHO, MOXGET PA3PENINTE 3TOT BOMPOC B JOMIO CEKYHARL.

Yrobrl goxasaTs Teopemy Lllpapira, ME! SyfleM NONBE3OBATHCA CAELYIOUMIUM pac-
LIMPEHHBIM IOHATHEM CPAaBHAMOCTU. MBI 6yieM rOBOPKTE, 9TO PAYUOHAALHOE THC-
Aor= ’—:- (apo6r mpeanonaraeTca HECOKPAaTHMOI) AEINTCA Ha p", E€CH M AeNHTCA

Ha p*, a n He genureq Ha p, (Hanpumep, %E 2 (mod 3%).) 31 cpaBHexua ofnaza-

JOT OGEIMHEIMH cBOMCTBaMM: ecnu r=s (mod p*) ms=t (mod p*), To r=t (mod p*);
eciu r=s (mod pk) H 3HaMeHaTeNb t He OeJINTCA Ha p, To rt =st (mod p"); HTA

Jemma 2.16. Jra npocmozo p =5 cymma

1 1
1+ g+ 4507

denumcs Ha p2.
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JOKABATEALCTBO JEMMEL [lyeTk p=2g+1 (Tak Kax p 2 5, p HeueTHO). To-
raa

1+%+...++1=(1+ﬁ +(1+P 5]+ +( +=lo) =

P P-q
1 1
=p it =L
p (p~1 2p-2) q(p—q))’
H HaM OCTaeTCd JOKA3ATh, 9TO

1 1 1
—
p-1 " 2(p-2) q(p—q)
ASAVTCA Ha P,

Noanemma 2.17. Ana xamcdozo i=1,..., p — 1 cywecmayiom u edUHCMBEHHDL
makue s;, 155, <p=1, umo is;=1 (mod p). Bonee mozo,

M sy =p—si;

(2) quena sy, sy, ..., Sp_1 06pasgyrom nepecmanosxy vucen 1,2,...,p—1.

JOKASATEARCTBO MOAJEMMEI. PaccMoTpum 9Mciaai, 2i, ..., (p - 1)i. Hu oaso
W3 3THX THCe He JeTUTCA Ha P, H HHKaKHe JBa He CPaBHMME No Moaymo p (neit-
creuTensHoO, ecan ji = ki (mod p), To ji — ki =(j — k)i Aenmrcd wa p, 4TO HEBO3-
MOXKHO, TAK KaK HH i, HH j —k He genstca Ha p). [loaromy umena i, 2, ..., (p — 1)1
JAIOT pasHbie OCTATKY NPK AeNeHUH HA P, a IOCKOABKY €CTh B TOYHOCTH P — 1
BO3MOMHEIX OCTAaTKOB, KKJABIA OCTAaTOK BCTPE4aeTCA POBHO OJWH pa3, B uacTHo-
CTH, CYINECTBYET ¥ eAMHCTBEHHO TaKoe J, uto ji =1 (mod p); 3T0 j ¥ eCTh Halle ;.
Yreepxaenana (1) ¥ (2) ouepnaner: (p — 1) p —5.)=p? — p(i +s;)+is; =1 (mod p),
a MOCKOJIbKY BCE YHCHA Sy, Sy, ..., 5p_] PAITMYHB, OHM 06Pa3ylOT NePeCTAHOBKY
yucen 1,2, ..., p—1.

[Mpumep: ecnd p=11, To $; =1, §,=26,5;=4,5,=3, 85=9, 5= 2, 5, =8, 53 =7,
59=5, $10= 10. .
1 _ 1 i1
BepHemcen ¥ jemme, Tak kak 7 =S (mod p) (B camoM fene, s; — T=—7 9o
HETUTC Ha p),

1 1 1
P-1725-2 T dlo—q
(rae, KaKHpaHbIHe p=2q+1). U3 ABYX uncen s, s,_; =p —$; POBHO OJHO MeHb-
me, 9eM 5 [oaTOMY MHCAA §15,_1, S25p_25 --» $¢Sp—q OOPA3YIOT NEPECTAHOBKY M-
cen l{p—1),2(p—2),...,9(p-q) ¥
1 1 1 =
+ +... =1p-1+2Ap-2)+...+q(p—-q) =
=TT pon Ty - WP~ D+2Ap-2) a(p—q)
=p(1+2+...+q)-(12+22+...+¢H) =

_ pq(q2+1) q(q+1)(2q+1) pq(q+l) = 0 (mod p),

3 = $15p-1 825, 3+ ... +5,5p_; (mod p}

KaK u Tpe6oBanock.
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,HOKASATEJIBCTBO TEOPEMBI H.IBAPU.A.
P’ Py _ p"'(p‘—l)..-(p’—{p—l))
(p)_(l)_ . (p p
= ooy (=P =P P -D=pH)-1:2-..(p - 1)),
H HAM O{TAEeTCHd J0KA3aTh, 9TO
(1-pH2-p?.((p~1)~pD-1-2-...-(p=1) = 0 (mod p*).

-p=

Ho

(1-p2-pH)..((p-1)-p*)=1-2-...-(p—1)-
-p (l-l- +.. +—)(p ~1)! 4 9neHbl, ZeAqmKuecs Ha p*,

MO2TOMY
(1-pH(2-pD)...(p-1)-pD-1-2-...-(p— 1) =

= -p*(1+ 3+ 517 ) (p— 1)t (mod p¥),
YTO AENMHTCA Ha pt comacHo nemme 2.16,

MHor}e M3 CpaBHeHHMH, PACCMOTPEHHBIX BEINE, COACPKATCH B CNeflytomeM (Tak-
Ke HeoTyG/ANKCBaHHOM) Pe3yaLTaTe.

TeopEma 2.18 (M. Llusg, 2000). Ecru p 2S5, mo dnsa uoboix HamypaneHbix k,

mn
np ) - npk-1 ”
(mp" - mp“") (mod p**3.

MH He SygeM 38ech JOKABHBATE 3TY TEOPEMY, a OPpaHUIMMCS (KaK K B ¢iydae

¢ Teopemoii fixoburrana) Gomee CKPOMHBIM Pe3yNETATOM.
2k+1 zk
2 ) IR o
JOKA3ATENRCTEO. MEI 6yAeM HCICAB30BATE CAAYIOllee YTEEPKACHKE: eCTH

MrEANOMEHUE 2.19. Ecnru k=2, mo ( ) denumcsa na 22+2,

K
0<m<2* U m HedeTHo, TO (,2“) menarca Ha 2%, (Cregyiommit Gonee o6t
Pe3yALTaT CREeAyeT U3 TeopeMul Kymmepa, IpHBE/ICHHOH B 1. 2.5: eClM n AENHTCA
Ha p*, a m He gemured Ha p, TO ::1 AenmTes Ha pr.)

2k+1 21‘: gk
PaccmarprBaeMas pasHOCTh ( ok ) - (2*-1) ecTb xoadduurerT npu x° B
MHOTOWIeHe

A+ (1= = 1+ [+ x) —(1-x)¥] =
[1+(2k)x+( )x-l— +x2"]
Xz[(Zk)’”'(Zk)x*' +(2 1)"?_1]
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TockonbKy BTOPOif MHOTOWIEH B NOC/IEIHEM BbIpaXKEHUH COAEPIKHUT TONBKO HeYeT-
k
HbIE CTeneHH, Ko3$OULMEHTOM IpH X2 B Npou3BeAeHUH GyzeT

2[() )+ (3)G0s) +-+ (L) ()]

CoI7IacHO 3aMeYaHHIO, CJeJIaHHOMY B HayaJle JOKa3aTelbCTBa, KaK/AbI GHHOMH-
aIbHBI K03QOUIHEHT B NIOCTefHeM BHIPaKEHUH JelUTcA Ha 2K; 3HauuT, Kaxgoe
caraemoe B 3TOi cyMMe ZienuTtes Ha 22%. Kpome Toro, Kaxoe ciaraemMoe B 3Toi
CyMMe TIOBTOPSAETCS ABaXADI, a BCA CyMMa yMHOXaeTcsA Ha 2. [IoaToMy Bce BbIpa-
XKeHue zenuTces Ha 22K+2,

B 3akimioyeHHe YIIOMAHEM NpHHaIexalui A. ['paHBWwIO BEUIOXKEeHHBIH B WH-
TepHeTe OGHOBJIAIOLIMIiCA 00630p aprdMeTHIECKUX CBOMCTB GHHOMHUAIBHBIX K03¢-
dunuenTos [47].

OpHcT Kymmep I'per Kymepbepr Snyapa Jlioka
1810—1893 p. 1967 1842—1891
Muxaassb Lluse Anb6epT COIOMOHOBHY

p-1971 lsapw, p. 1934
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2.8. ¥npaxHeHHd

()o-(5)wo+(3)wro-..
( )t326+( )tg“e ( )tg"9+...

2.2, Aokaxure, YT Ang runepbonndeckux GdyHKOpi

2.1. JlokakuTe, 9TO

tgnf =

_ gX—gx - e _ shx
shx = 7 t:h.vc——----—-—2 . thx———-chx

MMeI0T MecTo GOPMYIH, ToXoxHe Ha GOPMYIH M3 11, 2.3, HO ¢ MHHYCAMH, 3aMe-
HeHHBIMH Ha IUTIOCHL

2.3. Kaxopa J0/A HEYETHHIX QHCe CpeAM Yucen BUAA (m"'") o€ m<21®,
0<n <2197

2.4. Kakaa aond yucen (m:"), 0 m<2" 0<n<2% ge genures na 47

2.5. Jokaxure Teopemy Kymmepa (Teopemy 2.10) —BHIBeIHTE ee M3 Teope-
Mel 2.8,

2.6. (a) Joxawute, YTO ( ) ( ) # 0 (mod 23) g1 HeCKOHEYHO MHOTHX

nap (m, n). A IMeHHO, JOKaXKHTe, YTO ( 2 ) (1) =0 (mod 2%), ecH ¥ TOABKO
ecau (") 9eTHO, TO ecTh ecit n=0 wiu 1 (mod 4).

(0) JoxaxuTe TawKe, 9ITO (2'1) - (g) =0 (mod 23) B TOM U TOALKO TOM CITy-
qae, Korga n£3 (mod 4),

TNMonpo6yiiTe Takoke paccMOTpeTh PA3HOCTH (2") (") (2") (") MT.A

2.7. {(a) Jlokaxure, yTO (3") ( 1) #0 (mod 3%) B TOM U TOABKO TOM C/Tyuae,
xoraa n=2 (mod 3).

(6) Joxaxxure, 9TO (36?) - (g) =0 (mod 3%) Ana Beex n.

Ham HeH3BECTHO, BEPHO JiM, UTO

3n ) - (::1) = 0 (mod 3%)

3m

ZJIA BCEX M, N, VIOBRIETBOPAIONMIMX YCIOBHIO 2Em<n,
o
2n 1
2.8. (a) Joxaxure, 9ro x|<l ( )x" CXOAINTCA K .
() A , 2ro A |x| 4pm£0 n o A —2x

(6) BHBeaUTE M3 MpeALIAYINEro MyHKTa (WK AOKKHTE He3aBHCHMO), YTO S
JeBoro n MMeeM

L DD D)+ ()=

2.9. IIycts
ey _ (3.

" m(nrl)y | n+l’
ATH YHCIAa HA3SEIBAIOTCA YUCAAMU Kamanaua.
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(a) Aoxaxure, yTo Bee uHcia Karanana nensle (meppruie naTh uncen KatanaHa:
1, 2,5, 14, 42).

o0
Mycrs C(x)= 2 C,x".
=0
(6) ,I[oxa}xurer: YTO

xCY = 3 (2,;‘ )x“.

n=0
(8) BrigeauTe u3 (6} u ynpaxuenns 2.8(a), aro (mm 0 < x| < 'le)
1-/1—4x
2x '

(r) U3 (B) enezyer, uro xC(x)?* — C(x}+ 1=0. BolBeAuTe OTCIOAA, YTO A4 JI0-
foronz=1

C(x)=

Co= 2, C,C,
p+g=n-1
PelneHHs CCTABMIMXCA MyHKTOB YIIPaXKHeHMA OCHOBAHE Ha 3Tol dopMyie.

(1) IycTs * — HeaccoUMAaTHBHAA ONEpalUf YMHOXeHHA. Toraa BHIpaxeHHe
a#*bsc Mmoxer o3HavaTh (a*b)*c wan a*(b=xc). AHANOTHYHO, a*b * c+d MoXeT
HMeTh TATh PazNHYHBIX 3HadeHnH ((a*b)*xc)*d, (a*b)x(cxd), (a*(b*c))*d,
ax({(bxc)*d), a*(b+*(c+d)). Jokaxure, 4T0 YHCNO 3HAYeHUl, KOTOPOeE, B 3a-
BHCHMOCTH OT TIOPAZKA TIEPEMHOXEHHKSA, MOXEeT HMEeThb BHPAKEHUE @) # ... ¥ dyyy,
paBro (.

{e) ITycTth P — BRIMYKAHM n-yroNbHUK. TpHaHrymsiuna P — aro ero pasbneHne
Ha n — 2 TpeyroNbHUKa, BEPITHHLl KOTOPEIX ABAAIOTCA BepluiHaMu P, Hanprmep,
¥ BBHITYKJIOTO deThIpexyranbHuka ABCD ects zBe TpHaHTyaamun: ABC UACD u
ABD UBCD. ¥ BBIIYKAOr0 NATHYTONEHHKA €CTh IATh TPHAHTYAALNKH (HapucyiiTe
Kx!). JoKaKKTe, 9T0 9UCA0 TPHAHTYAALMH BHITYKJIOTO 1t-YTOABHHAKA PABHO C,_j.

B yrtpaxuenu# 6,19 xaury P, Cramnu [76] nepevncieHs 66 pasTHYHHX KoMOH-
HATOPHEIX UHTepnpeTaluii uucen Karanana, a B ownaiti-nobasnenun [77] — eute
Gonpure,



Jexmua 3

O npuBegeHNM NOAOGHBIX YIeHOB, 06 Ditnepe, layc-
ce u MakzgoHaneze ¥ 00 ynymeHHbIX BO3MOXKHOCTAX

3.1. ToxpecTBO DAepa

B cepeaure XVIII Beka JleoHapa 3itnep samHTepecoBanca KoabdunpueETaMH
MHOTOWIEHa

00 = (1 —=x)1-x)(1-x3)...(1—x").

OH pacKpaUT CKOGKH — W IIOJIYYWI CIelYIOIIH ITOpASHTENbHHH pe3yiLTaT:

p1{x) = 1-x,

P (x) =1—x—x24+x3,

@a{x) = 1—x—x? +xt+ x5 — x5,

Pax)=1—x—-x2 +2x° —x% —x%+x10,
Ps(xX)=1-x-x2 +x54+x% +x7—xP—x7—x¥ ...,
Pe(x)=1=x=x2 +x° 42 —x%—x10 .,
Pr(x)=1—x—x? +x* +x"+x* —x..,
alx) =1—x—x? + x° +x7 +x® -
wolx) = 1—x—x? + x5 +x7 +x10 .,

P10(x0) = 1—x —x? +x* +x7
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MHOroTOYHA 0003HAYAIOT WICHH CTeneHH Goabiie 10 (¥ Hac Ha HMX HeT MecTa:
HaNPHMEP, MHOTOYNEH (15(X) HMeeT cTeneHsb 55).

Benepg za DitnepoM caenaem Hexotopeie Habmonerus. Bo-niepebix (YTO HeyaH-
BUTENBHO), Ko2bGUUHEHTH NpH KaxIoM x™ cTaBIIH3HPYIOTCA ¢ POCTOM 1, TOY-
Hee, B (%), Ymao(X), Pmas(x), ... Bce HMEIOT OOUH M TOT e KoaddULHEHT TIPK
x™. (ITO OUEBHAHO: Pryy1 (X} = P W1 = X™"1), P 0(2) = Py (X)(1 — x™¥2), ...
MO3TCMY YMHOMKeHHe Ha 1 — x" npH n > m He meHAeT Kospduupent npu x™.)
BEUZAY 3TOr0 MBEL MOXKEM POBOPHTE O «CTAGHILHOM» MPON3BEAEHHH

o

P(x) = peox) = 11(1 -x").
n=
3To y:Ke He MHOTOWIEH; 3TO OeCKOHeYHH paj, coaepsaliil MpON3BONLHO BHCO-
KHe cTerneHu x. MHorAa Ml 6yaeM HaseBaTh (p(x) Pynkyuei Jiinepa.

Bropoe (yxe Goitee yausirensHoe) HabmofeHMe COCTOMT B TOM, YTO, KOTZA
MBI IIPHEOAUM Nofo6Hble WwieHs B pousseaeryn (1 — x)}(1 —x2)...(1~ x"), ouens
MHOTOE YHHU9TOXaeTca. Hanpumep, xorga mui packphiBaeM ckobxu B (1 — x) x
x (1 —x2)...(1 — x'9), MOAYYaeTCA COPOK TPH WieHa ¢ X B cTeneHH ot 0 go 10,
H TONbKO mATh M3 HBX (1, —x, —x?, x°, x”) BHUKMBAKOT NMOCKE NPHBEIEHUA THO-
JNOGHBIX, DTO ABJEHUE CTAHOBUTCA elle Gosnee 3aMETHBHIM, KOTAA MBI MPOBOXHM
JanpHeWmne BEIYHCAEHUS; BOT, HapUMep, 4acTh paja ¢(x), cofepxaiias Bee
eHBl ¢ X B CTeneHd < 100;

PxY=1=x—x24+x°+x" —x12 - xP 4 x2 4+ x%6 — %5 — x4
+ 3 x — o707 x4 10

Ditnep, KOTOpPHIL GbLI BecbMa MCKYCEH B JUIMHHEIX BHIINCACHAAX, JOILUEN, BEPOAT-
HO, TIOYTH Aoc1oAa. [Toce 3TOro OH He MOT He 3aMETHTS, 4TO BCE HeHYNeBble KO-
GHIUMEHTH B 5TOM Ay — eIMHALE ¥ MUHYC eAVHHIH X 9T0 WAYT OHH B CTPOTO
ONpe/ieNeHHOM NMOPAZIKE: ABe eUHHIH, JBe MIHYC eAUHKIE], Be eNHHULEL, JBe
MHHYC €Z[MHUIB! M Tak Janee. ECIK BEl MOCMOTPHTE Ha MPHBEASHHYIO HIDKe TaG-
JULY, BH MOXeTe (Kak H Jiiziep) yragare CTemeHH X ¢ HeHy/AeBbIMK KoadduineH-
TAMH!

noKasaTean 0(1;2(5;,7{12; 15| 22; 26| 35, 40 | 51; 57 | 70; 77 | 92, 100
koaddunuentr | 1| -1 1 -1 1 -1 1 -1 1

3nldn

ITa TafAKNA HOACKAKBALT, UTO YwieH X =  (n 2 0) xoauT ¢ KodbdupueHTOM
{~1)", a APYTMX HEHYICBHX WICHOB HET. 3TO MPEAIOIOKEHHE MOXKHO chOPMYIH-
poBaTh B CASKYIOIIEM BHAE:

al—a 2y
(1=3)1=x3)(1=xP)... =1 —x =32+ x5+ 27 + ..+ (=1 T + (=1 T + ..,
WIH, KOpoue,
o0 o) 2_p 2_
[Ta-xH=1+ Z{—l)r(xyT +x3*T),
n=1 r=1
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HJIH, €lle Kopode,

f‘j[lu N e

F=—00

2
TTOyTHO OTMETHM, YT THCIA 3n zi“ , BOSHHKaloUHe B aToi hopMyne, U3BeCT-
HEl KaK «IATHYTOALHEIE Yicaa» (MIH «ISTHYTOABHBIe qpcia Jitepa»). [Tpu4nHa
TAKCr'C HA3BAHMKA ACHA M3 DHC. 3.1 (HATUYTOILHHKY, COCTOALLHE U3 YEPHHIX TOYEK,

COAEPMAaT OAHO H TO Xe YUCAO TOYEK BIOAb Ka)K,I[Dﬁ CTO]JOHH).

»
..
* *h e
* e *H0 e
L LA A LA 12l
*e et L 211 1]
L] LA Ll LAl 1] LL AL L]

L]
*e [ 3 1] sase she e
L4 *e L3 a akee adeas
=] oo Q0 oooo 00COoC

QQOoQoo0D

1,2 5,7 12,15 22,26 35,40 51,57 70,77 92, 100

Pue. 3.1 TIATHYTOALHBIE YHCTR

Jocratouno moBONEITHO, YTO, XOTH ACKAZATENRCTEC TOXAESCTBA Jitnepa Bhl-
MAAAAT KOPOTKMM H 3MeMeHTapHhM (cM. 1. 3.3), y Dilnepa, cfenaBmero B Ma-
TeMaTHKe MHOTO ropasfo fonee CAMKHEX Belliel, BOZHUIUIH TPYAHOCTH ¢ JOKa-
saTenbcTBoM. Ero MeMyap, NOCBALIEHHEN 2TOMY NPEIMETY W onyOIMKOBaHHBLA
B 1751 roay nop zarnaemem «OTKpeITHE BechMa HeoOBIYHOTO 3aKOHA AJA YHCE,
CBA3AHHOTO ¢ CYyMMamMK UX AefinTeneit» (B 1. 3.5 6ygeT ofbacHeHo, ToYeMy 3Ta pa-
fioTa Tak HAa3BHIBAETCA) He COZEpPKAT HUKAKOTO AOKA3aTeNLCTRA 3TOTO TOKAECTBA.

Hulme npuscauTca ¢parMeHT U3 aTore MeMyapa (Baareii 13 kraru [, [oiia [18,
c. 171%).

3.2. Yto nmHcan JAnep o CBOEM TOXAeCTBe

«Paccma:rpnnaa paaﬁne}m& YHCEJ, A MHOIO JIET TOMY Ha3ajs HCCIeA0BAM BHpa-
JKeHHe

(1-x)(1— xz)(l_— 1 -xH(1-25)0 -1 -x1-x5)...,

r7ie NpOH3BEAEHKHE NPeAnoNaraeTcs feckoHeyH M. YTo6r YBUALTE, KAKOTO poAa

PAZL TIOMYYUTCA B PE3YARTATE, A GAKTHYECKH TIePeMHONI GOABIIOe TUCAO MAOKH-
Tenel M Hamen

T—x—x24 xS +x? — 2B x22 p x2 _xB— x4,

epeson c aurnuiicioro K. A. Baftaurreiina. — Mpum. ped.
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[MocneAOBATENEHOCTD NOKA3ATENEH CTENEHN X COBNA/IAET C NOCAEAOBATEALHOCTHIO
umpceN, BXoAAuel B MpHBeASHHYIO BHIle GOPMYTY'; 3HAKK + H — MONapHO Yepe-
ayiorcs. JocTaTOYHO NPeANPHHATE 3To TIepeMHOMeHKe U NPOJOICKUTE 10 CKOMb
YTOBHO JaNeKo, YTOOH YOeZWTHCA B TOM, YTO 3TOT PAA BepeH. OAHAKO ¥ MeHA
HET JJIf1 3TOT'0 HMKAaKUX IPYTHX AOBOAOR, 33 MCKIIOYEHHEM AJHMHHOH MHAYKIMH,
KOTOPYIO 5 NPOEE] TaK JANCKO, YTO HUKOHM 06pasoM He MOy COMHEBAaThCA B 3a-
KOHe, YIPaBAgnIneM o0pa3oBaHHeM THX WIEHOB H KX cTeneHel, fl AoIro TIReTHO
PA3BICKMBAJ CTPOTOE AOKAZATENLCTRO PABEHCTBA MEXKAY STHM PHAOM M HATIKCAH-
HBIM BHIe HeCKOHEUHEM TIPOH3BeiecHHeM, H A TIPeAJIONHI STOT JKe BOIIPOC HEKO-
TOPEIM M3 MOVX AApy3ell, ¢noco0HOCTH KOTOPBIX B 3TOM OTHOLTEHNH MHE U3BECTHEI,
HO BCe COTNACHAMCH CO MHO, UTO 3TO npeofpa3oBaHue IPOUIBEACHHA B P/ BED-
HO, XOTA HUKTO He cyMeJl Packonarh Kakoi-HUGYab KMoy A4 AOKA3aTeNLCTBaY.

3.3. JlokasaTelbCTBO TOXKACSCTBA Diinepa
PackpoeM CkoOKM B TPOM3BEAECHUN
Q=) -1 -xH1~xh...
Noryusm (GeCKOHETHYI0) CYMMY CTAraeéMEIX BHJA
(-l)kx“""“"""*, k20, 0<ny<..<ng

CymMmMapHBHA koadduuueHT npy x" GyaeT paBeH

qUCNo pazbueHmii queno pasbuenuit
=n;+...+n _ n=n+..+n;

< <...<mn) (D<n <...<my)
€ YETHHIM k C HEYeTHBIM k

MBI XOTHM /IOKa3aTh, YTO ABA YHCJAA B PAMOYKax 0GLIYHO COBMIAAAIOT, @ B HEKOTO-
PhIX HCKAIOUHTENBHEIX CAydaaX OTIHIaTea Ha 1.

Jins pasbHeHua n=n,+...+ng, 0<ny <...<n, 0603Ha4uM depes s=s(n,, ..., )
MaKCHMUTBbHOE KOINYeCTBO YHCeN N;, CYNTadA OT ny BIeBo, 06pasyioluX paa no-
clIeloBaTebHEIX YHcen (TO ecTh pAA BHAA d, 4+ 1, ..., a + b). JpyTHMH cnoBamMy,
s — 3To HarGoMbUIee YHIO, YAOBIETBOPAIOLICE COCTHOWEHHIO My gy 1 =M —S+ 1.
(Takum obpazom, 1<s<k.)

Mui 6yem pasanyaTs TPH THila pastuedu n=n, +...+m, 0<ny <... <Ny

Tun 1: ny €5, KpoMe caydasg ny=s=k.

Tum 2: ny > 5, kpoMe enydag n; =s+1=k+1.

Tun 3: ABa UCKIIOYEHHBIX Cydad ny=s=kun=s+1=k+1,

BoT B3aMHO OAHO3HAYHOE COOTBETCTBHE MeX/y pasfHeHuAmMH n THia 1 M pas-
6ueHUAMHA n THmA 2:

ES nocne,uona'rfhﬂux Yncen n ‘Tm

Ryt g o g, o Ryt 41+ D (o + 1+ 1)

1370 cchiTka Wa MpEANIECTEYIOIYES YaCTE MEMYapa, B KOTOPOlt PaccMaTPHBAIOTCA MOCEAOBATENb-
Hocrm 1,5,12,22, 35, ... u2,7,15,26,40, ...
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Cnoeamu: MHl y6HpaeM 4HCAO n, U3 pasBuennd, 3aTeM MBl pasbMBaeM ero Ha
n, eAVHKYEK ¥ NPUHABINEM HX K 1, TIOCAEAHHM (CAMEIM GOABRIAM) WieHaM pas-
GHeHMA (34eCh BAKHO, YTO €CIH $ =11, TO § < k; HHAYe HaM NPHIACCk Okl CHadana

yGpartb 1y, @ noTOM A0GARKTE EAUHHMLLY K TOMY 11, KOTOPOTO Yike HeT). Dopmynoil:
Mis1s ecnu i < k—ny,

My, ey M) e (M, o, M m; =
(1, ’ k) (b 3 k1); i {“i+1+1; e iz k- n,.

TIpumMeph:

13=1+3+4+5; (1,3,4,5—(,3,4,5,,)=(3,4,6),
37 =2+45+9+10+11; (2,5,9,10,11) = (Z,5,9,10,,,11,,) = (5,9, 11, 12).

Pazfuenue m,, ..., m,_, OTHOCHTCA K TUNY 2. B camoM gene,
my Z o>y = s(ml, LR mk—]):

¥ echan my =s(my, ..., Mp_1)+1=(k —1}+1, TO, C OBHOH CTOPOHH, My, =n; + 1,
a ¢ apyro#t cTOpOHEL, i, + 1=k, [ToatoMy m; =n;,,+1 npu i 2 k—n, =1, Tak 4re
m, =ny +1; 3TO HEBO3MOXKHO, NMOCKOMILKY Ny > 1.

B3anMHasi OAHO3HAYHOCTH NOCTPOEHHOTO BHILIE NpeobpasoBaHus CIEAYET M3
TOro, YTO K HEMY CYINECTEYeT o6paTHoe npecbpazoBaHue:

5 HMIEAOBE‘N‘.HBHHX Yncen 5 l{ncen

m1+m2+ ot mk_s+1+ +mk 1 ""$+m1+m2+ +(mk_s+1—1)+ +(mk_1+1)

(TO eCTh MBI BEIYHTaeM 1 H3 § mOCAeoBATENLHEX YHORN, CTOALIHX B IpaeoM KOH-

he, cobupaeM 3TH eAMHHYKH B OFHO YHUCAO § M TOMEIIAEM 3TO § epeA m, ). Pop-
Mynofi:

s, ecin i = 1
(M, s M) = (Mg o), =4 My, e 2€i<k—s,
-1—1, ec.rm1>k—s.

IpuMepri:
(3: 4: 6) — (3: 4; 6—1) sl (15 3’ 41 5),
(5,9,11,12) = (5,9,11_,,12_,) = (2, 5,9, 10, 11).
CiaaraeMmnie

(_ l)kxn,+‘..+nk H (—l)k_lxm‘+"'+m“" ,

COOTBETCTBYIOLIHE APYT APYTY, B Ipon3BeieHHH (1 — x){(1— x2)(1 - x%)... coxpa-
TATCA, U TAM OCTAHYTCH TONBKO WIEHBI, COOTBETCTBYIOUIME pa3bHeHUAM THHoa 3.
3to Gyayr

k,k+1,...,2k—1 n k+1,k+2,...,2k,
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a COOTBETCTRYIOIMe UM caaraemuie B {1 —x)(1 —x2)(1 —x%)... —ar0
(_l)kxk+{k+l)+...+(2k—1) = (__l)kxﬂ%l

(1)l (_qye,

Teneps Ml IpKBeAeM ABa MPHMEHEHHA TOXAECTBA Jiepa.

3.4. lleproe npuMeHeHHe: dyHKIMA pazbueHnil

CnoBo «pazfHeHne», KOTOPOe MBI HCHONBIOBANH KaK offbiYHOe CNOBO, HA Cd-
MOM jefle UMeeT BIOOIHE onpejefaeHHoe 3HaYeHHe B KOMOGHHaTopHKe. Janee MK
6yAeM HCIIONMB3OBATE 3TO CJIOBO B COOTBETCTBHH C TPaAuUMei: MBI HA3HIBAEM pas-
GueHHeM YHCNA N TAKYIO TOCTEAOBATENBHOCTD THCE 1y, ..., Mg, ITO N=1; + ...+
H0<n; €...€m. Mu HageeMcd, 4TO Takoil CABMI B TePMHHEOJAOIUH He BEI30-
BeT HMKAKHX TPYAHOCTEH, HO BCE e OTMEeTHM, UTo pa3fiieHHA, pacCMOTPEHHLE
B I 3.3, —aTO pa3fueHuA CrieanbHONO BI/A, 8 HFMERHO, BCE ClaraeMue it; B HHX
PASAHMYHEL

1A HaTypasbHoro n 0603HauYMM depe3 p(n) wicno pasbueHHE n=n, +... +ny,
k>0,0<n; ... €. BENUCHAM p(n) AN MaNeHbKHX 3Ha4eHult n:

p(l)=1,

p(2)=2 (2=1+1)

p(3)=3 (3=1+42=1+1+1),

p4)=5 (4=143=242=1+14+2=1+1+1+1},
MoxeTe v BE HaiiTe p(10)? 3To HeTPYAHO, HO BOZMOXHO, ITO BAM HE YAACTCA No-
JYIUTh NPABWABHBI DESYIBTAT C NepBoit nonkiTku. OTReT TakoB; p(10}=42. Yto
MOMHO CKa3aTh nipo p(20)? p(50)? p(100)? OxasuBaercs, IT0 ¢ HCIOABIOBAHMEM

TOkKAeCTBa Jiinepa 3TH YHCIa MOXHO HaifTH ZOCTATOIHO GHICTPO.
PaceMoTpuM pag

o
px)=1+x+22+3x3+5x*+... =14 T p(r)x".

r=1
TeoPEMA 3.1, @(x)p(x)}=1.

JOKA3ATENBCTBO.

1 1 = Ry 20 30
= = 14+x"+x +x7" 4.,
D = By )

n=1
(Taraim o6pazoMm, paa ﬁ caM SBAAETCA MPOM3BEACHHUEM HeCcKOHEYHOro YMcaa
paAos). Yemy paseH ko>pOUIHEHT NpH X' B MPOHIBEREHUH
(4x+x2+. )0+ +x + .00+ x3+x84,..)...2
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MH AODKHE B3ATH IO OFHOMY CIATAEMOMY H3 KAXKAOTO COMHOXHUTENA (TONBKO
KOHEYHOEe YHCAC H3 HHX AOUKHC OHTh OTANIHEM OT 1) B MepeMHOXHUTH, MEI 1o~

AYIUM
xl'k] .x2‘k2 _ _fo‘km — xk1+2k2+...+mkm.

ME XOoTHM HaifTH 9MCIO TAKHX NpOH3BedeHHH ¢ k; + 2k, + ... + mk,, =r, WIN
YHCAO MpeACTABICHHA
r=ky+2k,+...+mk,=1+...+1+2+. .. +2+...+m+...+m,
k k k
1 1 "t

1
p(x)

TO ecTh YucA0 pasBuennit uncaa r. Taxum obpazoM, koaddunrerT npu X" B
paeeH p(r).
Teneps HCIONB3YEM TOXAECTBO Jiinepa:
(—x—x2+x54+x7 —x2=xB+ )1+ p(x+p(2)x® +p(3)x+...) =1,
TO ecTh KoaddunueHT npu x" B 3TOM NIPOK3BeACHUH Aaa aoboro n > 0 paseH 0.
[onmygaem HenodKy PABEHCTE:
p(1)-1=0,
p(2)-p(l)-1=0,
p(3)~p(2)~p(1)=0,
p(4)-p(3)-p(2) =0,
p(8)-p(4)-p(3)+1=0,
p(6}—p(5)— p(4)}+p(1) =0,
p(7}—p(6)—p(5}+p(2}+1=0,
p(8)—p(7)—p(6)+p(3}+p(1) =0,

HIH
p(n)=p(n-1)+pn—-2)-p(n—5)—p(n—7)+p(n—12)+p(n—15}—...
TAe MBI CUHTaeM, 10 p(0) paBHO 1, a p{m)} ipu m < 0 paBHo 0. Mu MoxeM Hcnos-
30BATh 3TO PABEHCTBO KAK WHCTPYMEHT A MOCAEA0BATENBHOrC HAX0XK AeHIA YH-
cen p(n)
p(S)=p(@)+p(3)—1=5+3-1=7,
p(6)=p(B)+p(@—-p(1)=7+5-1=11,
p(7)=p(6)+p(5)—p(2)—-1=11+7-2-1=15,
p(8)=p(7)+p(6)~p(3)-p(1) = 15+11-3-1 =22,
p(9) = p(8)+p(7)—p(4)—p(2) =22+15--5-2 = 30,
p(10} = p(9) +p(8)— p(5}—p(3) = 304227~ 3 = 42;
JaasHeIIHe BHIYMCAEHHA IOKA3LBAIOT, 910 p(20}=627, p(50)=204226, p(100)=
=190569791.
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CTONT OTMETHTD, YTO Hallla PEKYPPEHTHaS GOpMyna AnA GYHKUHE D MOMET
OBTH HCOOIB30BAHA ANA HOCTPOEHHA OYEHL NMPOCTOH MANIMHEL, BEMHCTTIOLIEH
3HayeHHA aToll GYHKUMH. 3Ta MalIHHA TIOKa3aHa Ha puc. 3.2. Bo3bMeM JIHCT KIeT-
yaToil 6yMaru ¥ oTpexeM JTHHHYIO NONOoCY, KaK ToKa3aHo Ha pHc. 3.2 cieBa (deM

N
-+ - 1 =l 2 — 3 — 5
+ ~+j 1&=p(0]) ~+| 1E=p01) +| 2=pH(2) 4+ 3= H(3)
| 1= p(0] 4+ 1=a0) 4+ 2=p(2)
1 =p(0) 1Ep(1]
= 1= p(0)
- |
-~ 7 =111 — 15 = 22
+H SEp(4) +| 7EH(S) 4+ 11}=p(6) +115=p(7)
4+l 3k p(3] +| 5= (4] + 7 4(5) ] 11j=p(6
+ 2Ep(2) 3= (3] 5 74 7EH(5]
1=p(1) 2E (2] 34 H(3) 5 pi(4]
= 1 p(0) = 1=p(1] = 2 H(2] —| 3=p(3]
+ 1=H0 1E701) 2 A(2)
—|_1EH0] = 1E A1)
11 p(0]
=30} =142 {56 —{ 77
+|22= p(8) +j30{=p(9) +|421=p(1p)  H|56=p(11)
+|15}=p(7) +|22(=p(8) +|30/=p9) +42}=p(1p)
- 11f=p(6) 15/= p(7) 22|=p(8) 301= p(9)
7= p(5) 11]= p(6) 15/= p(7) 22/=p(8)
—1 5+ p(4] —1 7E4(5]) ~[111f= p(6) —|15/=p{7)
3E=p(3) 5F 4] 7EA(5) 11j= p(6)
- =l 2F p(2) = 3= p(3) -~ SEp4) =1 7= p(5]
1= p(1) 2E7(2) 3ER(3) 5En(4)
1F p(0] 1) 2E (2 3EA(3)
1E (0] 1F p(1) 2Ep(2)
1Ep(0) 1Ep(1)
| 1&=p(0)

Pue. 3.2. MamuHa s Bernenenus p(n)
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AMHHee 3Ta NoAcCA, TeM Sobllee YHCIO 3HAYCHHA GYHKIHK P BH CMOYKETE BhI-
YKCITHTD). B BepXHeil KieTKe NOAOCH HAaPHCYeM CTPEIoUKy (CMOTPALLYIO BIIPaBo).
3aTeM IOCTABHM IVIIOC B KASTKAX C HOMepami 1, 2, 12, 15, 35, 40, ... (cuuTad BHU3
OT CTPeNKH) K MUHYC B K/IeTKaX ¢ HOMepaMH 5, 7, 22, 26, ...; sanumeM 1 (koropas
ecTh p(0)) B IeBOM BepXHeM YTAY AuCTA kneTdarcit GyMaru. [Ipanoxum npaseiid
Kpait nosock K JIeBOMY Kpalo INCTa TaK, YTOOH CTpelKa HaXOAWIach HAIPOTHB
eAMHULH. 3aTeM ByaeM JBHIaTh IIOMOCY BEEPX H BCAKMHA pa3, KOTAA CTPeNKa yKa-
ALIBAET HA MyCTYIO KNETKY (B ieBom cronbiue aucra), SyAem nHcaTh B 5To# KieTKe
CYMMY YHCe, CTOALUX HAIIPGTUB IUIIOCOB, MUHYC CYMMY 4HCe, CTOAIIHX Hapo-
THE MHHYCOB. 3anHcaHHbE YHCTA GYAYT MOCIeA0BaTe/IbHEIMH 3HAYCHHAMY (YHK-
Iy p. 3Ta npoleaypa (BraoTs Ao p(12)) mokaszaHa Ha puc. 3.2.

B zaimioueHHe yRaKeM acHMITOTHYecKylo dopMyny ana p(n), npuHajaexa-
uryio PageMaxepy:

1 %vm

4nv3
3aech 3HaK ~ O3HAYAET, YTO OTHOLIEHHE BHIpAXKEHHA B ITpaRoii yacTi K p(n) crpe-
MHTCA K 1, KOoT/Ia i cTpeMHTCA X GeckoHeTHoCTH, [ToMIMO Beero npoyero, 3Ta dop-
MyJia TIoKa3kIBaeT, 4To GyHKIuA p(n) obnagaeT AOCTATOYHO PEAKHUM CBOHCTBOM:
OHa pacTeT GHICTPee, YeM JioBoit MHOrOWIeH, HO MeANeHHee, YeM Jilobas Hokasa-
TenpHaA GyHKUMA .

p(n) ~

3.5. Bropoe npuaokeHHEe: cyMMa Aenarenei

B 3TOM pa3sfielle MH ClAefyeM uaeaM Jiepa, HANOKEHHEMM B MeMyape, OTPH-
BOK M3 KOTOPOTo NPHUBEAEH B 1. 3.2,
Ana HaTypanbHOro 9Hcaa n obozHauuM vepes d(n) cymmy genwreneii n. Ha-

IIpHMED,

d4a)=1+2+4=7,
d(1000)=1+2+4+5+8+10+20+25+40+50+100+ 125+
+ 200+ 250 + 500+ 1000 = 2340,
d(1001) =1474+11+13+77+91+143+ 1001 = 1344,

B ormiune ot yicen p(n), uuena d(n) rerko BEITHCAKTb. A HHX €CTh NPOCTan
ABHaA $popMyna. MMeHHo, eciu n =2%3% . p*» — paanomenue n Ha rpocThe co-
MHOKHTEIH, TO
A+ _ 1 pkp-l-l -1

2 T p-1

d(n) = (2k2+1 -1) 3

(oM. yrpaxkaerue 3.3). Janee, okaselBaeTes, WTO 444 uKcea d{in) ecTb peKyppeHT-
Had $opMyia, OYeHb TIOXOXKAA Ha GopMyay Anf p(n) us m. 3.4, CBA3bIBAIOLIAsA THC-
a0 d(n) ¢, Kasanock Ok, HHKAK He CBA3aHHEIMK ¢ HBM yucnamMu d(n — 1), d(n —2),
d(n—5),... (A Ditnepa 3To 6BUI WAr K NOHUMAHHUIO TIPUPOABI pacIpeseneHNs
TIPOCTHX YHCEN),
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INMycTs

0
dix)= Y d(r)x" =x+3x2 +4x3 + Tx* + 6x5 + 12x8 + ...

r=1
TeOPEMA 3.2. ¢(x)d(x}+xp'(x)=0.
3necs w(x) osHayaeT npoussopHy1o (x). Taxum ofpazoM,
x@'(x) = =x =~ 202 +5x° +7x" —12x12 —15x¥ 4 ..,

JOKASATEALCTBO, PacCMOTPHM PAaBEHCTEO

E nx“ =Zn(x“+x2"+x3"+...).

Eomd,, d,, ..., d, —.qenm‘enu aucaa r (Brmodan 1 ¥ r), To X BCTPeYaeTea B 1oc-
nepueit cymme Kak d; - x4 (/40 gnq casporo d; v cymmapHsit KO:-)tl)tl)P[].LHEHT npu x”
Oyner paseH d; +d,y + ... +d,, =d(r). Taxum ofpasom, 5Ta CyMMa eCThb Z d(irx"=
=d{x), TO ecTh

nx"
1-x""

e

d(x) =

n=1

Onxaxo xe
nx" —. LN
1—x" ==X [Iﬂ(l X )] +

TaruM obpazom,

d(x) = —x (21 In{1 —x”)) = —x (ln n]o_:ll(l —x")) = —x[Inp(x)]’ = ——““x(rég) >

a 31O 1oKasnsaer, uTo d(x)p(x)+ xp(x)=0.

TpypaBHEBaA K Hyz0 xo3ddurment npu X", n > 0, B AeBoif YacTH nocaegHero
PaBEHCTBa, MBI NIOXY4aeM, YTO

dn)—d(n—1)—d(n—2)+d(n-5)+d(n—7) ... =
3m*tm _ 3m*tm

_ —(—l)m'——-z——, ECTH N = ———,

0, €CJIH 11 HEC ABMAETCA IIATHYT'ONBHBIM THCIEOM.

Jiyumre chOpPMYTHPOBATD 3TO B TAKOM BHAE;
din)=d(n—-1)4dn—-2)—-d(n-5)—d(n—-7)+dn—-12)+d(n—-15)-..,,

rae d(k) npu k <0 cuuraercs papssiv 0, a d(0) (eciu 0HO BCTpedaeTcd B 3TOH
dopMyne) CITaeTCH PaBHEIM n.
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3.6. Toxxpeersa laycca i fAkobu

TIpHGAHAHTENBHO Yepes CeMBALCAT JIeT mocke OTKPHTHA Jiinepa Apyroii Benu-
ku# Maremaruk, Kapn ®puapux layce, gokazan, ¥yro ky6 yHKuMK Sitiepa AocTas-
nAET pAa, faxke Gonee saMevaTeNbHEIH, YeM caM paa Jidnepa:

e(xP =1-xP1-x21-x*P...=1-3x+5x - 7x® +9x° - 11x"5+ ..,
HIH

1‘[(1 - x") Z( 1 (2r + 1)x" 3
r=0
ToxaecTsO I‘HYCCEl CTAHOBHTCA TeM Gonee TIPHMCYATeNbHBIM, €CJTH 3aAMETHTE, 9TO
kaadpam GyHKUMH Ditnepa He ofsagaer, mo KpaHHeH Mepe HA NepBLIE B3R,
HHUKAKHMH HHTEpPeCHMMHA cBOMCTBAMHE:

p(xP = 1—20—x*+ 2%+ x* + 2% - 228~ 28 - 2x% 4 X0+

V3pecTHO HECKONBKO AOKazaTeNbCTB ToXAecTBa layccea, NpHYeM OHH OTHOCAT-
CH K COBEDIISHHO PA3HKM pa3jie/laM MaTeMATHKH, TAKHM KaK TOMOJIOTHIecKas ajl-
refipa, KOMIUTEKCHHIH ananua i reomerpus JloGayesckoro (310 camo mo cebe yxa-
3EIBAET Ha TO, YTO 3T0 04eHs MyGokuit pesynrrar). CylmecTByeT TakKe JeMeHTap-
Hoe KOMOMHATOpHOE AOKA3aTeNbCTBO (KoTopoe MEI of6cysuM B n. 3.7). Boabman
9aCTh 3THX AOKA3ATEALCTE (B TOM WHCAE JOKASATEARCTEBO U3 I1. 3.7} Ha caMoM JieNe
AaloT Gonee CUABHEIN pPe3yTpTaT — TOKASCTBO AKOOH UM ABYX NMepeMeHHbIX

n(1+y'lzz" N+ H1-22) = 2 yra" 3.1

r=—00
[Ipexae weM JOKa3HBaTh €ro, Mbl yOeAHMCA, 9T0 OHO BASYET 3a co60 TOXAECTBO
Tayccea.

Butaod moncdecmsa I'aycca uz moxcdecmea Axobu. IpoanddeperuupyeM obe
qacTH ToxkAecTea Ao (3.1) mo mepeMeHHO# 2z, MOTOM MOACTAaBUM y =—2, a 3a-
TEM HONOKHUM 22 =X,

Yrobel npoagnddepeHHPOBATE POK3BeeHNe (aKe GeCKOHeTHOE), HAM HYX-
HO B3Th NPOU3BOAHYIO OfHOIG U3 COMHOKHTENEH, OCTARIAA OCTATEHHE HEHIMEH-
HEIMH, A [IOTOM CJIOKUTH BCe MOMYYeHHBIE IPOH3BeIeHHA:

ikt Y = fifafs + Afofact fifafy o+

Ho caMulif nepBeli COMHONKHTEND B JIEBOH HacTH TowAecTsa fxobm, (1+ y~lz),
NpeBpamaeTcsd B HyIb MOACTAHOBKOH y = —z. [losTOMy M3 BeeX caraeMaix B IIpo-
HM3BOAHON MPOHU3BEACHNS TOILKC ONHC NMEPEXHBET 3TY NOACTAHOBKY, B 310 OyaeT

(1+y7'2),(1+yz)(1--2?) ﬁ A+ y 122N (1+y2@ 1) (1 — 22"

=2

Tloc/te MOACTAHOBKM ¥ = —2 MBI TONYYHM (yaurTeieas, yro (1+y~'2), =y~ 1):

_2—1(1_22)2 H(l ZZrt 2)(1 z 11‘[(1 ZZn)S

n=2

3 3ak. 3647
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Bee paseHcTBO (3.1) peppamacTes (¢ y9eToM Toro, ¥ro (¥’ 5" Yo=riy"z" 1yp
[2) & &
I'I(l _ZZn)S =z z 2( 1)'z"s" -1 _ z (_1)r+1rzzr’+r;
n=1 F=—00 r=—00
HocHe MOACTAHOBKA 22 = X ToAyYaeTc
p(x)® = Z (—1) P2, (3.2)

OcTaeTes 3aMeTHTE, WTO r-if U (—r — 1)-if WwieHH B mpaeoit gactH (3.2) cyTb mogob-
(r=1P+(=r-1) _r’+r

HEIe WIeHEL: 3 = IMoaromy
o0 I‘2 L o0 ,.1 ¥
Z (_1)r+lr2x—;— = Z[(_l)r+lr2+(_l)—r(_r__ I)Z]x—.}— =
r=—00 r=0
=Y (-1y(@r+1)x=,
r=0

YTO M TpeBoRanocs.

3aMeTHM B 3axmMIOYEHHE, YTO TOKAECTBO SxoHH MOKeT OBITH HCTIONL30BAHO
AN AOKa3aTeNbCTBA APYTHX TOXJAECTB € ofAHON mepemeHHol. HampuMep, ecimu
HpOCTO NONOXKKTE ¥ = —1 B ToxKAecTBe fkobu (3.1) (M 3areM 3aMeHUTE Z Ha X},
MH TOAYYUM IPHMETaTeAbHOE TOXASCTBO

(1= 021 =)A= P =)o = 3 (1" =142 S (=1 %",

r=--00 r=1

Taioke UaBecTHoe Mayecy. Mexay npoarmM, jeBad 9acTh ITOrO PaBeHCTEA eCTh OT-

e(x)? 5
o) TakKM 06pazoM, MBI MOKEM TaloKe IOAYHHTH OTCIOAA GOPMYITY

ans (x)*:

HOIIIeHHE

% 2 & 3

p(xP= 3 (-1Vx"- 3 (-1F%

r=—00 s=—00

BIIpoYeM, 3Ta GOPMYNa He TAK 3aMevaTeNnbHa, Kak dopmyast ansa w(x) u p(x)>,
Eme ofHO TOMXAECTBO, BRIOYalollee ({x) K BHTeKalomee U3 ToxAecTBa ko-

61, cM, B yripaxxHeHHH 3.4,

3.7. JdoxasaTenkCcTBO TOXASCTBA AK00OH

O9T0 ACKAa3aTeALCTBO NpHHAANEXUT 3UHOBMIO JlefiGeH30HY; MBI clefyeM ero
crathe [11] m ¥Cnonb3yeM ero TEPMHHOIOTHIO.
IepennnieM ToxaecTso Axobu B BHAE

o0 00 o0
H(1+y22n—1)(1+y—lzzn—l) = 1‘[(1_2211)-—1 Z yrzrz =
n=1 n=1

r=—00

= p(z%) Z ya' = Zp(n)zz" Z ye

r=—00 r=—-o0
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2 2
M cpaBHIM ko3bdRIMENTEL TP y 22" | B npasoii YacTi xoaddunrerToM 6yaer,
oueBHAHO, p(n). B neBoii yacTH y"zz"*"z MOMET HOABHTHCA KaK NPOU3BeaeHne

J’Zza‘—l .. 'yzztz,—l 'y—lzzﬁ,—l . ,y—lzzﬁ,—l’

med<a; <...<a, 0<f <...<B,s—t=ru

i@aa" D+ Zt:(2ﬁj —1)=2n+r2
j=1

2
TakuM obpasom, xoadgdunuent npu y z2"*" pasern wiery mEoxkects ((ay, ..., ),
(B4, «+., Bt)) c yKazaHHBIMH cBoiicTBaMH. QG03HAMHM 3T Mo Yepes g(n, r). Yro-
6u1 Aokas3aTh TOXKAECTBO fIKoGH, HAM TIOHaAO6UTCA CAeAyIonIee MPeAToKeHHE.

NreanoxeHuE 3.3. q(n, r)=p(n} (6 wacmuocmu, q(n, r) He 3asucunt om r).

Yro6Hl AOKA3ATH 3TO NPE/IOKEHNE, HAM NOHAA06UTCA CIEAyIoIas KOHCTPYK-
AL

Henoukoil MbL HasbiBaeM GeCKOHEUHYIO B 0GOHX HANpABAeHUAX NOCTeA0BATEML-
HOCTb CHMBOJOB JBYX BHIOB: (kpyxouku) 1 (narouxu), B KOTOpo#H NeBee HEKOTO-
poro MecTa BCTPeqalOTCHA TONLKC KPY)KCUKH, a TIpaBee HeKOTOPOro MeCTa — TOMb-
KO nanoukH. [prMepH:

~OQOOIOIOICOIIT ...
~QOINNITOOOIOII! ...

MH cuiTaeM CZHHAKOBEIMH UETICYKH, MOMYUaeMBIe APYyT K3 APYT4 CABHTOM BIEBO
WM BOpaBo.

Buicoma 1enoykH a, obosHayaeman h(a), onpeAenaeTcs KaK YHCHO UH8epcuil,
TO eCTh TIap CHMBOAOB (He O8A3aTENLHO MOCASZOBATENBHKEX), B KOTOPBIX CIEBa
CTOWT TAJIOYKA, & ClIpaBa — Kpy#oueK. BHCOTH AByX HenoyeK, NpUBESEeHHEX Bbl-
e, paBeH 13 1 17,

Mut SyaeM npefnonaraTe, 9T0 PACCTOAHHE MEXIY MIOGHIMI ABYMA COCEAHUMH
CHMBQJIAMH DaBHO 2, a MeX/Jy HAMH, Ha PACCTOAHMHA 1 OT KaX/0ro, HAXOAHTCH
rayra. Hudewcom AaxyHe T HazbIBaeTCAd YHCAO MAAOUEK CAEBA 0T T MEHYC HKCIO
KPYXO4KOB cnipaBa oT T. flcHo, 4To, KOTAa MH NepeMelaeMcA CleBa HaNpago,
HHJEKC JIAKYHE! YBETHYHEBaeTca Ha 1. [pumep:

LOTOTOTIPITOTI O IPOTOM .

AOKASATEABCTBO NPEAJAOKEHMA. MH IOACYINTAEM ABYMA CNIOCO6AMH THCIO
Henogex BEICOTH 11,

ITepentit cnocob. TyeTh @ — LIeNOYKA BHICOTH i, 0603HAYMM 4epe3 n; YHCIO
KPYHOYKOB, HAXOAAMIUXCA ClipaBa ofT -H cieBa naacukn. OueBHAHO, My = Ny 2 ...,
1 =0 Ang FOCTaTOMHO GONBLIMX i, a 1y + 1y + ... =n. YHena ny, n,, ... ONpeJeNAlT
LIengyKy H MOTYT NPHHHMMATE IIPOM3BOJIBHEE 3HAYCHHA (eC/IM OHH YAOBNETBOPH-

10T MPNBEACHHBIM BEINE YCAOBHAM), TaKUM 06pascM, YHCO UENOYeK BEICOTH N
paeHo p(n).
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Bmopoti cnocob. 3aduxcnpyeM Leoe YHCAO I B PACCMOTPHM JAKyHY T mojJ HO-
mMepoM r. ITycTh caeBa oT JakyHbl T HaXOAKTCA § TANOYEK, 4 CAPABA OT Hee — ¢ Kpy-
MOYKOB; TAKHM 0Hpa3oM, s — t =r. [IycTk paccroARna Mexay T M nanouxamu che-
pa oT T' paBHb! (B MOpAAKe BO3pacTaHua) 2a; — 1, ..., 2a, — 1, a pacCTOSHUA MeX-

ay T 1 kpyxo4kaMu cripaBa oT T paBHH E NopaAKe BoapacTanua 28, —1,...,28.—1.
IIpumep:

a4 a3 az a B B2

1t 4
000100011010 I1OI]
Yuenas, t, &y, ..., &, By, ..., B; ONpPEneNAOT HenouKy. JokameM, ITO

n+ri= _Zsi(za,-— 1+ i;(2ﬁj -1).
i= j=

B nienodke a uMeeTCA TP THIA HHBEepPCUil: 1) M KDYXOTeK, H TaI0YKa PACTIONC-
MeHb cnepa oT T; 2) U KPy:HOUeK, M NTaJovKa PacioioXeHH cripasa oT T' u 3) kpy-
OYeK HAXOAMTCH citpaBa ot T, a manodka —coneBa oT T. Mexay manoukoil, Ha-
xopaweticAd Ha paccToAHun 2a; — 1 eieea oT T, H T pacnoloKeHO a; CHMBEOJIOB
(srmovas caMy 27y MaZOYKY), a HMeHHO [ MAOUeK H &; — [ KPYKOUKOR; TAKUM
06pa3oM, 3Ta MaJOYKA YYACTBYET B (; — i KHBEPCHAX NepPBOTO THIla, H CyMMap-

5

Hoe YHCEC HHBEPCHH NMEPBOTO THNA PABHO Z(a — ). AHAJIOPHYHO €CTh BCETO
i=1

2 (8; — j) uHBepcHil BTOPOro THNa, a IUCIO WHBEPCHE TPETHErO THNA, OUEBUIHO,

j=1

paBHo st. Takum obpa3aom,

n“—*i)(as—i)+i(ﬁ;—1')+st=

s(s+1) st— (t+1) _
2

I
I M"’ T Mm

2

+2 Z Bi—s—t= Z(za,-z Z(zﬁ,~1).

b

zﬁ

iﬁ s34 s—2st4 24t i i +s+t
=l i=1 =

5

=22+

BHZHO, 9TO YHCIO HETOYEK BRICOTH N PABHO q(n, r).
Hrax, p(n) =q(n, r}; 370 AOKA3BIBALT HPeANOKEHHE U TOXALCTBO AKOGH.

3.8. Crenenu pyuruuu Jiinepa

T[ToKa 9TO MBI 3HAEM, KaK BHIMAAZAT pAAbL 21 (x} B w(x)?, HO ¥ Hac HeT HH-
Yero CTOML e Xopomero A ¢{x)?. UTo MOXKHO cKasaTb npo pagsl ¢(x)*, w(x)®
H T A.? JpyruMu CIOBaMH, VIS KakuX n uMeerca ¢opuyna ana koadduunerros
paza @{x)'? YrcGrl OTBETHTE Ha 3TOT HedOpMaNLHEN! (TO eCTh HECTPOTO cHopMy-
JHPOBAHHBIH) BOIMpoc, MEI 6VAeM HCIOAB3OBATH CIAYICIIMH moaydopManbHEL
KpuTepuii. Ecinu At HekoToporo n cpeau kosdbdUuMeHTOB paaa w(x)" MHOTD Hy-
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nieii, 3T0 MOXKET O3HAYATH, 9TO 1A (X )" ecTh dopMyna, HaNOMIHAIOIaA GOPMY-
sl Jitnepa u Tayeca. (OfHaKo ecn Hy/leil He odeHb MHOTC MIH HeT BooOmie, aTo
HeAhad CUMTATh YKasaHHeM Ha To, 4To HOpMYAR He cymecteyeT.) [Ipy momomu
mpocToll MporpaMMsl JI1 KOMIBIOTEPa MOXKHC HaifThH uHcao Hynell cpeaw, cKa-
3eM, HepBrx 500 xoadduienTos w(x)*. O6o3HaYHM 3TC YHCEO depes ¢(n); BOT
aHaveHud c(n) ana n < 35:

n 1l 2]3]afls]e] 7] s
c(n) 464 | 243 | 469 | 158 0 212 0 250

9 10 ] 11—13 ] 14 | 15 | 16—25 | 26 | 27—35
0 | 151 0 172 ¢ 2 0 80 0

Mu1 MOXeM cZeNaTh creayonme Hadmonernd, [Ipn n=1, 3 wynelt odeHs MHO-
ro (1 MH 3TO0 Y2Ke 3HaeM); mpi n=2, 4, 6, 8, 10, 14, 26 uucio HyAell 3HaUHTEABHO;
npu n=15 ecThb ABa HYNA (UTO HENb3d PACCMATPHMBATL KaK CEphe3HOe CBUETENb-
CTBO B TOMB3Y 9ero 61 To HU 6buo!); mpu n=5, 7, 9, 11—13, 16—25, 27—35 ny-
Jeit Het BooGme, Hac He A0MKHO YAMBNATE 3HAYHTENBHOS YUCTO Hynel Ipu n=2,
4, 6: paast ana p(x) 1 Y(x)® HACTONBLKO PA3PEKEHHEL, YTO B UX [TPOM3BEACHHAX
() = @(x)- w(x), P(x)* = @(x)- P(x)3, Pp(x)®=(x)*- @(x)* HexoTOpHIE CTE-
TIEHH X MOT'YT OTCYTCTBOBATD EILE A0 MPUBefeHNA MofoOHHK wieHop. HanpHmep,
ynena 11,18, 21 (4 MHorue Apyrvie) He MOTYT GHTb PeACTABACHBl KAK CYyMME
nap yucen Bhga 3‘“2%, M osToMy B page Ana ¢(x)® net wienos x!!, x18, x2L Tlo
aHanorHYHON npuumuHe B page ana (x)* ner wienor x%, x¥, x'° a B page ann
(x)® ner wrenos x°%, x%, x1*. Ho noueMy ske Tax mioro Hynelt B pagax s p(x)®,
2(x)°, @) u (x)*?

OxasniBaeTcd, 9TO 1A ITHX CTeneHel OYHKOMKM Diaepa cymecTsyior opmy-
Jui, HE TaKMe MPOCTHe, Kax dopmyns Jitnepa uam laycca, HO Takue ke riaybo-
KHe ¥ kpacHeHe, (CymecTByIoT Taioke GopMyIIbl A/ HeKOTOPHRIX APYTHX CTeleHeii
OYHKIMH Diliepa, HO 3TO He OTPAXEHO B Hamel tabmine.) B kadecTee WUTIOCTPA-

uuH mpusefiem dopmyly A ¢(x)®, nprraanexauryro Genkey Kneliny:
(p(x)s = Z [% + %(Sklm —kl—tkm-— lm)] x—[kl+km+lm)’

rAe CyMMa B IIpaBoi# yacTH Gepetca mo BeeM TpodiiaMm (k, [, m) menwix uncen, ana
KOTOpHIX k 41 4 m = 1. Y3 bopMyAR BHAHO, YTO €CAM YHCIO ' HENBE3A NPEACTABUTE
B upe —(kl+km+im), roe k+14+m=1, To paa wa ¢ (x)® e comepxpr x™. Hanpu-
Mep, OH He COAeXHT X', e r=4s+3 (¢ uemnM s) wWin ecnu r =13, 18, 28, 29
(cMm. ympaxkHeHue 3.5).

Mz Bcere 3Toro BHAHO, YTO CYLIECTBYIOT HEKOTODHIE «[IPHBIJIErHPOBAHHEBIE N0~
Kasarenn» i1, l1PH KOTOPHIX €CTh BpadyMHTeNbHan dopmyaa aaa w(x )", TaitHa npu-
BIICTHPOBAHHBIX NokazaTenel 6ea pemena U, MakgoHansgoM B 1972 rogy (cM.

Yo dopuyna ana @(x)' cymecTryer, cM. Hinxe.
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JacTHYIHYIO GOPMYIHPOBKY €ro PeayaETATOR B 1. 3.9), ONHCAHHE 3TOr0 OTKPHTHA
COAEPHKHUTCA B IMOLHOHANEHO HanucaHHOH cTaThe O. HaiicoHa [9]. Heobxogumo
CKAa3aTh HECKWIBKC cnoB npo MaiicoHa H ero cratei. OpumeH HlaiicoH — omun
u3 HauGosnee BHAIOMMXCA GH3HKOB Hallero BpeMeHH. OH HAa4asi CBOIO Kapbepy
KaK MaTeMaTHK, U Ha ero cYeTy HeCKOJABKO XOPORIO M3BeCTHHIX pafoT mo Kiac-
cugecKkoit KoMOMHATOPHKE H TeopHK ancer, 1enpo ero ¢TaThH OLUTO MOKA3aTS,
KaK HegocTaTok obmenns mexay dH3uKaMu M MaTeMaTHMKaMi NMPHEeN K KaTa-
crpodHyecKoi 3aJepiKKe HEKOTOPHX BaXKHHX OTKPBITHI B 06eHX obnactax. Hinke
NPHBOAKTCA BEASPIKKA M3 CTaThH JaiicoHa, MMeIOmaA OTHOMESHHE K HalleH TeMe,

3.9. Pacckas Jaticona

«HauHy ¢ 6aHanbpHOU HCTOPHH, cAyYHBIIelica co MHOHR. DTo KUBad WITIOCTPA-
LMA TOrC, KAKKHE BO3MOXKHOCTH YIIYCKAIOTCA 10 NPHYHHE Y3KOH crelMaNH3amii.
HcTopua ced3aHa ¢ HegaBHeH aamMeyaTe/bHOH paboToit MakaoHaANbAA O CBOMCTBAX
agpUHHBIX CHCTEM KEACCHUECKHX wrebp JIu,

CBOI0 HayYHYIO ACATERBHOCTh A Ha4YMHAA ¢ TEOPHH d4Hcenl, B Mou cTygeHde-
ckue rogul B Kembpumke 1 yurnea y T. Xapan, yxe torga SuiBllerc JereHaapHoit
JUYHOCTHIO. JlaXke NepBOKYPCHMKAM B Te rogsl 6bUIO ACHO, FITO TEODHA THCE B AY-
xe Xapayu u PamaHypKaHa ycTapena i Gnecramee Synymee ee He xgeT. Cam Xapan
B JISKI[UH © T-PYHKIUH PaMaHymiaHa HA3BAM 3TOT CIOXET «OAHOMH U3 THXUX 3aBO-
Jell MaTeMaTHKM», 3HaYeHHA T-PyHKUHH — aTo KoadduureHTH! paga

i,r(n)xn-—l = (P(x)24 = f_?[l(l _xn)24. {3.3)

PaMaHyxaH OTKPLI pAA 3aMedaTeNbHbX apudMeTHYECKHX CBOICTB T(n).
JlokasarennctBo 1 ofobmeHue atHx ceolicts Mopaensnom, Texke U ApyruMd
CHIrpaji¥ BAXKHYIO POb B PASBUTHM MOAYIAPHEX GOpM, HO caMH T-OYHKIIMH 10~
NpeXXHEMY OCTABANIHCh THXOH 3aBOABIO, AaAeKoH OT OCHOBHOTO pPyc/ia MaTeMaTH-
KH, TA€ AWIETAHTH MOTIIH IUIECKATLCA B CBOE YAOBOIBCTBHE, He TPEBOXKKMEIE KOH-
KypeHIMel ¢ npodeccuoHanamMn.! Yike ¢cTaB GHIUKOM, MHOrO J€T CUYCTH, 4 CO-
XpaHWI CeHTUMEeHTANEHY) NPHBAIAHHOCTE K T-QYHKIMAM K OTABIXAN OT TAKOro
cepbe3Horo Jefia, Kax Gdu3HKka, BpeMsa OT BpeMeHH BO3Bpalafach K paboraM Pama-
HyZDKaHA U PasMEIUIAA HaJ MHOTHMH YEJAeKATeABHEIMH NpobaeMaMi, KOTOpPHE
OH OCTaBWI HepemIeHHEIMK. YeTrIpe roja ToOMy Ha3ag, BO BpeMs! TAKOTO OTABXA OT
busukm, s Hamen HOBYIO GopMyny 1A T-GYHKIMH, CTOb KPACHBYIO, YTO MPOCTO
MOPasuTeNbHO, Kak caM PaMaHyDKaH He AoAYyMAaAca JO Hee, BHIIAAAT OHA TaK:
I
T(n) =3, AT (3.4)
CyMMHpOBaHHe BeJyTCA N0 BCEM IATepKaM LefkIX Yhcen a, b, ¢, d, e, HMeomux
NpH RefeHWH HA 5 OCTaTKH 1, 2, 3, 4, 0 cCOOTBETCTBEHHO U 06/1a2al00IX TEM CBOH-

1B cHocke x pycckomy nepepoay cTaThd Jlaficoda (onySmukopansomy B 1980 I} nepepoguui
3aMeTyn, YTO eMy 0RO TPYAHO Aaxe NPEACTABUTE, YTO TaX KOrAa-TO MOIVIO GHITD.
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cTBOM, 4TO a+b+c+d+e=0, a® +b% + c? + d? + > =10n. [onsaysace (3.3), MOx-
HO 3anmKcarh 3Ty GOpMY/Y B BHAE BHPaXeHUA AT w(x)%*,

A npriren K HeH NoJ BAWAHHEM NMHCEMa BHHKBHCTa, MOMYYHBOICTO IOXOXKEE
BrIpaxeHde A @(x)'’. BUHKBRCT ToxXe, MEKAY NPOYNM, GUSHK, KOTODHIH Iute-
meTcA Ha AOCYTe B BOAAX CTAPOMOAHOMN TEOPHH YHCeN,

[Mpoaomxad cBOUM AOMOPOILEHHBIM CIOCOGOM HCCAEIOBAHNA ITHX TOXKJIECTB,
A oGHApPYXWI CYNIeCTBOBAHUE CTOUB e KPacHBoH dopMyisl, kak (3.4), And n-x
cTeneHell B TEX CAy4anX, KOTAA it IPHHAMIEKHT CIeAyIoeil mocreAoBaTenbHO-
CTH LENbIX YUCeN:

n =3, 8,10, 14, 15, 21, 24, 26, 28, 35, 36, ... (3.5

Ha camoM jene cnyvall d =3 6wt oTpBIT fAko6H, d = 8 Kneiinom u dpuxe, a
d =14, 26 AtTkmHoMm. Ha 3T0M # oCTaHOBHACA. JJOBONBHO HEAONIO S pasrIaALBal
CTPaHHYIO MOCAeAOBATENbHOCTE (3.5). ByAyust B TO BpemMda TEOPETHKO-YKHCIOBH-
KOM, 5 HI9ero B Heil He yBHfen. Ileperopoixi B COZHAHMM NMOMEIIAAN MHE 33-
METHTB, 9TO A HeOZHOKPATHO BCTPeYan 9TH YHCla B KadecThe duauka, [Tonaauch
OHH MHe Ha I77a3a B KOHTeKcTe Kaxoii-Hubyap ¢pmandeckoil 3agaun, A 6b1, Hapep-
HOe, y3HAT B HPX PasMepHOCTH NPOCcTHX anrebp JIu, ec/iH He CYATATE YHCIO 26.
HoueMy croga nonano 26, He 3Halo0 40 cUx nop.!

Tak A YIYCTWI BO3MOMHOCTE 3aMETHUTE MMYOOKYIO CBA3b MEXAY MOAY/IAPHEI-
MH hopmamy U anrebpamu JIu Toasko notoMy, uTo JalicoH-TeopeTHKO-YHCAOBHK
He noroBopun ¢ JalicoHoM-$puamuKoM. Y 3ToH MCTOPHM CYACTIHBLIN koHen. Hena-
BECTHEIH MHe B To BpeM#A aHrnnifckuii mateMatik WM, MaKaoHa IbA MOMYIWS 5TH
e QOPMYNBL KaK 4YacTHRI cayuaii Gosee obuieit Teopun, Aarebpsl JIn Bxoawm
B €T0 TEOPHIO ¢ CaMOTO Hadana, a CBA3b C MOZYMIAPHEIMH $opMaMy MOABHAACH
HeXAaHHO-HeTaAaHHo. BeisicHIwoCE Taloke, uTo MakaoHanes Haxoawncda 8 Mneru-
TYTE€ BHICINMX MccAefobaHui B [IpHMHCTOHE, Korja MH oba pabGoranm Haj aToit
npobaeMoit. [lockonbKy HaMK A0YEPH YYHIHCH B OAHOM KAacce, MEL BUARAHCH
BpeMs OT BpeMeHH B TedeHHE BCEro ero roAuvHOro npedbiBaHHA B IIDHHCTOHE.
Ho Tax kak oH 6BbUT MaTeMaTHKOM, a A GHU3IHKOM, MEI He POBOPUIM 0 ¢Boeli pabore,
To, 9To MBI AyMaik HaZ OZHUM U TeM JKe BOIIPOCOM, HAXOZACH Tak GIHZKC ApYyT
OT ApYTa, BEACHIUIOCH AWML N0 €r0 BosppameHuu B Oxcdopa. Bor ynymenHas
BO3MOXKHOCTb, HO He CTOJIb APAMATHYHAA, TOCKOILKY MakaoHanbj BO BCeM paso-
fpanca v 6e3 Moeii noMon».

MoacHum BipaTIIE, TT0 370 33 NOCAEAOBATEALHOCTE. BPaIIeHHA IWIOCKOCTH BOKPYT TOYKH 3ABHCAT
OT Of[HOTO MapaMerpa— yIAa EPAameHHA. BpalleHna TpeXMepHOro MpOCTPAHCTRA 3aBHCAT OT TPEX
nIapaMeTpos — AOMIOTEl W INHPOTH OCH BPALIEHHA U OT YT/a BpameHHA. B obueM cnyvae ppauie-
HMH R-MEPHOTO MPOCTPAHCTBA 3ABMCAT OT @ napaMeTpPoB, a BPAIeHHA N-MEPHOTO KOMIUIEKC-

nin—1
HOIO NPOCTPAHCTEA 3ABHCAT OT n? — 1 napameTpos. K gpcasm % ¥ n¥ -1, To ecTh K MHCTAM

1,3,6,10,15, 21, 28, 36, ... H 3, 8, 15, 24, 35, ..., cnefiyer AGGABHTE NMATE «MCKMOYMTENLHLIX paszMep-
Hoctefl» 14, 52, 78, 133, 248, Ecm Teneps yOpath, Kak 970 Aenaet HaiicoH, wwena 1 # 6 u aoBapuTe
qHene 26 (koTopoe, cornacHo Gonee coBpeMeHHOMY COLACHEHMIO, TOARNHETCA 3Aech Kak 52:2), To
BOSHHKHET NOCAEZOBATENBROCTE (3.5); HeCOMHEHHO, Kaabtl ¢HIHK-TeOpeTHX TBEPAO MOMHUT 3TY
TIOCNEef0BATENBHOCTS.
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3.10. ToxpecTBa MakaoHanApAa

MEI 3aKOHYHM 3Ty AekIHI0 BecKOHeIHEIM HAGOPOM TOXAECTE, COCTARMAIOLIHX
SHAYHTEABHYIO YacThk paGorel MakaoHanbAa, ynoMaHyTol JaitcoroM. Tlepraa dop-
Myna oGobmjaeT ToxAecTBe AKOGK (KOTOpOE COOTBETCTBYET CAYYAL0 it =2):

o0 Xk, xk xk, . xt
1= x5, k-t (1— 1"n )(1_—1 n ) -
f!;I] [( 1 ﬂ) 15.!1‘:.[}5_ﬂ xl...xj_-l xl...xi_lxj...xn
k
= 3 ek, eees K)oy o,

Tfe CyMMHPOBAHHE B NPABOM YaCTH HeJETCH Mo BCeM Ha0opaM M2 n HeoTpuIa-
TeNbHHX HenHX yucen (ky, ..., k), VGBI TBOPAIOIIUX YPABHEHUIO

K4 otkZ =k ..k Fhiko+ . Rk, oK, (3.6)

a ek, ..., k,) =+1 oupenenserca crepyoiuM obpasom. Ecau uncra kq, ..., k,
YAOBIETBOPSIOT ypaBHeHMIO (3.6), TO eMy YIOBAETBOPAIOT M YHCAa Ky, ..., ki—q, k],
Kiv1s ooos Ky THE ki =—k;+k;i_y + iy +1 (3Aech 1 i< n; ecim { =n, MBI Gepem X,
B KA9eCcTBE X;,;, 4 eCiH i=1, MEl 6epeM X, B KadecTBe X;_;). Bonmee Toro, mo-
6oit Habop ky, ..., k, HEOTPHIATENBHEIX LEABIX YACE, YAOBIETBOPAICHUX ypaBHe-
Huto (3.6}, MoxeT OwiTk monydeH u3 mHabopa (0, ..., 0) IPH NMOMOIIM KOHEYHOO
YHCIa TAKHX npeofpa3osaHuil. 3To MOXKHO cAeNaTh MHOTHMH crocofaMy, HO yeT-
HOCTB GHC/A TAKKX NpeobpasoBaHKH 3aBHCHT TOABKO OT ky, ..., k,. Ec/H 370 une-
1o yeTHo, To £(ky, ..., k,) =1, ecnn HeweTHO, TO &(k,, ..., k, } = —1. iMeloTca Gonee
aBrule Gopmynwt ana e(k,, ..., k,). Hanpumep, ecin n =2, To ypaphenue (3.6)
npunuMaet BuA (k, — ky)2 =k, +k,, ¥ Bce ero nessie pemeHus CyTh

( n(n2— 1) ’ n(n2+ 1) )’

COOTBETCTBYIomMee £ ecTk (—1)°, Ecmu n=3, To

—00 < 11 < 00;

ecin ky + kg + k3 = 0 (mod 3),

1
ki, ko ks) =47
elky, ky, ks) {-1, ecmu k; +k,+ky =1 (mod 3)
(cay=ait k; +k; + k; =2 (mod 3) HepoamoxkeH). Ecinn=4, To

1, ecmak;+k,+k;+k,=0,2, 3,7 (mod8),

E(kb kz’ ks’ k4) = {—1, eCiIH k] + k2+k3 +k4 = 1, 4, 5, 6 (mod 8)

Bropan dopmyna obobmaeT Toxgectro Tayeca (a taicke TowAecTBo Knefina
# ToxAecTEO JlaficoHA), AOCTABASA BHIpAKeHUe ANd np(x)"z‘lz

01" = 7 Btk 1)) (7)o

rie CyMMHpOBaHHe BeJeTcA 110 TeM e Habopam (ky, ..., k,), 4TO H BHIIOIe, a BHpa-
aeHue ek, ..., k, } IMEET TOT e CMBICA,
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Kapn ®puapux l'aycc ®pumen JaticoH demxc Kieiin
1777—1855 p. 1923 1849—1925

Wan MakzaoHanbg CpuHuBaca PamaHymxan
p. 1928 1887—1920

Toadpu Xaponba Xapan JleoHapyg diviep
1877—1947 1707—1783



74 Inana 1. AprdMeTHKa M KOMOHHATOpUKA

3.1L VmopaxHeHHs
3.1. Aoxaxwure, 4TO

yHcno pastuexnit
n=n;+...+mn (k>0),
BKOTODRIX O < 1y £ ... €y
H BCE N; HEYETHH

YHCIO pasbueHnH
n=m+...+n; (k >0}, =
BHOTOPHIX 0 < iy < ... <1y

YKA3AHME. FIMeeTcd eCTeCTBEHHOE B3aANMHO OSHOZHATHOE COOTBETCTBHE MEXK-
Ay pa3GyeHHAMH M3 JIeBOH PaMKH U Pa3bHeHMAMH U3 MpaBoif paMku, YuTaTemo
TpeAaaraerca yrajxarb ero, misan Ha claeJyoniie IpHMepH:
143+64+10«—1+3+3+3+545,
1+44+74+11 — 1+1+1+14+14+7411,
24446 —1+1+1+14+14+14+3+3,

3.2, Jokaxkure, uTo AN MI0B0T0 BEMECTBEHHOTO § > 1 (WK A KOMIUTEKCHO-
TO § C BEIIeCTBEHHOH YacThlo Re s > 1) HMeem

It gtgtptgto= (231)(333_51)(5,5_’1) '7*_7:7)

WIH, KOpode,

L=, I G
n=1 n P npoctoe PF-1

3AMEYAHMA. (1) 3Ta dopMyna, Taroke MpHHAJAeKANAA Ditiepy, He CBA3aHA
IIPAMO C Temoit 3Tolt Nekuny, HO ee A0KA3aTeAbCTBO CHIBHO HANIOMHHAET AOKA3a-
TEJABCTBO TEOPeMb! 3.1, M ME HaAeeMCs, YTO IMTATeAb 3TO OLEHMT.

(2) BelpackeHHe B feBoi 9acTH (2 mOTOMY M B Npaeo# qacTH) nocaeaneit Gop-
Mynel oGo3HavaeTca {(s). 3To sHaMeHUTas aseTa-dyHKUHA PumMana, HecnmomHuii
[IpHeM NO3BOJIAET PACNIPOCTPAHUTE TY GYHKIMIO HA BCe KOMILUTeKCHEIE SHaYeHHA
aprymenTa (kpome s =1}, Xopowmo H3BecTHO, 4TO {{—2n) =0 Ana mo6oro HaTy-
panbHoro n. 'MnoTeaa PHMaHa (xoTopadA, BEpoATHO, ABAAECTCA CaMoii H3BecTHOIH
HepenIeHHOi MaTeMaTideckoli npofineMoit) yrrepxkaaert, aro ecnu {(s)=0n s#
# =2n HY AJIA KaKOTO HATYpansHOro n, To Res= %

3.3. Jloxaxure dopMyny us 1. 3.5: ecnm n = 2k23%5%s  __ paanoxenne n Ha
TIPOCTHIE COMHOMKHTENH, TO

Ko+l _
amy= ] =1
p npocroe P -1
3.4. BrBepuTe U3 TokAecTBa fAkobu cneaylomee ToXAECTEC ¢ dyHKIHAEH Dii-
Jepa :
eeGh) _ & R 20% 4
RALELA AP -1 .
o(yH n=2—oc( Yy
2

¥rasaHUE. [lonpobyiiTe MOACTABUTE 2= —y*.
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3.5. JokaxHrTe, uro, ecnn k, I, m nenpe n k+14+m=1, to —(kl + km+Im) —
HEOTpHLATENEHOE [Ie/Ice YHCA0, He CPABHHMOE ¢ 3 IO MOZYIO 4.

3ameuaHus. (1) 3To cBA3aHO ¢ ToXAeCTBOM Kieiina ana o{x)d.

(2) Cormacuo Tabnuue u3 . 3.8, 250 u3 neppbx 500 KoaddHITHEHTOB pPAAA LA
w(x)® — nynu. 310 ympaneHue ykassipaeT 125 U3 Hux. [Toce 0BaTENPHOCTD TH-
cefl, AAIOUHX ocTaAbHEle 125 nyne#, Ha nepBedi BaCAAA BEIMSAANT OeCHOPAKOYHO,
YuTaTeAr MOXET [ONBITATECA HafiTH HEKOTOPHI NOPAZOK B 3TOM Decriopagke.

3.6, (a) Ilycte g(n) —9ncno pasbueHuit n=n, + ...+ M, B KOTOPEIX 0 < 1; €
€y €. S My <0y (ecnm k=1, 3T0 03HAYAET TONBKO, 9TO 0 < i}, JOKAKUTE, 4TO
gny=p(n—1)mpunz1.

(6) Brmsegwre uz (a), uro p(n}>p(n— 1) npunz2.

3.7. Aoxaxure, aro p(n) < F,, rae F, —n-e uncno dubonawu (Fy=F; =1,
F,=F, . +F, ,nippnz22),

YrasaHUE. Hclmoneayitre TOXKAECTBO Jiviepa M ypakHeHHe 3.6(0).

3.8% Myets F, (n=1,2,...) —uucna Ouborawyu (F, =1, F{,=2, F,=F,,+
+ F,_, IpH 1 2 3; B OT/INYHE OT YIIpaXKHeHHA 3.7, MBI He paccMaTpHBaeM Fy).

(a) Hoxaxkure, 4yTo Kaxzaoe Ueloe it = 1 MOXHO NPeACTABHTE B BHAE CYMMH
pasnuuHbIX yucen Pubonawun: n=F; +...+F, 1<k, <... <k,

(6) Hokaxure, uro pazbueHne n, ykazansoe B (2), CyHIECTBYET U eAHHCTBEHHO,
©CTH HaJIoXNTh ACNONHWTEABHOE yoioBre: k; —k;_; 22 npu 1 <i<s.

(B) Jloxaxxure, 9ro pazbreHne n, ykasaHHOE B (a), TAIOKE CYILECTBYET H eAHH-
CTBEHHO, eC/IH HANOXWUTL NPOTHBONONOXHOE yomoeKe: k, 52, k; —k;_; €2 npu
1<igs.

(r) Mycts K, —umcino taxux pasfHeHHE n, Kak B NyHKTe (a), ¢ 9eTHHIM §,
a H, —To xe, HO ¢ HedeTHBIM §. JokaxuTe, aro |K, — H,| €1.

(1) (PaBHocHARHOE (r).) [IycTE

(1-00-x)0 =N 1 -1 —x)... = 1+ g x+ Ex2 + gax* + ...

O 00
(wrH, B cokpameHHbIX o6osHavenuax, [[(1—xf)=1+ Y g.x™). Joxaxure, uro
k=1 n=1
|g.| <1 ans Beex n,
(e) (O6o6menne (a).) Joxkaxure, yto Ana mobuix k u I > k Bee koaddULHEHTH
Muorowiena (1 —x (1 —xFen)...(1—xF) pasaer 0 wm +1.
(%) (Nobarnenue x (a).) AokaxuTte, vro a1 moboro k = 4 HMeeM

£,=0 mopn 2F, -2 <n < 2F,+F_,.
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Jexuusa 4

YpaBHEHUA TPeThei U YeTBEePTOH CTENEHHU

4.1. Beepenue
—_ { 2
®opMmyna x; , = ——E—:E—-;—ﬁ 2J1A KOpHeH KBaJpaTHOro ypaBHeHMA xZ + px +
+¢=0—04Ha 13 CAMBIX U3BECTHHIX B MaTeMaTHke. OHa NpocTan H yAobHad, ya-
CTO NPUMEHAETCS, M BCEX 3ACTAB/AIOT €€ BHYYHTS.

Xopollo H3BeCTHO, YTO CYDIECTBYET ABHAA GopMyaa ¥ Aid peleHua Kybuue-
CKHX YPaBHeHHIf, HO 0GHYHO IIKOIEHMKH ee He y4aT, Kak npaBmno, 210 06BACHS:-
10T TeM, ITO OHa JIHHHAA, CIOKHAA U HeygobGHan. Ho 3TH npeaynpexieHusd He
CMYIIAIOT IBFIIABBIX, H OHU MINYT GOPMYAY B CipaBOYHHKAX K ydeOHHKax. Bor
YTO GHH HAXOAAT.

4.2, dbopmyna

PaccMoTpuM ypasHeHHe
X+px+g=0. 4.1

(Obwee ypasHenue x> + ax? + bx + ¢ MOXHO CBECTH K TAKOMY BHAY NOJCTAHOBKOH
¢

x=y—%:
3

Pracsbrbes (y-8) +a(y-$) +b(y-§)+es
=+ (- $ )+ (B - %)

asro paso y*+py+q, e p=b- %, q=22 _gb 4 ()
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Cama dopmyna KopHeii BLIMIAAMUT Tak!:

PN B O GO | K Y S
x‘\/ 2Vttt 2Vt (4.2)

BuaHo, yro $opMyTa He TaKas yX JUTMHHAA ¥ He TaKad Yy CIoKHag. Jpa Ky-
BUYECKUX KOPHSA CXOMHK: 3AIIOMHHTE OZIHH, ¥ BB 3aNIOMHUTE APYyToii, B sHaMeHaTe-
JIIX CTOAT YHCAa 2, 4 K 27, a HX JIerKO 3anoMMHaThk. Bonee Toro, He3 HUX MOXCHO
0B0HTHCD, CTK HCXOAHOE YPaBHEHHE 3allucaTh B BUAE

X 43rx+2s=0;

. 3 3
1 Torga ¢opMyaa KopHel MpUMeT BHA X == \/—s +y/r3 st \/—s — /13 +2 Tak
MOMKET GHITE, 5Ta GOPMYJIa Y2KacHa He HaCTOABKO, KAK MHOTMM KaxkeTcsa? Yrtobsl
COCTABUTH COGCTBEHHOE MHEHHE, MBI HAYHEM € CaMBIX MPOCTHIX BEIeit.

4.3. HoxazaTeabCTBO

3 2
TeoPEMA 4.1. Ecau g + ?4 2 0, mo estpaxcentie (4.2) daem peienue ypaaHe-
Hus (4.1).

JoKkA3ATEAbCTBO. O6o3HAYUM

3 3 2 3 3 2
_if_a . —f_2_Jr &
‘\/ 2 Y7+t B \/ 2 VYot s
Torga A®+ B3 =
2 k|
Y FSIN 1 e V_P___g
AB = \/ VYt \/ "'4 27 =3

x*=(A+B)® = A*+3AB(A+B)+B* = —px—q, xX*+px+q=0,
4TO ¥ TPeSOBAIOCH IOKA3ATD.

H

4.4, UcnonpsyeMm dhopmyny

Xopowan dopMyna aopkHa 6BITE MonesHoil. [TonpofGyeM HCNEITATE ee AT pe-
HleHHA ypaBHeHHH,

TIPUMEP 4.2. PaccMOTpHM YpaBHeHME
¥+6x-2=0.
Mo dopmyne norysaem

x= ’i/1+ 8+1+:{/1—;/8+1= Va- V2.

137y diopsyny o6sruro HaanBatoT GopmMynoit Kapaaro win dopuynoit Kapaano—TapTanen. O apa-
MaTHYecKkol HCTOPHMM ee OTKPHTHA THTATENE MOKET YaHaTh H3 kuurH C. I PuHmxuna [8].
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ot0, Ges COMHEHHMA, 3aMeYaTeAbHEIA pe3ynbTaT. Bes GopMyAH MH BpsA AH MH
JAOrafaNich, YTO PASHOCTE ABYX KyDHYeCKHUX PaJJKKANOB ABAsSETCA KOPHEM HAIETO
YPABHEHHS.

ITeumeP 4.3. PaccMOTpHM ypaBHEHHE
x*+3x—4=0.
[lo dopmyne nmomyyaem

3 3 3 3
x= Y2+ vita+ Y2- V1T4= V21 5+ V2 5.
Hemnoxo. Ho ec/M NONBITATECA OLUEHHTE HU.HY‘IEHHHﬁ OTBCT C NOMOINBIO KANBKY-

JIATOPA, TO OK&KETCA, YTO %/2 + 5+ %/2 — +/5=1. YTo6Hl A0Ka3aTh 5TO, POILIE
BCero MOACTABKTE JIEBYIQ M NPABYI0 YACTH MMOCAEJHEr0 PaBeHCTBA B YpaBHeHue,
yBeauThed, YTO OHM SB/AIOTCA pellleHHAMHE, a 3aTeM MTOKAa3aTh, YTO ¥ YPABHEHHA
He Bomee oaHoro (AeficTBHTENRHOrO) KOPHA (BeAb GyHKIMA X3 + 3x — 4 MOHOTOH-
Ha: eCHH Xy < Xz, TO X3 43X —4<x3 +3x, — 4).

B 3TOM MecTe BO3HHKAIOT Nepebie coMHeHHUdA. [To dopMmyne kopHell KBajpar-
HOTO YpaBHeHUA BCETAA BUAHO, PARMOHANBHEL TH OHH, a B PACCMOTPEeHHOM HAMH
NMpHMepe pellleHHe palHoHansHoe (M gaxke Uestoe), HO o GoOpMyse 3TOrC He CKa-
JKelllb.

Mrumer 4.4. Yto6el pa3peATs HAIIW COMHeHHH, pacCMOTPUM YpaBHeHHe, pe-
IIeHKe KOTOPOTo H3BeCTHO 3apaHee. KeraTh, koadHIIHeHT a npy X2 B ypaBHEHAR
x3 4+ ax? + bx + c=0 paBeH cyMMe KODHE, B3ATOH ¢ OOGPATHEIM 3HAKOM, TAK YTO
AN HAIlero ypapueHus (4,1) cyMMa kopHeit ZomkHa 6RITE paBHa Hymo. BoasMeM
x; =-3, x, =2, x3=1. ¥paBHeHHe ¢ TAKKMH KOPHAMH AO/DKHO HMETD BUJ

(x+3)(x—2)x—1)=x"—7x+6=0.

3amumem peHIeHHe ¢ TOMOINBIO Hanleil GopMyITH:
=343 —343
x—\/ 3+\/ 57 +9+J 3-
= 3_ 1/__@_ H _a_ ___“_ — A0
—\/3+ 27+\/3 ‘/3+ 33./'1

Bobce He noxoxe Ha —3, 2 win 1. Bee maoxo.

3AKMOYEHUE. <Dopmyna MIPOLTa, H €€ HETPYAHO 3alIOMHKTD, HO HA HEE HE BCe-
TAa MOMHO IONOKHTERECA: HHOrZAa OHA JAaCcT PCHICHHE B HCY.IL()ﬁHOﬁ c]Jopme, a HHO-
FAa BOBCE He JaeT peileHHA. BEIACHUM, B Y€M HCTOYHHMK 3THX HEHPHHTHOCTEﬁ.

4.5. Croapko pemenuii?

D10 OYeHb ecTeCTBeHHH Bonpoc. Hama $opMyaa AaeT OT CHIBI OFHO pellle-
HUE, a4 Beflb ¥ KyOUUIecKoTo ypapHeHHA MoXeT OHThb A0 TpeX (AeHCTBUTeNBHAIX)
penteruit (cM. npuMep 4.4 BHIlIe).
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o4

\y

»ny
-y

p>0
p<0

Puc. 4.1. Ky6uueckue napa6os

PaccMoTPHM rpadik GyHKIMK

y=x°

+px+q.

Tpaduk dyuxuM y = x> — xopomo uspecTHad kKybudeckas napabona (puc. 4.1);
Koraa Me JoBapaAeM ciaraeMoe px, rpadbik npeobpasyercd TaK, KaK TOKa3aHO Ha
pHc. 4.1; peaynnTaTh IpH p > 0 ¥ p < 0 oTnyaiorca. U HakoRel, rpadwk GyHKoum
¥ =x3+ px +q Moxcer 6T IOMy4eH U3 OAHOTO U3 rpadMKoB Ha pHc. 4.1 CABATOM

BBEPX WIH BHU3 N0 BepTUKAIH (DHC. 4,

TO pelleHne BCeraa TONbBKO OAHO. Ecnn

2). Mn1 sameuaeMm crefyiomiee. Ecau p 2 0,
P <0, T0o pelIeHU# MoXeT OBITH OOHO, ABA

I TpH. PasGepemesa, 4eM OTNHYAIOTCA 3TH CIyYaH.

) Y

OIMH KOPEeHb OAHH KOPEeHb
LY
/N A s
_________ ~—7. }—r{
y=x 4px4q
p<0
TPU KOPHS

Puc. 4,2, KonuvecTso KopHeit
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JIEMMA 4.5. Ypasnenue
34px+q=0

umeem posio d8a kopHa mozda u Mmoasko mozda, Kozde p£0u — + q_ =0Q.

3AMEYAHUE 4.6. Mu OyzeM o6Cy:KAaTh 3TOT Pe3yAbTAT ellje paa B JIEKIIHH 8,
3
TAe OOKEKEM ero nHade. HanmoMHHM, 9T0 BblpayKeHHE 5—7 + ?4 , KpaiiHe BaXdHoe
1A HAC cefidac, HasplBaeTCa duCKpUMUNAaHTioM MHoTowIeHa x° + px+q.

JOKAZATEALCTEO. YToOH KOPHeit GBUIO ABA, ¥ YPABHEHHS AQKEH OHITh KparT-
Hblif Koperb. Eci 0603HaYHTE ero a, To BTOPoi KopeHs AomkeH BhiTh paBeH —2a,
TIOCKONBKY CyMMa BceX KopHeif pasHa 0. B 4acTHOCTH, d # 0 (MHave KOpeHs G
651 TONMBKO OAUH: 0). CnefoBaTeNnbHO,

x*+px+9 = (x—a)’(x+2a) = x* - 3ax + 2a°,
P, ¢

__27q%
Tt ="

3 2 A 2
M p<OH g.;, + qT=0, TO TIpH a= 3/ % noryuaem g=2a3, p= 3\/ —-:i=- V27a%=
= -3a?. CleAoBaTeNbHO,

X} +px+q = x°*—3a’x+2a° = (x — a)’(x +2a),

p=-3a?, g=2a°. B aToM caydae p<0u -1-4%:0. U naobopor, ec-

a 'y 3TOr0 YpaBHEHUS eCTh KPATHEI KODEHb 4.

Teneps paccMOTpHM ofinee ypasHeHue x° + px +¢ =0 npu p < 0 u 6es xpar-
HHIX KOpHe#. OYeBHAHO, €CTh ABa PAsIMUHbLIX I, ANA KOTOPHX Y ypaBHeHuA x> +
+ px <+ =r ecTe KpaTHHI KOpeHD (cM. puc. 4.2). Ecnu 311 ABa 3Ha4eHUA GIHOTO
3HaKa (X TTPOU3BeAeHHE MOMIOKUTENEHO), TO ¥ YPABHERHUA X° + px +q =0 ogHO
pellieH’e; a eC/IH OHM PasHHX 3HAKOB (MX NPOM3BEJeHNEe OTPHIATENbHO), TO TPH.

BHITOMHNM BHMHUCAEHH, COMIACHO JIEMME Y ypaBHeHHa Xx° + px +q=r fgBa
pellleHWA TOrNA H TONBKO TOTAA, KOTAA

2
w+mr)

=0,

[ 4p
T'=q:|: —-—2",7'.

TlpouseefeHue 3TUX ABYX 3HAUeHHH r paBHO

¢+ -4(27 (“;")2).

TakumM o6Gpa3oM, MBI TOAyYaeM CAeZYIOIH pes3yabTaT.

TO eCTh

TEOPEMA 4.7. ¥ ypasuenus X° + px + q =0 00HO pelteHue, ecau 5—7 + = > 0
k) 2
(wau p=q=0); d8a pewenus, ecau '5'7' + %— =0 (u p#0); mpu pemeﬂua, ecau
3 2
£+i<o

27
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4.6. Bepuemca x dopmyne

3 2
[MockoABKy BHpaXeHHe % + qT BCTpedaeTca K B TeopeMe 4.7, K B dopmyne

(4.2), MEXAY 2THMH JByMA DPe3yAbTATAMH JIODKHA ORITE CBA3L, OOBACHAIOINAL HKC-
nepHMeHTaNBHbIe HaGmoaeHust u3 1. 4.4.

TEOPEMA 4.8. Ecauy ypashenusa (4.1) moavko odun deiicmaumenshbtil KopeHb
(witu dea delicmaumensHb KOpHa), Mo npasan uacnts @opaynst (4.2) onpedenena
(smo cymma d8yx kybuuecxwx xoprell ua deficmeumenvruix wucen). Ecau y ypasne-
Hus (4.1) mpu (pasnunmbix) delicmaumensHulx KOPHA, MO CyMMa 8 npasoil uacmu
dopaynst (4.2) e onpedenena: smo cymma KyGuueckux KopHetl U3 KOMILREKCHBEC
Ylcen.

4.7, Cry4aif oTpHIATENBHOTO AHCKPUMHHAHTA

Yrobel IpUMEHATs opmyny (4.2) B 3T0M CAyHae, Mbl AODKHE HAYYUTHC M3-
BIEKATH KyOHUeCKHe KOPHH M3 KOMIUIEKCHBIX unicea. [TonpobyeM. Ilepen Hamu
CTOMT TaKas 3aiaya: A ABYX AaHHBIX THced a B b HaliTh Takme 9¥cIa X ¥ Y, YTO

{x+iy)> =a+ib.
10 ypaBHeHUe AaeT CHCTEMY
x*-3xy%=a,
3%y —y*=b,
KOTOPYIO MOYKHO CBECTH K YPaBHEHHIO
27b%x? = (x® — a)(8x® +a)?.

STo KybHdeckoe ypaBHEHHe OTHOCHTEABHO =X, H ¥ HEro AOMKHO OLITH TPH
JeHCTBHTeNBHBIX pemeHn {TaK Kak B HCXOAHOH 3aave BEUIO TPH DeldIeHHA), TAK
YTO Hama opMysa He IOMOMKET €T'0 PEIUHTb.

Ho ecTb ¥ Apyroi NoaXoA X H3BACYEHHIO KyBHIeCKHX KOPHeil, 0CHOBaHHEIH Ha

dopmymne Myaepa
3/r(cos 6 +isinB) = %/F(cos 9 Lisin -Q-)
3 3,

Hrax, 414 peineHna Ky6udeckux ypagHenHit no popmMyne (4.2) MBI MOEM HCTIONL-
30BaTh TpUroHoMeTpHio. Ho ee MOXKHO MCTIONB30BaTh H Gea 3Toil uax 1oAo6HLIX

dopmy.
4.8. Penienute KYOHYECKHX YpaBHEeHHUI ¢ MOMOIHEI0 TPHTOHOMETPHAHN
B TPHPOHOMeTPHH HABecTHA $HOPMYyAa CHHYCA TPOHHOTO yIa
sin 36 = 3 sin 6 ~ 4sin® 6.
Tak 4TO eC/IF ¥ HaC ecTk ypaBHeHHe
4x® - 3x+sin36 =0,
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HIH
3 - x + 5111439 0,
TO €r¢ pelleHKeM grAsercd X =sin O, Vuave rosopd, ecan p = —%, TO pelleHHe

ypaBHeHNd (4.1) umMeeT BUA
x= sin(% arcsin(4g )).

A ecrn p # —%? B aTOM Ciyyae MOXKHO BOCIIO/NB30BAaTHCA ITOACTAHOBKOH X =ay.
YpaBHeHNe {4.1) npUHHUMaeT BHA

@’y +apy +q =0,

Wwin
3, P q _
y +'a'2-_)’+§ =0.
W P __3 _ 4p
TAK, eCAH —w—z,'roecrha- —=3-, TO PEIIeHHe UMEET BUA

y = sin(% arcsin 4—q),
v (~4p/3)°
X=ay = —%E— sin(;arcsm(f:z 1/—%‘?-)). (4.3)

Yem He dopmyna? Pazymeercd, p AODKHO GHITH OTPHIATENBHBIM. A €IIE apry-
MeHT apKCHHYCa Ao/¥eH HaXOAMTHCA B [IpeAenax oT —1 fgo 1:

_4_p qu -4p <
| 7y | Tepr3 S b
27
—4}% z -1, 27¢* < -4p°,
p3 qz
27q2+4p® <0, =+ €0

Mmn1 BuaKM, 9T dopMyaa (4.3) paGoraeT KaK pas Torga, korga dopmyna (4.2) He
paGoTaer. Tak wro aTH e HOPMYNLL, BIATHE BMECTe, OXBATHIBAIOT BCe BO3MOK-
Hyule ciaygad. KeraTi, popmyaa (4.3} Bcersa JaeT TPH pellleHHA: eCiH

esinf 2L /22 =
ar 11'1( 4}72 3 ) =a,
TO HMEETCA TPH DEUICHHUA

4p
x=\/-——3P-sm(%(a+2kﬂ)), k=0,1,2.



Jiexoua 4. YpaBHeHHS TPeThell M 9eTBEPTOlH CTENeH 85

4.9. Hror. Kax pemrars KyOu4ueckue ypasHeHUA

dopmyna (4.2) (emecte ¢ popmynoi (4.3)) Bceraa Jaer pelneHHe ypaBHeHHA
(4.1), BHpaKEHHOE Yepes p M . /A npakTHdecknx ueneil ara GopMyna, BUaH-
MO, He CIIMIIKOM MOMe3Ha; NpHOAIDKeHHble 3HAYeHHA KOPHeH KyOHYecKHX ypas-
HeHMd MOXHO HaffiTH H APYTHMM MeToAaMM (B YacTHOCTH, € HCTIIOML3OBaHHEM
KANBLKYIATOPOB), H HETIOXOMKE, 9TO 3TY GOPMYIY MOXKHO FICTIONB30BATEH KaK NpoMe-
MYTOUHBIHA 5Tan B BRYKCAEHHAX (GACTABIATE pelneHus KyGudeckux ypapHeHuit
B ApyrHe ypasaeHus). GopMyna (4.2) UMeeT MpeHMyIECTBEHHO TECPeTHUECKOe
3Ha9eHHe, U 3TOT ACNEKT MEH ellle ofcyIHM. A Temepb oGpaTHMCsA K DemICHHAM
YpaBHEeHUS YETBEPTOI! CTEMEHH.

4.10. YpasHeHHUs 4eTBepTOH cTeneHn. Yro ocobeHHOro B uucHe 4?

VYpaBHeHHA YeTBEPTOH CTEIICHH MOXHO CBECTHM K YpaBHEHHMAM TpeTheli cre-
[eHH. ¥ 3TOro ABICHUA HET aHANOTOR Jd ypasHeHHit Goflee BRICOKMX CTelleHeid,
H TIO3TOMY OHO 3aC/TyXHBaeT 0cOOeHHOIO BHUMAHHA.

Yto ocobeHHOrO B avcie 47 Ha 3ToT BONPOC eCTh MHOTO OTBETOB, H MBI Bulbe-
peM ToT, KeTophii TexHUYeCKH NONe3eH HaM celfyac.

B MaTeMaTHKe M3BeCTHB! TaK Ha3EIBaeMble «KOMOHHATOPHEE 3agavyi». PopMmy-
JTHPYIOTCA OHU NIPHOIM3HTENABHO TaK: «eCitH N3BECTHO, YTO TOTO H 3TOTO CTOABLKO
H BOT CTOJBKO, TO CKOMBKMMH CIOCCOaMK MOMKHO CAEATh TO H 3TO?»

Hanpumep: «B Kaacce 20 YIEHKKOB, CKOABKHMH CiocobaMu MOXHO BHIGpaTh
CTAPOCTY M ABYX €70 3aMecTuTenel?» Otpet: 20- 1218 — 3400,

VN «CKONBKUMH CTIOCOBaMH MOKHO BRIOpPATE 2 3e/IeHBIX M 3 KpacHBIX IIapu-
K4 K3 YPHH, B KOTOpOi ecTh Mo 10 HIAPDHKOR KaKAOTO HBeTa?» OTBET: %’-2- X
X % = 5400. U Tak Aanee,

MOKHO 3aMeTHTBh, 9TC OTBETH JOBWIBHO OonblOHe, ropasfo Gombine yuceln,
BXOAfIMX B YUIOBHE 3aja4. VI2BeCTHH TH BaM KOMOHHATOPHEIE 3a/1a4i, B KOTO-
PBIX OTBET MEHbINE ZaHHBIX B YCIOBHY qucelt (B, ckaxeM, Gonbme 1)? MH Takyio
3aja4y 3HaeM,

3adaua: cronexUMU ciocoBaMH MOXKHO pas3BHTE MHOXeCTBC M3 YeTHIpEX aie-
MEHTOB Ha ABe maphi? Omaem: 3 (Ana MHoxecTBa {ABCD} ecTe Tpu pelmeHHS:
AB/CD, AC/BD u AD/BC).

TlopazuTenrHO, HO B 3TOM NPOCTOH 3aaye 3aKMIQIAeTCA OCHOBHAA BAes penre-
HHA ypaBHeHHIt 4eTBepTOH CTENeHH.

4.11. BenoMoraTenbHoe KyOH4eckoe ypaBHEHHE

PaccmoTpHM YpasHeHde
x4 pxt+gx+r=0 (4.4)

(Kax v B KyGHYeCKOM ¢yyae, Ml MOXeM HCKTIOYMTE BTOPOE CIIaraeMoe, CoaepiKa-
ee x°, BEIIONHUB 3aMeHY X = y + ct). OB03HaIHM 4epes Xy, X,, X3, X4 PElIeHMs
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ypaBreHnd (4.4}, Toraa
X px? g = (- x) (X = X )(x ~ X3 )(x — x4),
1, 3HAYHT,
0=1x;+x3+Xx3+ X
P = XX+ X205+ X X+ Xo X3+ X Xg + X3 Xy,
—q = X1 X3X5 + X Xp X4+ X X3 X4 + X5 X3 X4,
F = Xy X3X3X4.
Teneps eine pas ofpaTHMeA K Haluel 3azaue ¥ ITOMOXKUM
¥ = (3 +x2)(x3+ x4),
Yo = (3 +x3)(x2 +X4),
¥z = (X +x)(xz+x3).
3aMeTUM, YTO B CHAY YCJIOBUA HA X + X5 + Xa + X4 MBI MOXEM 3aMMCATH
N ==+ 3 = —(x3+x,)%,
¥a = =+ 237 = —(x3+ %)%,
¥s = =[x 4%, = —(x,+x3)2
Beeaem KyGuaeckoe ypaBHeHHe
Yy +ay?+by+c=0 (4.5)
C KOPHAMH Y|, ¥, ¥3. TOTAa
a==Y1~Y2~Ya
b= 1Y+ Y1+ Yo¥ss
c==NY2a

4,12. Kak BeIpasuTh a, b, c 9epes p, q, r?
TeOPEMA 4.9. a=—2p, b=p?—4r, c=q¢>

JIOKASATEALCTBO (MPAMOE BBIMMCAEHUE). Hd a ¥ ¢ HeMHOro Mpoine, a A
b — pmHHee:

a=-y-y,—y3=0+x)2+(x;+x3)* + (X, +x3)* =
= 2(xf+x§ +x§ +x1x2 +x1x3 +x2x:3) =
= X247+ X3+ (0 F X+ X5) = X+ 124+ x5 +(—xg P =

= (0 + X+ X3+ X, ) —2p = —2p;

¢ = =0Ya¥s = (%1 + X000 + X300y + 2,0 =
= [(0y + 20001 + x3)(x; + x)])* =
= [x3 +x2(xy + x5+ x4) + x5 (35 + XX + X3X,) + XaXaX, ]2 =

=(x} -x] —q) = ¢%
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b=yt nys+yya=
= (%) + x5 )2(%; + x3)% 4 (37 + 23201 + X )2 + (7 + x5 )2 (%3 + x40
= (Xp 32 ) 000y + x3)% + (ory + 220201 + x4 + (300 + %32 (%1 + %)
= x4+ 2530, ++ X3) + X203 + %2 + 4xy33) + 22y 3% (3, + xg) + X2x2 +
+ 3+ 20300 + x0) + 122 + X2 + Axyxy) + 20, X x4 (X + X, )+ XEx3 +
463+ 2030y + 304) + 222 + X2+ 4x20) + 221 X343 + )+ x2xZ =
= ] 4203 (25 + %3) + x2(x2 + X2 + 4xax3) — oryxoxa (X + %) + X3%3 +
47 4 2x5 (005 + %) + X33 + X2 + 4x2%4) — 2201 X2%4 (3 4 X3) + x5x7 +
+ x4 233005 + ) + X302 + 13 + g 34) — 200, X554 (3 +x9) +x2x2 =
= 3 + 4x3(xy + 25 + x5} + 2300y + 35+ x, ) -
— 2x3(x05 + XgXq + XX g} — 62 X X324 + X223 + x2x2 4+ x2x2 =

= x§ — 2x2 (3533 + XpX 4 + Xy Xq) — 6X) X X5 Xq + X2x2 + X222 + X2x2;

P = —x% 4 XoX3 + XpXq + X3Xy;

2

P? = x] — 253y + X4 + XX ) + (XX + Xo X4 + X3x4 )%

D% —b = (s + x4 + X3%,4 )2 — (223 + x2x2 + X2x2) + 621 X3 X3 X4 =
= 2022334 + XpX2X4 + XX X3) + 6Xy Xy Xa Xy =
= 230,23 X4{p + Xg + X, ) + 6Xy XXXy =
= =231 Xy Xa Xy + 6X X X3 Xy = 4X X X304 = 4T

310 yGeAnTeNnbHOE AOKAZATENECTBY, HO M3 HET'O He BHAHO, MOYeMy MOXKHO BH-
pasuth @, b, ¢ 9epes p, q, r. [lonpobyem pasobparbcd. ECim MBI OACTABUM (Hc-
XopHEIe) GOPMYNE! AN ¥y, Yy, ¥3 B ONpefeneHud a, b, ¢, To a, b, ¢ cTaHyT MHO-
ro4AeHaMH OT Xy, Xj, X3, X4 (CTeneHei 2, 4 ¥ 6). 3TH MHOTOWICHH OT Xi, X3,
X3, X4 CUMMemMpUYEcKUE, TO eCTh eCIM NOMEHATh MeCTAMHU Kakue-HUOyZb ABe ne-
PEMEHHEIE X;, X;, TO MHOTOWIEH He USMEHNTCA. JAelCTBHTENEHO, eCliy OMEHATE
MECTAMH Xy H X,, TO Y| OCTAHETCA HEKAMEHHBIM, a ¥, NOMeHASTCH MECTAMH C ;.
AHAJIOTHYHHE M3MeHeHHA NPOH30HIYT, €ClTM MeHATb MecTaMK APyTHe ABa 3Have-
HuA x;. Ho a, b, ¢ TIpH 3TOM He H3MEHATCA, TAK KAK OHH, OMEBHAHO, CLMMEMPUYHb!
OMHOCUMENBHO V;,

B anrebpe ecTh {Hecnomuas) Teopema, MACHIas, 9TO MioGoit cMMMeTpUte-
cKkvit MHOTOWIEH OT TIEPEMEHHBIX X7, X,, Xa, X4 MOXET OBITh BHIpaXeH B BHJe
MHOTOWAEHA OT «AeMeHTAPHEIX CUMMETPHYECKUX MHOTOWIEHOB»

€ =X3+Xa+Xa+ Xy,

€3 = X3Xo + Xy Xa + X0 X4 + X5 + XX g+ Xa Xy,
€3 = X)XaX3 + XXXy + X1 X34+ XaX3 X4,

24 = X1X3X3X4.
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(AHanOrHYHELA pe3y/IETaT CpaBe e /I BoGoro YHea nepeMeHHHRX.) [Tockons-
Xy ¢ =0, BeIMYUHEH a4, b, ¢ ABAAIOTCA MHOTOWIEHAMH OT €5, €3, €4, TO €CTh OT P,
g, r. CTeNleHu p, q, r PaBHH 2, 3, 4, NOATOMY AOKHH BHIIONHATECA PaBEHCTBA

a = Ap,

b=Bp*+Cr,

¢ =Dp*+Eq* + Fpr,
H MBI MOXeM HalTH nepeMeHHEBIE A, ..., F, NOACTaBHB CIIpeAeIeHHES SHAYCHNH
Xy, Xg, X3, X4 (TaKue, 910 X, + X5 + X3 -+ x4, =0). Hanpumep, ecmm x; =1, 2, =—1,
Xa=x3 =0, TOo ), =0, Y, =ya=—1, p=—1, q=r=0,a=-2, b=1, c=0. Cnefosa-
TENEHO,

—-2=A (_l)s

1=B-14C-0,

0=D-1+E-0+F.0,
oTKyHa A=2, B=1, D =0. AHaJTOPHYHO MOKHO HailTi 3HadeHuA C, EHN F.

4.13. Kak BBIpAasHTE X;, X3, X3, X4 Uepe3 ¥y, ¥z, ¥a?

Wrax, ecnu AaHo ypapHeHHe (4.4) derBepToll CTeNeHH, TO MBI MOXKEM TOCTPO-
WTb BCIOMCOTaTeNbHOE YparHeHHe (4.3) TpeThell cTeneHH, PEMNTE €ro U HAlTH ¥,
¥2, ¥a- Kak Temepb HAATH HCXOAHBIE HEU3BECTHHIE Xy, X3, X3, X47 JIETKO: MOCKOIBKY

n = =0 +%,)° = ~(x3 +x4)%,
Yo = =01 +x3)° = —(x3 +x,)%,
Ya= =0 +x4)" = — (%2 + ;)

H X + X3 + X3 + X4 = 0, MEI TOTYYAEM

x1+x2=—-(x3+x4)=:|:\/—_yl,

X1+ Xy = —(%+ %) = £/~ ¥,

X +xs=—(x,+3x3) =%/ —¥s,
3x1+x2+x3+x4=2xl=:|:\/~_)q:}:\/—_y2:|: —¥a,

= ty-nE-nEty-¥
= 3 .

1

DOpMYAB ANA X5, X3, X4 MOYHO MaAKue Hce. MeHsAs 3HAKH B BRIpAKEHUAX L/ —¥,

+4/ =¥y, £4/—¥;, MBI IOAYYAEM BOCEMb YHCEJ, KOTOPHE PAaBHHI X, £y, Xy,
+x,. Ha 3TOM peilleHHe ypaBHeHHA (4.4) 3akoHueHo. JUa yaobcTa MBI IOBTOPHM
BCIO MIpOLeAYpPY OT HaYana K A0 KOHUA.
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4.14. 3axio49eHue: penieHre ypaBHeHus (4.4)

1. IlycTb fJaHO ypaBHEHHE
x*+px?+qx+t=0.
2. PemiM BcrioMoraTe/IbHOe ypaBHEHHE
¥ =2py+(p*-4r)y+¢*=0

¥ 0603HaYUM Y, Y, Y3 €TO pelIeHuUs.
3. PaccMoTpuM BOCEMB YUCeN

i\/ -nEy-)y+t V=Y
5 .

‘{e'rmpe U3 HUX ABJAIOTCA KOpPHAMHU HCXOAHOI'O YpaBHEHHA; OCTa/IbHbIE paBHBI KOP-
HAM, B3ATHIM C 06p 4 MIKINM RHQKOM, HY)K""? 1 TyeTaPITh UY RTE U 0T06paTb KOpHH.

Joxuposnamo KapzaaHo Huxxono Tapranbs
1501—1576 1500—1557

4.15. YnpaxHeHHus
4.1. YpaBHeHHe
x*+9x+26=0

MOXXHO pelIMTh BHO N0 ¢opmysne (4.2), NOCKOIbKY Bce KybHueckue U KBajApaT-
Hble KOpHH U3BJIEKAIOTCA:

x= "{/—13+ 27+169 + V—lz—Jz7+169= V-13+14+ {-13-14=
=¥1+3/-27=1-3=-2.

Haiiaute 6eCKOHEYHO MHOIO KyOHYeCKHUX ypaBHEHHH, KO3QPUIHEHTH p U q KO-
TOpBIX HE PaBHBI HYJIIO H KOTOPHIE 00/1aZal0T TEM K€ CBOMCTBOM.
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4.2, Joxaxure, 9TO popMyna

=r—L2
x=r—,

TAc r — NPOM3BONBHOE 3HAYEHHe KyOHIeCKOTo KOPHA 31/— % +5, B KOTOPOM, B CBOIO
P g

ouepeAb, s — NMPOM3BOALHOE 3HAYEHUE KODHA {f o= + %> AYET POBHO TPH KOM-

IVIeKCHBIX pellleHHs KyGuueckoro ypaBHeHus x° + px + ¢ =0 ¢ KOMIVIEKCHBIMH

3 2
koagpHIHEeHTAMH P, ¢, YAOBJIETBOPAIIINME YCIOBHAM P # 0, —123-7-,— + %- #0,
4.3, Joxaxure, 9T0 ecau Kybueckoe ypaBHeHMe X2 + px +q =0 (c geficTBH-
TeNBHHIMH KoaddunueHTamu) uMeeT ZroHHOH (He TpoliHO#!) KopeHb, TO dopMy-

na (4.2) aaet Apyroit (He ABOMHOI) KOPEHB U OH paseH 3/ ~4q.
e _ze—a cupaseanura GopMyna

4.4. Jna runepBoHYeckoro cHHyca sha=

sh3a=3sha+4sh’a.

Bocronsayiitecs aToii $opMy1oii Tak e, KaK B 1. 4.8, ¥ HailanTe runepSonuye-
CKU-TPHT'OHOMETPUYECKYIO GOPMYIY A9 PEIleHHI KyOHYeCKoro ypaBHeH s x° +
+ px+ g =0 ¢ geficTBuTensHBIMH KoadpuIMeHTaAMK. JNA KakiX 3HAYEHHI p, ¢
oHa paBoTtaeT? CKOMLKO pellieHM JaeT?
4.5. Toapsydace npollegypoit, omucaHHoll B 1. 4.14, peliure crefylolHe ypas-
HeHMA YeTBEPTOH CTeNeHn:
(a) x*+4x+3=0;
(6) x*+2x2 +4x +2=0;
(B) x*+ 480x +1924=0.
3AMEYAHME. YpaBHeHMe (a) HeTPYAHO PDEUIHTE Tak, KaK Y4aT B CTApIIKX Kiac-
cax, MoAbL3YACh METOAAMH YTaAEIBAHNA, TIOACTAHOBKH H I€NICHUA; MBI IIPUBETH eTo
3/16Ch, AA% TOTC 9T00H NpOWUIIOCTPHPOBATh Haml MeTod. OAHAaKo paspelnaeTcd
TONB30BATECH TAKHMH METONAMH /A DelleHHS BCIIOMOTATENALHEIX KyOGHYecKHX
ypaBHeH#i, BO3HHKAIOLUNX Py pellleHdw ypasHeHuit (6) u (B). B mocnepneM cy-
qae YrajaTs KOPHH He Tak-To JIErKo. JUIS Tex, KTO OTYAANCA B CBOMX MONMMTHAX,
JAaeM nofckKazky: noupobyifre —100.
4,6, PemnTe ypaBHeHNe
x*+pxt+gx+r=0,
cAeAyd NpoleAype, ClIMCAHHOH B 1, 4.12, 4.13, npu
Y1 = XX+ Xpxy,
Y2 = Xy X3+ XpXy,
y3 = x1x4 + XoX3.
4.7. Ilyets m, n, k — Takue Tejarle YK, ITO mnk ABASETCA TOIHREIM KBaZIpa-
Tom. Haiigure ypaBHenne x* + px"’ + qx +r=0 ¢ palHOHAIBHEIMH KO3ppHIHEH-
TaMH P, q, ', B KOTOPOTO /M + /7 + vk ABIAETCH KOPHEM.

YKA3AHME. Haligure ypaBHeHHe udeTBepTOil CTENeHH, ATA KOTOPOre KyGHue-
cxoe ypasHeHue (x +m)(x +n)(x + k) =0 genAeTca BCIOMOTATeNBHEM.
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Jlexums 5
YpaBHeHNA NATOMN CTEeNEeHH

5.1. BregeHne

B npeasigymeit 1eKIUH MEL BREETH GOPMYAH ANA PelIeHKA YpaBHeHUH TpeTheil
¥ JYETBEPTOll CTeNeHN «B pagukaiax». T GOPMy/bi BRIpAXKAIOT KOPHH MHOTO-
ynenoB TpeTbell B deTBepToi cTenmeHHM (a Takke, BO3MOKHO, €lleé HEKOTODHS
NOCTOPOHHHUE KCPHH) 4epe2 xoadGdHINeHTE 2THX MHOTO'WIeHOB, TouHee rosop4,
KOpPHHM MHOTOWISHA MOHO BHIPA3HTh 9epPe3 €ro K03(PHIMEHTE! ¢ IOMOIIBIO One-
paumit CIoKeHHs, BEIYHTAHNS, YMHOKEHHAA ¥ H3RIEYECHNA KOPHeR MpoN3soabHOM
LeoH TMONOKATENRHOM CTeneHH. B »TOH sekiuN Hama Iieflb— AoKa3aTh, YTO
IV MHOTOWIEHOB NATOH 1 GoJlee BHICOKHX cTeleHedl TakMX GopMyZI He CymlecT-
BYET.

MNepeHiii peaynesTaT Takoro pofa 6buU1 HosnydeH B 1828 rogy HuancoM XeHpHKoM
A6eneM, KOTOPBIA HaILEN TaKoi MHOIOWIEH NATOH CTeNeHM ¢ HeAbiMH Koaddu-
LMEHTaMH, TT0 HA OANH €T0 KOPEHEb Helh3A MONyYHTh H3 PalMOHAaJNbHBIX YHCEN
NpY HOMOUM oNlepaiyil, nepevyncIeHHHX BrLle. Ofian TeopHd, o6bACHAIOIAN
TaKue ABRAeHWA, MPUGAMBHTENBHO B TO e BpeMs Gbula paspaboTaHa 3BapHCTOM
lamya. (K Hecuactslo, pabora lamya, ymepimero cosceM MoloAwM B 1832 roay,
CTa/1a IMPOKD HABECTHA MaTeMaTHIECKOMY COOBIIeCTBY TONbKO Yepe3 MAThACCAT
ner nocxe ero cmepru.) Teopema, KOTOPYIO MBI 34ech AOKaKeM, He OTHOCHTCA
K OTAeNBHLIM YPABHEHHAM: B Hell HAeT pedb 0 3aBHCHMOCTH KOPHER MHOTOWIeHa
or xoaddunmuenToB, JlokazaTenbeTBo 6yET TEOMETPHUYECKUM, XOTH OHO (HEABHO)
OCHOBaHO Ha HAeaX Teopuu lanya.
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5.2. Yro Takoe pellleHUe B pagHKanax?
HayHeM ¢ KBaApaTHOrC ypapHeHHA
x*+px+q=0. (5.1

Ero penrenne BeipaxaeTca hopmynoii
c= P £+/p?-4q
=

MEI MOXEM OIHCaTh NPOoLEAYPY OTHICKAHMA KOPHEH, H36eXaB HEYIIIONETD CHM-
BoZa 4/ . BMeCTO Hero Mel 3alHAIeM [TOCIeA0BATENLHOCTE GOPMYN

2__ .2 __PFP. . x
X; = p° =44, xz—““2‘+‘“2‘“-

3Had p, g, MBI HaiifieM Xy, 3aTeM X,, 3T U 6ydeT peleHue. [TocKoABKY 3HAYEHHE X,
He eAMHCTBEHHO, KOPeHb X3 TOXe He e fWHCTReHHHIN: MBI HallaeM ace KOPHH ypas-
HeHua (5.1).

Terteps 06paTHMCA K KyOHYECKOMY YPABHEHHIO

X+px+qg=0 (5.2)
K OTATH 2aNUINeM Uenodky dopMyn
3 2
2_ P q 3__ 4 3_ 9 —
xl -—2—7+—4—, xz——§'+x1, xs-—“"‘z-"‘xl, X4-—x2+X3.

Mu momyuaeM ABa 3HAYeHHd X, 4 3aTeM TPH 3HaYeHUA AJAA KaKAOTO M3 X3, X3

TMoxoxe, A9 X, I aeTcd 36 3HaYeHHH, HO Ha CAMOM JeJle TOABKO 9 M3 HMX
4

pazmeHel. CpeAM HHX TPH pellieHHA ypaeHeHHA (5.2} (ocTanbHele MecTh ABA-

V3

IOTCA KOPHAME MHOTOWIEHOB X° + €3pX + g, X° + £3px + g, TAe €3 = —% + Ti—
nepBoo6pasHEIit KyGudeckuil kopeHs K3 1).

AHANOTHYHO MBI MOXeM BHPA3WThL pelieHHA YpaBHeHHH cTeneH: 4 (oM. yo-
paxkHerte 5.1). Tereph MOXHO AaTh TOYHOE onpefeleHue «$OPMYAH B paguKa-
nax», MEI rOBOpHM, YTC YpaBHeHHe

X"+a x4 tag g x+a, =0 (5.3)

(c nepeMeHHHIMH KOMIUIEKCHHME KOG GUIWIeHTAMH 4, ..., 4,) PA3PEULUMO 8 Da-
JUKARAX, EC/IH CYIOECTBYIOT TAKHE MHOTOWICHBI Py, ..., Py (0T, n+1,...,n+N-1

TIepeMeHHEIX) U TaKde HATYpaibHBIe Upcnra Ky, ..., Ky, 9T0 A7 moboro (KoMILIekc-
HOT0) KOPHA X = Xy MHorowieHa (5.3) ¢ gaHHeMM kKo3dpdrOUeRTaMH ay, ..., d,

CYILECTBYIOT (KOMILIEKCHEIR) YHCIA Xy, ..., Xy, YAOBICTEOPAIONINE CHCTEME

k
xll = pl(alr Lrey an):

k
xzz = pZ(als very @py xl)r

R T N R RN I

k
xNN ZPN(al: *rty an.!x'h e xN—l)'
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Me! GyzieM IDHMEHATE 3TC CNpeAe/eHHe U B TOM caydae, Korja ypaBHeHHe (5.3)
cofepXHT (KaK ypapHeHHe (5.2)) MeHee n nepeMeHHHX K03 HIIMeHTOB.

5.3, OcHOBRHOI pesyabTaT

TEOPEMA 5.1. Ypashenue
xX’—x+a=0 G4

HEpA3peliuMo 8 PaOLKarax.

Henaw faHHOH NeKUMH — AOKA3aTh 3TY TEOPeMY.

M3 Hee cneayer, ute obmee ypaeHeHRe (5.3) NpH n > 5 ToXKEe He pPaspeInrMo
B pagukanax. (JeficTBUTenbHo, ecyni 6b1 ypaBHenue (5.3) npu HEKOTOPOM n = 5
610 paspelnnMo B pagiKanax, TO XKe CaMoe MOXHO ObUI0 CKa3aTh 06 ypaBHEHUH
x? —x" +ax"5 = x"5 (x5 — x + @) =0, ¥ Torga ypasHeHHe x5 — x +a =0 ToXe
6ru10 6B paspelinMo B paguKaiax.)

[Ipexce YeM MPHCTYNHTE K AOKA3aTEMLCTBY TeOpeMEl 5.1, MEl cAenaeM OZHO
obee 3aMeuanre. MHOTHM 3TO JOKA3aTeNLCTBO NOKAKETCA HEOOBMHBM, Mbl He
6yaem paGoTaTk HeMoCpeACTBEHHO ¢ $opMy/IamMu B paANKANaX, 8 BMECTO 3TOTO TIO-
ApoGHO NpoaHAU3HPYEM HEKOTOPHIE BelllM, KOTopble Ha NepBhli B3rmsy ¢ Hanred
1e/bio HUKAK He CBA3AHE], KOraa HEKOTOpble YHTATe/H YiKe OIMYTAT pasAapameHue
OT OTPOMHOTO 06beMa «IIOATOTOBUTENBHBIX PaboT», TYT-TO ¥ BHSACHHTCA, YTO A0~
Kaz2aTeJlBCTBO 3aKOHYEHO.

5.4. Yucao kopHeH

4
MreaANOXKEHME 5.2, Ecauyypasrenua (5.4) ecms kpamHuie KopHu, mo a = g—s R

LHHAYE 2080pA,

4 4
a== uau + .
5¥5 374

JIemma 5.3. Ecau b— xpamubtii kopens ypaguenus (5.4), mo 5b%=1.

JACKABATEABLCTBO AEMMBI. Ec/u b — KpaTHEIH xopeHs MHOrOwIeHa x° —x +
+a, o x*> — x+a=(x - b)*p(x), rie p — MHOTOWICH TpeTbeil creneHy. [Tonoxum
x=Db+¢, rae ¢ — HeKoTOpoe Manoe YHIO. Toraa

(b+£)° —(b+e)+a=<e2p(b+e),
b® +5eb* + £2(10b% + 10b% + 5be? + 6% ) —b— e +a = e2p(b +2).
3arem coxpaTtuM b® —b +a=0 1 pasgeauM Ha €:
5b%*—1 = e(p(b+ &)~ 10b% ~ 10b%e ~ 5be® — €3).

OTO PaBEHCTBO CHpaBeAANEO ANA NAW6Oro €, Ho ero MpaBas YacTh MOXeT GhITH
c/ieniada CKOJTb YTrogHo Maio# (1o abcomoTHO BeIMYHHe) P MakIX £. ITO 02Ha-
yaer, YTo BeaudrHa Sh* — 1 cxonp yrogHo Mana, To ecth 5h* —1=0.

JIOKASATEALCTBO NMPEAAOMKEHUA. Ecmu 5b4=1, T0

at=b-b) =b-bP=L. L oK
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5.5. BaprupveM a
Ecat a =0, To ypaBHEHHE HMEET BHA X° — X =0, a ero peieHus pasHsl 0, £1 k1.
Ecnmu Mbl GyfleM MeHATH 4, TO OATE KOpHeil Toxe GyAyT MeHAThCA, HO OHM He

s 4 4
COBN . eCJIH @ He IPUMET OITACHHX 3HAYeHH t £ -1 (pHc, 5.1},
anyr p s T3 P

“ ~

a KODHM

ClacHEIE
3HaAYEeHHA !

e
Puc. 5.1 IIpH papHanvy @ KOPHH TOKE BapLHPYIOTCH

Yro nponaoiifeT, ecin xoadduipieHT a npoiiaeT HeKOTOPHIH 3aMKHYTHIN YT
(«lleTmo»), HAYWHAKIIHICA M 3aKaHYHBAINHICA B Touke 0 (M36erad OMacHEX
3Havenwuit)? Iate xopuei 0, £1 41 ypaBHeHHA x° — X =0 BEpHYTCA K CBOUM 3HA-
YeHHAM 0, £1 % i, HO BepHETCH K KaXABHT KOPeHE Ha CBoe coBCTBEHHOE MeCcTo?
Het! Kopuu, Boofute roBops, moMeHAoTes Mectam {puc, 5,2); Boaee Toro, 1o-
PAROK MPH 3TOM MOMET GHITh nw0fbim. Huske MBI 3TO AOKAXKEM, HO, TIPEKAL UEM

a KOpHH

Puc. 5.2. Korza @ NpoXoAHT NeTa, KOPHH MepecTasusmioTes
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QJOPMY.HHPOB&TB CTPOTHE YTBEPKIeHNA, HAM NPHACTCA HEMHOT'O IOT'OBOPHTE O ne-
pecmaHosKax.

5.6. [lepecTaHoBKH

Hac 6yayT HHTepeCcOBaTh TOALKO NIEPECTAHOBKH MHOMECTBa H3 HATH 3MeMeH-
TOB, KOTOpHE MB 0603HaTMM 1, 2, 3, 4, 5 (Tax 4TO (JIOBO «NePECTAHOBKH» MBI BY-
JeM OTHOCHTE TOABKO K MEepecTaHOBKaM 3TOro MHOXecTBa), OGosHavaloTea Ie-
pecTaHOBKH CHMBOIOM (iiyi;i,is), oae iy, is, i3, I, s — pASAMYHEIE Heble 9MCIa
ot 1 a0 5. Taxoli cuMBON O3HAYAET, YTO NEPECTAHOBKA BHIMONMHACTCA CAEAYIOLIHM
ofpazom:

1—’]':1, 2—’]':2, 3—’[.3, 4-”:4, 5—’]':5.

Kax nparmno, Mu GyieM H306pakaTs IepecTaAHOBKH, KaK Ha PHC. 5.3, TAe CTPefIKH
YKa3kBalOT Ha o6pasbl ANEMEHTOB 1, 2, 3, 4, 5. Hanpumep, puc. 5.3 uzobpaxaer
nepectanoBky (41352). (Crpenky Ha pucyHkax oOHIHO H306paKaloT MPAMEBIMH,
HO MHOrZa MH OyAeM naru6aTh UX, ITOOH H3GemaTh KpaTHBIX NepecedeHHil; mo-
aToMy CTpeska 3 — 3 Ha puc. 5.3 He BrionHe npAMat.)

1 2 3 4 5

1 2 3 4 5

Puc. 5.3. INepecTaHoBKa

Ofmee 9UCI0 NePecTAHOBOK paBHo 120.

EC/IH NoCAeJOBATENBHO BHIIONHHUTE ABe [IEPeCTAHOBKH, CHAYANA &, A 3aTeM f3,
TIOAYYMTCA HOBAs NMEPecTaHOBKA, KOTOPYIO MH OyAeM HaspBaTh npoussedeHuem
nepecTaHOBOK o U 3 u 0bo3HadaTh off. Hanpumep,

(21435)}(13254) = (31524),
(13254)(21435) = (24153).

(3aech BUAHO, YTO NIPOM3BEACHHE MOXET 3ABHCETh OT MOpPAAKA COMHOXHTeNeit).
Jna moGoli nepecTaHOBKY a CYLIECTRYeT o0pamyan MepecTaHoBKa a~!, koTopas
nony4aercd 3 a obpamennem crpenok. O6a nporsseaeHua aa~! M a™'a pasHH
TOXACCTBEHHOI TlepecTaHoBKe £ = (12345). [IponssegeHre U 06pPaTHYI0 MOXHO
NPOWLTIOCTPUPOBATh Ha PUCYHKAX Hanogobue pHc. 5.3: 4To0s HafTH Npou3Bese-
HMe, HY)KHO BTOPOH MHOXHTENDb H300pa3uTh NOA NEPBHIM, a IToGk Haliti obpart-
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Pc. 5.4, Onepauyy Haj HepeCTAHOBKAMH

HYIO NEPecTaHOBKY, HYKHO NepeBepHYTh KAPTHHKY. PHCYHOK 5.4 MAMOCTpHDYET
paBeHcTBa (41352)(21354) = (52341) u (41532)~! =(25413).

9HCO TAKWUX nap s,t, 94To 1< s <t £5, i, > i,. Yucno GecropAaKoB MOKET H3-
MEHATHCA OT HyAs (JIA TOMAECTBEHHOH nepecTaHOBKM (12345)) Ao AecatH (A
nepecTaHoBkH (54321)). B nepecranorie {41352) naTe Gecnopagkos (4> 1, 4> 3,
4>2,3>2, 5> 2). llpoite Bcero Anda noicyeTa GecOopsAKOB HCIOAL3OBATE TA-
KHe PHCYHKH, KaK pHC. 5.3: OecnopsaAKM COOTBETCTRYIOT NepecedeHHAM CTPeok
(MMEeHHO II02TOMY MH CTapaeMca H3beraTk KPaTHbIX NepecedeHuH).

B TeODHH IEPECTAHOBOK BAXHO He Camo Yuco GecnopaaKoB, a ero YeTHOCTS.
IlepecTaHOBKa HA3HBaeTCA yemHoil, eclii YUCI0 GecropAAKOB YETHO, U HevemnHoll,
ecH ducno GecnopaAkoR HeveTHo. HanpuMep, nepectaHoBkH (12345) u (54321)
YeTHEIE, a TepecTAHOBKA (41352) — HerT.

ITPEANOMEHME 5.4. [Ipouasedenue dgyx nepecmanogoi 00Hol YemHoCmu Yem-
Ho. Tpoussedentie dayx nepecrmaHo8oK PAIHOU YETMHOCTIU HEHEMHO.

JIOKAZATEABCTEO. ME BoCTOnb3yeMcsl H306pakeHHeM NpOU3BeJeHHd ABYX
nepecTaHOBOK HA pHce. 5.4, m moBoro s=1, 2, 3, 4, 5 ecTs JByX3BeHHAA JJOMaHaA,
HaYMHAIOINAACA B TOUKE § B BeDXHEM pALY M Begyinad euM3 (pHe. 5.5). Jna asyx

t s t s t
Prc. 5.5. Aokasare/sbCcTBO NpeArmKeHNA 5.4

TAaKHMX JIOMAHHX, HAUWHAIOIINYCA B TOUKAX § M £, eCTh TPH BAPHAHTa pacmioiIomKe-
HHA: 1) OHK He [TepecekaloTc HH B BepXHell, HM B HIDKHEH 9acTH pUCYHKa; 2} OHH
nepecexalyTca 1160 B BepxHeil, 160 B HIDKHE YACTH DHCYHKA, HO He B o6enx;
3) OHHU TIepecexaloTca W B BepxHeH, 1 B HIDKHell yacTH pucynka. Obiee uncio
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nmepecedeHH 3THX JOMaHBIX B ofenx yacTax moxer GuITh pagHEM 0, 1 wam 2.
Uncno nepecedeHHH TeX ke myTeH Ha H300paKeHHH Npou3BefeHWA (rge MyTH
BHIPAMISIOTCA) PABHO COOTBETCTBEHHO 0, 1 B 0. YeTHOCTH A0 M NOCAE BHIIPAM-
JIEHWA COXPaHAIOTCA.

CneacTtBME 5.5. [Jna rioboil nepecmanosku o uemHOcmil nepecmanoaor & u
o~ cosnadarom.

JOKASATENBCTBO. JTOT GaKT C 0YEBHAHOCTBIO CIIEAYET U3 PABEHCTBA @~ 1 =¢.
CneacTBUE 5.6. Hmeentca poano 60 uemuetx u 60 Heuemubix nepecmaHogor,

JIOKASATEARCTBO. IlyeTh ay, dy, ..., &y — BCE YETHEIE IEPECTAHOBKH, A ¥ —
HeKoTopas HedeTHad TepecTaHoBKa (CkaxeM, {12354)). Torga Bce nepecTaHOBKH
Bi=ra,, ..., By = yoy HEYETHHI M PA3NHUHEL eChH ya=ya', T0 Y 'ya=7"lvd/,
TO €cTh & = ¢¢’. KpoMe TOro, Bce HeUeTHBIE MepecTaHOBKH BXOAST B MHOXECTRO
BCEX ITEPeCTaHOBOK f;: €M § — HeYeTHad NepecTanoBKa, TO IepecTaHoBka ¥~ B
Heuetnas ¥ S =yy~'8. Takum 06pasoM, YeTHEIX IEPECTAHOBOK CTONBKO e, CKOJMb-
KO HedeTHBIX, 4 MOCKONRKY Ka)KAad MepecTAHOBKA AHGO YeTHa, MMH0 HevyeTHA H
BCEro Ux 120, YeTHHIX NepPecTAHOBOK, KaK M HeYeTHEIX, — POBHO 60,

Ceifyac MEI JOKaXEM ABE TEOPEMEI O [IEPeCTAHOBKAX, KOTOPble HaM MOHAZO-
faTed B CIeAYIOIHEX MYHKTAX 3708 Aekiui, BHaYame MBl TIOKaXKEM, YTO KAKIAYIO
YeTHYI0 NMEePECTAHOBKY MOXHO NIPEACTARMTE B BHAE TIPOM3BEJCHHS HeGOMBIIOro
YHCIa CIEUHANLHEIX IepecTaHoBOK. MX Beero yeTripe:

a, =(52341), o, =(15342), ay=(12543), a,=/(12354),

(B KaXAOH K3 9THX TIEPECTAHOBOK i-i 3IeMEHT MEHACTCS MECTAMH C TIATHIM, a OC-
TafiLHEBIE OCTAKTCA HA MecTe).

TecreEMA 5.7. Kancdas nepecmatoska moxem Guimb npedcmasiena @ sude npo-
u3sedeHUA NePeCiaHO80K &;.

JOKA3IATENRCTEBO. PaccMoTpuM mzoGpakeHue (aHamorwdHoe puc. 5.3) Aan-
Hoil mepecTaHOBKH. ByJem CUMTATD, ITO HHKAKHE Ba NepecedeHH He pacnoIoxe-
HEI Ha OfHOH COPH3CHTANH, U MepecedyeM PUCYHOK TOPHAOHTAIBHBIMI NPAMBIMH
Ha YaCTH TakK, YTO B KawJoL YacTH ecTh TOMBKC O/[HO nepecedenue (puc. 5.6). To-

1 2 3 4 5 1 2 3 4 5
b1
B
B
B
P

1 2 3 45 1 2 3 4 5

Prnc. 5.6, PasnoskeHHe HepecTaKOBKH B NpoHaseneHue B;

4 %ax 3647
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raa nepeCTaHoBKa pacajacTca B NPOH3BCACHHE «3leMeHTAPHEIX 'rpancnosnunﬁ»
B = (21345), B, =(13245), B, =(12435), B, =(12354)

(B mepecTaHoBKe f§; 37eMeHTH [ H i+ 1 MEeHAIOTCA MECTAMM, A OCTANBHEIE OCTAKT-
cH HEeH3MeHHBIMH). OcTaeTcs 3aMeTHTh, YTO

Br=aya a5, By =aza,a;, By=auasa, Bi=ay
(yGemurech B aToM!).

Jl1a aByx nepectaHoBok a u 8 ux xommyrarop [afi] onpeaenserca mo ¢op-
myne afa1$~1. OueBuaHO, KOMMyTAaTOp MOGLIX JBYX NEPECTAHOBOK — 9YETHAS
HepecTaHOBKa.

TeoPEMA 5.8. /00as uemHan nepecmanosKka SEAAEMCA npoussedeHuem KOM-
MYMaQMopos YentbiX NepecmaHoBok.

Y2
Ys

Ya

Puc. 5.7, lloka3aTenpcTBO TEOpEMHL 5.8
JOKA3BATENBCTBO. PajfilenuM pHcyHOK AaHHON YeTHoH NepecTaHOBKW ropH-
SOHMTANLHBIMM MPAMEBEIMH Ha YacTH, KaKJ1ad H3 KOTOPHX COAEPMHT MO ABA Nepe-
cevenus (puc, 5.7), Toraa rama NnepecTadoBka 6yAeT NpoH3BeJeHHEM [epeCcTaHo-

BOK C ABYMA IepecedeHnAMH, OTeBHAHO, HMEeTCA POBHO AEBATb TAKHX IepecTa-
HOBOK (pHc. 5.8); 0603Ha4YHM HX Y1, -.., Yo-

X X1 XX 1XX
X1 11K
XTI 1T

Puc. 5.8. [lepecTaHoOBKH ¥
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Kaxpan ux HUX ABAAETCA KOMMYTATODOM ABYX WeTHEIX NEPeCTAHOBOK:

v, = [(42135), ys), vi={vs7v2], ¥7=I[va 73l
¥s = [(42351), (14352)], 7vs = [(52431),(53241)], 71s = [(53241), (52431)],

vs = [15,(14352)]), ve=1{r2m1)s rve=I[r1,72]
(y6eaurect B aTomM!).

3AMEYAHKE 5.9, Teopema 5.7 1 ee ZOKa3aTeIECTRO OCTAIOTCA B CHIIE AN NTepe-
CTAHOBOK 1t AMEMEHTOB s JIOGoro n 2 2 (KOHEYHO e, B 9TOM Cilygae HyXHO pac-
CMOTpeTh it — 1 NepecTaHoBoK ;). OfHAKO YTBEPHASHHE TeOPEMH 5.8 He BHINON-
HAETCA 219 NepeCTAHOBOK N 31€MEHTOB, €CJIM it < 5. IMeHHO B 3TOM 3aKII0YaeTCA
NpHYMTHA TOIr'0, 9TO YPABHEHHA CTENICHH MeHbINe ATOH paspelnnMbl B pajiHKaiax.

5.7. Bapuauua @ ¥ HepecTaHOBKH KOpHe#

PacCMOTPHM Ha IHTOCKOCTH H3MEHEHMS & 3AMKHYTRI myTh (eTo), KoTophii
HauyKHaeTcd B Touke O, NPHGMIDKAETCH BAONL AefiCTBHTENBHO OCH K «ONacHOH

TOUKE» djy = 544—‘/3, 3aTeM OrMBaeT 3Ty TOUKY NPOTHB YacOBOM CTpeNku BAGIL OK-

PYKHOCTH O4eHb MaIOTe PajKyca M HaKoHell BO3BpaimaeTcs B TOYKY 0 BAob geil-
CTBHTENILHOM OCH.

OxasHBaeTcs, KOPHH MHOTOWIEHA X — X + a PEearupyloT HA TAKOE HaMEHEeHHe
a cineayromum o6pazoM (puc. 5.9). Kopru —1 H i CIIHCHEBAKT A0BOALHO MaJIeHB-

KHe NEeTIM U BO3BPAIlaloTCA K NCXOZHOM NO3KIKA. A BOT KOpHY 0 1 1 npubmpka-
1

IOTCA K TOUKE by = 73 (1, cegoBaTenbHE, APYT K APYTY), 3aT€M AenaioT man-o06o-
poTa No YacoBOH CTpeNKe BOKPYT by, a 3aTeM ABIDKYTCA BAONL AeHCTBHTEeNbHON
ocH K 1 M 0 COOTBETCTBEHHO. B YacTHOCTH, OHH MEHAIOTCA MecTaMH: (F mepexoanT
Bl,ale0.

A = A

a KOPHH L
[+]

© e S e e ——
JE— dp — 0 —
Q
4 —i
—

(a) (6)

Puc. 5.9. CnennansHaA BapHanHA lapaMeTpa a
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JlaBaiite pas6epeMcs noueMy. I'paduk GYHKINM ¥ == x° — x H306paeH Ha puC.
5.10{a) (ero Aerxko MOCTPOHTH KAK PAa3HOCTh XOPOINO H3BECTHBIX rpaduKoB y =
=x> H y =x). Eciu ¥ GyHxuuu mpuaputs a > 0, To rpaduk MOFHUMETCHA BEEPY,
KOpeHb —1 c/erka CMeCTHTCH BJACBO, KOPHH 0 M 1 cOAM3ATCA W IIOYTH COMBIOT-
ca (B Touxe by), korma a npubamarTea k g (prc. 5.10(6)). Koprn +i ocraHyrea
KOMIUIEKCHO CONPAKEHHBMH; OHH HUKOIZA HE NepeceKaloT AeACTBHTEALHYIO OCh
(ecau 6bl 3TO NpoM30LLTO, TC OHU Npubauaunkck Gbl K Heil OAHOBPEMEHHO U Npe-
BpaTWIHCE GBI B ABOiHOI KOpeHB).

J\y J\y
By 1 x . % x
-1 - -1 1
y=x%—x ag y=x’—x+a
asdy, a<dg

(a) (6)

Puc. 5.10. Aea rpapuka

Korfa a o6X0AHT a,, TPH KOPHA, BHINIEAIIME M3 TOUeK —1 ¥ i, HOYTH HE Me-
RAIOTCA; 4 ITO HPOHCXOANT ¢ ABYMS APYTUMH KOPHAME? BozsMem HeGonbilioe (10
abcomoTHolt BENHYKHE) KOMILIEKCHOS YHCHO € U TOCMOTPHM, JUIA KaKUX 4 ¥ MHO-
rowIeHa x° — x +a eCTb KOPeHb b, + £. JUIA 3TOr0 NoHAZoGATCA HECIOKHEIE TIpe-
obpazoBaHin;

a = (bo+€)—(bg+£)° = by~ + (1~ 5b3) - £2(10b] + 10eb3 + 5¢%hy +£) =
= ao— £2(10b3 + 106b? + 5&%by + %) & a,— 10b3¢?

(MBI BOCIO/IL30BANHCh PaBERCTBAMH by — b] = a, M 1 — 5bg = 0; CHMBON A~ 03Ha-
qaeT IpHGIIKEHHOE PABEHCTBO, MOTPEHIHOCTL KOTOPOTO ropasAo meHsie [g(?).
Hrak, xorfa x OGXOAKT [0 9acOBOH CTpeAKe NOA-000poTa BOKDYT by, TouKa a je-
saeT uedrlit Kpyr npoTHB HacoBoil cTpelike BOKPYT TOYKH dy; H HaoBopoT, KorTda
a AeflaeT MOMHBLE 060POT BOKPYT dg, X AeiaeT noa-obopoTta BOKpYT by. B peaynb-
TaTe ABA KOPHA X, GMH3KMe K by, MEHAIOTCA MecTaMHi. 3THM OOOCHOBBIBAETCA TO,
910 K306paxeHo Ha pHc. 5.9,

Telleps CAeAaeM eIe OAHO NpocToe HabmoaeHne, KopH#t MHOTOWIeHA X° — X +
+ia NOJNy4aI0TCH U3 KOPHEN MHOrOWIeHa x° — X +a YMHOMEHHEM Ha {. DTO 03Ha-
YaeT, YTO eCAH MbI MOBEpPHeM pHC. 5.9(a) NpoTHUBR HacoBOH CTpeaku Ha 90°, To
5.9(6) ToXe nMoBepHeTCA NPOTHB YacoBOH cTpefiki Ha 90°. Mbt BUANM, UTO MET/H,
TOXCHE Ha MeTIo Ha puc. 5.9(a), Ho obxoaaume ia,, ~aq B —ia, (BMeCTO a,), 1Mo-
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KOPHH KODHH KOPHH KOPHH

Puc. 5.11. Kopau MeHSIOTCA MECTaMH

MEHAIOT MEeCTaMH kopeHb 0 COOTBETCTBEHHO C KOPHAMH I, —1 B —I, a oCTaBIIneCH
KOPHH OCTaBAT Ha MecTax {(puc. 5.11).

Eme onHo samevanre. KoMmosuuua AeyX meTenb (To €CThb OYTh, KOTOPHIA BHA-
Yyane HAET BIOMk OFHOH NeTNH, A MCTOM BAMIb BTOPOI) NIPHBOIHT K IepecTaHOB-
Ke KOpHel, KOTopasd ABAASTCA NPOU3BEAEHUEM NEPECTAHOBOK, COOTBETCTRYIONX
3THM ABYM NETAAM.

C y4eToM BCero cKkasaHHOTO MOMHO BHIBECTH IMIABHBIH PE3YALTAT STOTO IYHKTA
(obemaHHELi emie B 1. 5.5).

TeEOPEMA 5.10. Jns moboill nepecmanoexy namu Kopreid 0, £1, +i eviyecmeay-
€M Nenia ¢ HAUAAOM U KOHUOM 8 mowxe 0, KOMOopas He Npoxodum uepes mouxu

4 4 "
+——, £—— u npusodum k danHoli nepecmaHoaKe.
sv5’ sz 1P P

JOKASATEARCTBO. [IpoHyMepyeM 3TH KOPHU B mopaake 1,i, -1, —i, 0. Onu-
CaHHAA BHINIE KOHCTPYKLUMA AaeT NeTIH, KOTOpPhle HHAYLHPYIOT epecTaHOBKY o,
d,, A3, &, (B 06o3HaUeHHAX N. 5.6). [TosToMy MEI MOXKEM HallT neTiio, KoTOpas
MHAyuUMpyeT moboe MPOU3BEAEHHE 3THX NepPecTAHOBOK, TO €CTh, COMMIACHO Teope-
Me 5.7, IpOH3BOABHYH MEePECTAHOBKY,

5.8. Bapuanua a y MepecTaHOBKH NPOMEKYTOTHBIX PANHKANOB

HPGAHOJIO}KHM, 4YTO YpaBHEeHHE (5.4) MOXHO PELINTL B PagvuKanax:
k.
x],l =P l(a):

x:’ = Pz(a, xl):

O T R T

k
x = pyla, xp, ..., Xy_1)
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M BCe pellleHHA ypaBHeHHA (5.4) cofepxaTcsa cpeid BO3MOXHBIX 3HAYeHHH xy.
TeopeTUYeCKH MBI MOXEM DOIYYHTL kik,...ky 3HaueHuil xy, HO HEKOTODHE H3
HHX MOTYT COBMNAAATD JUIA BCEX 3HAUSHHI @ (MBI CTANKMBANNHCE C YTHM ABACHHEM
B chydae KyfGHueckoro ypaBHeHHs). TaK UTC ¥ HaC ecTh LieAan «MHpaMHja» 3Hade-
Huil, cM. pHc. 5.12 (3T0 cxeMaTHYecKUi PHCYHOK, B AeHCTBHTEALHOCTH GYKBAIBHO
TaKag CHTYAI[HA He MOXeT HMeTh MecTa: ec/TH OBl Ba 3HAUeHHSA X, COBNAIH, KaK
MOKXA3aHO HA PUCYHKE, TO HALAKCE OH [0 KpaitHel Mepe enle ABe maphi COBMAAAI0-
LMX 3Ha9eHnit), Ecu MBI MeHAEM @, TO Ha9HHAET MeHATHCA Bed NHpamuaa. [Tpu
JTOM B&KHO, YTO 3HAYEHNA Xy, KOTOPHE ABALIOTCA pelleHAMH ypaBHeHHA (5.4),
OCTAIOTCA pellleHHAMH YPaBHEHHA (5.4), M OHH MEHAIOTCA TaK, Kak ObUTo MoKasa-
HO B IL. 5.7.

3HA9EHHA X 1

JHAYICHHA X,

R A I A A RN I AR I

O B B A R

Puc. 5.12. TlupamMnaga sHAYEHHH X;

U eme ogHO 3aMeuaHne. Kak MBI yike 3aMeTWIM, HEKOTOPHIE BHAYCHHA Xy
(ama moboro M) Moryr coBnajaTek AiA BceX d. 3TO MOryT OHITE M caydaiiHnle
COBNAAEHHA, KOTOPHE BO3HMKAIOT ANA HEKOTOPHX ClTENNANBHBX N30AHPOBAHHEX
sHaueHuit a, Hanpumep, y ypasHeHHA

xfl = pi{a)

ecTh k, petteHHH (OTHOCHTENBHO X; ), ecqu p;{a) # 0; ecan p,{a) =0, TO eCTb TOIb-
K0 0AHO pemieHne (x; =0). [ToTOMY KOPHE MHOTOWIEHA p; (MX JHME KOHeUHOE
9MCI0) — 3TO MeCTa «clyqaltHEIX coBlazeHri». HaM nmpuaercs 06bABUTE 3TH KOP-
HH «ONaCHHMH>» (BAOGABOK K YETHIPEM OMACHBIM TOYKAM U3 1. 5.5). CoBnageHue
BO BTOPO# CTPOKe BOZHHKAET, €CaH

pZ(a, xl) = p2(ar x;)
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k
AN IBYX PA3AU4HBIX PellleHui x,, x| ypaBHeHHA X' =p,(a). ¥ cucreMel

xf] = p](a)s
b = pyla),
. Pala, x1) = pola, x;)

nnbo KoHewHoe uKCIo pemreHuit (a, Xy, X|) (M B 5TOM CAy4ae Mbl Ha3RIBAaEM COOT-
BETCTBYIOLME 3HAYEHH 4 ONMACHBIMH), 1160 ¥ Hee ecTh pellleHU A BCeX d U Tak-
e HEKOTODhle H30MMPOBaHHbIe pemenns (a, xq, X;} (M Mbl Ha3bIBAEM OMACHHIMA
3HaYeHHA ¢, COOTBeTCTRYIOUINE STHM pellleHusM). [Ipoaomxas Aanee TakuM obpa-
30M, MH 0OBABHM ONacHEIMM KoHedHHIH Hafop 3nayeHuii a u B GyxyieM Byaem
paccMaTpHBAThH TOALKO Te ITETH, KOTOPEle He MPOXOAAT HE Yepe3 KaKue onacHble
3HaYeHHs, CTapbie WA HOBHe. (KcTaTH, MOMKET CIYYHThCA TaK, YTO HYNEB CTAHO-
BUTCS ONACHBIM 3HaYeHHeM. TorAa HaM PUAETCA PACCMATPHEBATE NeT/H, KOTOPHE
HAUWHAKYTCH HEe B HyA€, a HeKOTopoH ApyroHd HeomacHoM Togke NMoOIH3IOCTH OT
HEro,)

5.9. KoMMyTaTOphI NeTens

Tlyets I, I, — ABe meT/IH Ha IIOCKOCTH HaMeHEHHA MapaMeTpa a. PaccMoTpuM
nyrs [1y, [,] =411, koTopsiit creayer BAonb neTM Iy, 3aTeM BAoMb TN Iy,
3aTeM BAoMb [; B o6parHOM HampaBjleHHM H HaKoHen BACHE !, B 06paTHOM Ha-
npasneHnH (puc. 5.13). 3ToT MyTh 06pasyeT NeT/IO ¥ Ha3bIBAETC KOMMYTATODOM
nerens Iy u l,.

Lz

Puc. 5.13. KomMMmyTaTop netens

JlemMa 5.11. Ecau nemna I Ha nrockocmu nepesmernoll a aersemcs npoussede-
HUEM KOMMYMAamopoa nementb (He NPOXOJAWLX Hepes ONACHBIE MOYKU), Mo adpua-
yua a edons | sosepawaem xaxcdoe 3HAUEHUE X 6 UCXOOHOE NONONCEHUE.

JAOKAZATEARCTBO, Ang moboro (6esonacHoro) sHaYeHUA @ MOXKHO [TOAYIUTE
ky sHaveHuii x; U3 ogHoro mo popMynam

2 ky—1
X1; X1 €k X1Ej s 0s X165,
TAe &, =Cos i—“ +isin i—“ — nepeoobpasnmlii k-1 kopeHb H3 1. OTHOEHUA 3THX
1 1

3HaYeHuH| Xy OCTAKTCA NOCTOAHHBEIMH B IPOLECCE HAMEHEHNA 4.
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O6oanaunm [ =1, L1715, Tlycrs uaMeHeHHe @ BAOAL [, MEPEBOAKT X, B xlsk”:‘

+
(1, cneaoBaTENLHO, NEPEEOAUT xle}; B xl.s',:i ™y,

a M3MeHeHHe a BAoJb [, nepeso-
ANT X| B xls;:’ (u, crenoBaTeIbHO, IEDEBOMNT X, € B X e;:"m’]. Toraa necaeAcBa-
TebHaA BapHallis a BAOD 1}, b, [T u I;! npeo6pasyeT x; no npasuy

My +y—m,
ks
Taxum ofipazoM, Bapuanua kosdQHIEHEeHTa a BAOAL KOMMYTATOPA NeTelb NepeBo-
JAMT Kaxjoe 3sHauYeHHe X, B ce64, 1 To e caMoe ClipaBeIMBO A4 NPOH3BeACHHA
KOMMYTATOPOB,

iy 1y —fity —fity

Xy = X6 — xls::'+m’ - X, — X1 =x,.

JIEmMa 5.12. Ecau nemas ! Ha naockocmu nepeaenHoll a sanAemca npousse-
deHueM KxoMMmymamopos npouseedeHull xommymamopos nemens (He npoxodaiyux
uepe3 OnAcHbie MOYKLLY, MO sapuayun a edorb [ aoaspawgaem xaxcdoe U3 3HaveHul
X1 U Xy 8 UX UCXOOHBIE NOROHCEHLLA,

JOKAIATEALCTBO, [lycTh I — KOMMYTATOp neTens iy, {5, KOTopbie, B CEOIC OYe-
pearb, ABNAIOTCA TpoUsBeJeHHeM KoMMyTatopos, Torga cornacHo neMme 5.12 Ba-
PHaIHA @ BEOAB KaX Aol us netens I, [, nepepoguT kakgoe sHaYeHHe X; B cebA.
IockoneKy

k
x22 = p?.(a) xl))
Xo JNOMKHO NMepexouTs B xze};’; A HekoToporo m. B atoM cydae xz.c:;2 nepexo-
AT B X; s;:'"‘ (Beap OTHOMEHHE 3HAYEHUH X,, COOTBETCTEYIONIMX ONHOMY K TOMY

e (MeHAIOIIEMYCH) 3HATeHHIO @, 0CTAeTCA TIOCTOARHEM B MPOLIECCe M3BMEeHEHH ).
TakuM ofpazoM, mocieAcBaTeNbHAA BAPHALHMA BAOIE TeTens 1y, L, 11‘1, [ ! npeo6-

PA3YET X, CACAYIOIHM OﬁpaSOM:
— m; Ty ity my Ry =y my gy —my—my =
Xy xzskz b xzskz hansd xzekz — xzé‘kz Xa.
HTaK, BapHanudg a BAONE KOMMYTATORA HPOHSBeﬂEHHﬁ KOMMYTaTOPOB NETENE,
He MPOoXodHX Yepes OTIaCHeIe TOYKH, [IEPEBOIUT mofoe 3HaAYEHHE Xg (Kal( H AW~

Goe 3HaveHHe Xx,;) B ceb, U TO e caMoe OTHOCHTCA K JIOGOMY IPOKH3BEASHHIO
KOMMYTATOPOB IpOH3BejeHHit KOMMYTaTOPOB.

ITponom¥as B TOM e JiyXe, MBl IOKaXeM LEIOYKY JeMM; npueeseM dopmynn-
POBKY MOCAeHeH.
JIEMMA 5.13. Ecnu nemas | aansemcs
npoussederueM KOMMYMamopose
npoussederuil Kommymamopoa
N pas

L N RN R A R IR

npoussgederuil KoMMymanmopos

nement (He NPoxXoOMULY UePE3 ONACHBLE OUKU), MO u3MeHerue a sdons | nepego-
OUm 6ce 3HAUEHUA X1, ..., Xy 8 UCXOOHBIE NOROHEHUA.

HaxoHe1{, MBI TOTOBBRI K ACKa3aTenbLLTBY OCHOBHOI1 TEOpEMH.
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5.10. /loxa3aTeIbCTBO OCHOBHOM TeOopeMbI

IIpeAmnoioXKM, 9TO ypaBHEHHE x> — X + a = 0 pa3pelIuMo B pafuKanax. 3adpuk-
CHpyeM HEKOTOPYIO HETOXJECTBEHHYIO YeTHYIO IePECTaHOBKY Q, KOPHEi 3Toro
ypaBHeHus. [IpescTaBuM o B BH/E MPOM3BeJEHHUs KOMMYTATOPOB YETHBIX IEepe-
CTaHOBOK:

ao = [ay, ayllas, ag]...[ay_q, ayl.

3aTteM npeacTaBUM KaXXJy10 I€epeCTaHOBKY Q; B BH/€ NIPOU3BEAEHUA KOMMYTaTO-
POB YE€THBHIX MEpeCTaHOBOK:

a; = [ay;, alz]-'-[al,Zt—lﬁ ay ],

Y TaK jjanee, Bcero N pas. Ui KaXA0W NepecTaHOBKY a; | ; , BO3HUKAIOLIEH Ha
nocneAseM, N-M ware, Hadgem newno ; | ; , He IPOXOAALLYIO Yepe3 OracHbIe 3Ha-
4eHHA a ¥ MHAYLMPYIOLIYIO 3Ty IePeCTaHOBKY. B BhIpaKeHHH a, Yepe3 Bce a; | ;.
3aMEHHM Ka)K/JyIO IEPECTAaHOBKY @;  ; Ha COOTBETCTByIOWyio newmo [; ;. Ilo-
JIy4uM IIET/II0, KOTopas sBiseTcsa N-KpaTHBIM Npou3BeAeHNeM KOMMYTAaTOPOB Ile-
Tenab (kak B jeMMe 5.13).

C onHO# CTOPOHB], 110 JleMMe 5.13 3Ta rme'mia BO3BpalliaeT Kakoe 3HaYEHHE Xy
B MCXOZHOE MOJIOXKEHUE U N03TOMY BO3BpalljaeT Bce KOpHU ypaBHeHus (5.4) B uc-
XoZiHoe noyioxeHHe. C ApYyroii CTOPOHBL, 3Ta Nemisd HHAYLHpPYeT (HeTOXIECTBEH-
Hy10) [IEPECTAHOBKY (; KOpHEH.

DTO IpPOTHUBOpeYHe oKaskiBaeT TEOPEMY.

Hwibc Xenpuk Abesb 3Bapucr l'anya
1802—1829 1811—1832

5.11. YnpaxHeHUa
5.1. 3anuumre LHeno4ky ¢opMyJl, KaK B KOHIIE 1. 5.2, JUIs peLieHHs YpaBHEHHsA
x*+gx+r=0.

CKOJBKO y Hero peueHuii? IIocTOpoOHHUE pelleHUs SBJSAIOTCS KOPHAMH HEKOTO-
PBIX ApYTUX ypaBHeHUH. Kakux?
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3AMEYAHHE. MBI IIpeANOYMTAEM DPACCMOTPETH YPaBHEHHME UeTBEPTOH Crene-
HU CHeHaNbLHOrO BIAA, KAK YKA3aHO BEIUIE, MOCKONBKY Ay Gomee obinero ypas-
HeHud x* + px® + gx + r =0 pemeHde NOYTH TO xe camoe, HO GOPMYIIH rOPA3A0
ANMHHee,

5.2. JoKaxuTe, YTO CYLIECTBYeT PORHO YETHIPE NIePECTAHOBKH (i, iy, i3, i4) ane-
MeHTOB MHOXecTBa {1, 2, 3, 4}, koTopsle MOryT GBITE MPEACTABACHH B BUAE NpPO-
H3BefleH)A KOMMYTATOPOB YeTHLIX NepecTaHOBOK (Ha CaMOM Jie/le OHH ARIAIOTCA
KOMMYTATOPaMH YeTHHIX ITepecTaHOBOK). JoKaxkHTe 3T0 H HalfiuTe 3TH deThipe
TIepecTaHOBKH.

5.3. PaccMoTpHM Kybudeckoe ypaBHeHHe

X*+ax—1=0.
Hpu a =0 y 3TOr0 YPABHEHHUA TPH KOPHA: 1, £53= ;1—2—’/-—%5 H £,

(a) [lpu kaKMX 3HAYCHUAX a ¥ 3TOrC YPaBHEeHHA ecTh ABOIHbIe KOPHH (TO CTh
YeMy pPaBHEI «OITACHBIC 3HAYEeHMA» a)?

(6) OfHo U3 >THX ONACHKIX 3HadeHuit a geficTBHTeNBHO (M OTpHITaTENBHO). Ec-
71 @ OBXORUT 1eTAI0 BOKPYT HTOP) ONACHOT'C 3HAYEHU, HAYHHAIOWYIOCA B To4Ke O
(kax n3oGpakeHo Ha TpeTheM PHCYHKe B BEPXHeM DAXY Ha puc. 5.11), To kaxad
nepecTaHOBKa KopHeil o6pasyeTca B pesyasrate?

() Nokaxure, yTo mobad mepecTaHOBKA KOPHell MoxeT GBITH NOAyIeHa U3
NeTIH, HaYHHaWeHca B To9Ke a =0, He NpoXoAAneH Yepea OMmacHbe 3HAYeHKA @
H Boa3Bpamaiomeiics B 0.



Jexuus 6

CKOJIBKO KOpHell y MHOTOYIeHA?

Yixe He pas Ml O6CYKAQTH B 3TOH KHHTe KOPDHE MHOrowieHOB. CKOpee BCETO,
CTY/IEHT, H3yJaloIuii MaTeMATHKY (WTH NPaKTHKYIONMI MaTeMAaTHK), IPOYHTAR
HazBaHUe 3TO JeKipH, Cpa3y BCIIOMHHT, YTO IHCNO KOPDHell MHOTOWIeHA CTele-
HH n He MOXeT ORITE Gonbie . HexoTophie 06aBAT, 9T0 eCH CIHTATH KOMIUIKC-
HEle KOPHH C Y4eTOM KPaTHOCTH, TO 3TC YHCIO B FOUHOCTH PABHO 1 (MBI JOKAXEeM
3TY «OCHOBHYIO TeopeMy anre0pel» B I, 6.4).

Ho Hara nexius He 06 2ToM. ME! 00cyIuM ABa AOBOJIBHO YAHBHTEIBHEIX $aK-
ta. [epBuiit: yncno AelCTBHTENBHRX KOPHEH MHOroUYiAeHa ¢ AcliCTBHTENbHEIMH
Ko3dpHUIHeHTAMH 33aBHCHT OT YHC/IA HeHy/IeBbIX koadduuneHToB Sonnile, yem oT
€ro cTeleHH. BTopoil: X0TA He cyllecTByeT ABHBIX $OPMYI ANA KOpHel (cM. lex-
Mo 5), MOXHO TOYHO YCTaHOBHTH, CKOIBKO KOPHeil ¥ JaHHOIC MHGTOWICHa Ha
JAaHHOM OTpe3sKe.

6.1. ManowreHn!

ManowieHb: — HemMaTeMaTHYecknit TepMun!. MH 6yJeM Ha3BaTh TaK MHOTO-
4ieHbl BEICOKAX CTeNeHel 1 ¢ MaAbM KONHYeCTBOM HEHYIEBHX KoadduiMeHTon?,
K THIIMYHBIM MasowieHaM oTHocATeA x 100 — 1 wwin ax® + bx™. QOcHOBHOe CBOHCTBO
MATOWIEHOB 3aKII0YaeTCs B TOM, YTO ¥ HHX MaJo KOpHeil.

13ror repmmn 60 opuaymaH A. T, XoBawckum,

2Beiogy B 3Tolt MEKUMM, 38 HCKTIOUEHUEM NOCAEAHNX TYHKTOR, Mbl GYjeM CUMTATh, HTO KO3b-
(UIMEeHTH MHOTOWIEHA AeHCTEMTeNbHEE, B GyAeM UHTEpecoBaThCA TOABKC AeHCTEHTEBHBIMM KOp-
HAMH,
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TECPEMA 6.1, ¥ mHozoureHa ¢ k Hexyneabimu koagutiiermanmt te 6onee 2k —1
deticmaumenbHbix KopHeti

JIOKABATEALCTBO. [IpoBefiem uHAYKuMIo o k. [Ipu k=1 yreepxaeHHe oge-
BHAHO: Y ypaBHeHHs ax" = () TOABKO OAUH KOPeHb, 8 MMeHHO X =0.

Iycre f(x)— MuorowieH ¢ k+ 1 HeHyneBuIME kKoaddHimenTaMu. Toraa ans
HEKOTOpOro r 2 0 BHNoNHAETCA cooTHomeHme f(x)=x"g(x), rae y g(x) Toxe k+1
HEeHYAeBHX K02QOHIHEHTOB K OfUH W3 HuX — cBoGoaHbT wieH. [Ipu auddepen-
IMPOBAHKK OH UCYE3AET, M ITO O3HAYALT, YTO Y MHOTOWIEHA g’'(x) DPOBHO k HEHy-
JeBbx koadduieHToB. [To NpeANONOKEHHIO MHAYKINY ¥ Hero He Gonee 2k —1
KopHeii.

CornacHo TeopeMe PO MeXKAy AByMH OCTIeA0BATENHEIMU KOPHAMH MHOTO-
yneHa (Ha camoM aene moboit guddepennupyemoit dyuiamn; eM. prc. 6.1) Haii-
AeTeA Xord 681 OfUH KOpeHb IPOHABOAHON. 3To 03HAYART, YTO YHC/IC KOPHeil MHO-
rowieHa g{x) He npesocxoguT 2k. Kopuu MHorowieHa f(x) ABMAIOTCA KOPHAMHK
MHorowIeHa g{X)}, H BO3MOMKEH ellle KOopeHb x = 0. [ToaToMy y MHorowieHa f(x)
He Gosee 2k + 1 kopHelt, uT0 K TpefoBaAOCh AOKA3ATD.

y=£0x)

Onenxa, ykasaHHas B Teopeme 6.1, gocTHraercs: y maorowrena x(xZ — 1) x
x {x2 — 4)...(x? — k%) umeerca 2k + 1 xopueit (0, =1,22, ..., 2k}, u k+ 1 HeHyJe-
BBIX K03 HIINEHTOB.

Puc. 6.1. Teopema Ponng

6.2, IlpaBuno Mexapra

Ecav nHTepecoBaThes TOMBLKO TOMIOKHUTEALHBIMH KOPHAMH, TO TeopemMa 6,1 oka-
3BIBAETCA CIMWKOM ctaboil. Hanpumep, ¥ MHOTOUWIEHA C HEOTPHIATEALHRIMU KO-
3¢ PHLHEHTAMH MONOXUTENBHEIX KOpHeil Het BoBce! Creaytomuii Gosee TOYHHHA
peaynbTaT HasblBaeTcs MpaBwioM JlekapTa.

TeoPEMA 6.2. Hueno nosoNcumensHslX KopHetl MHO20WIEHA He NPEBbLLAE HUC-
R NEpemMeH 3HaKa 8 nocnefosamenbHOCMU €20 HeHynesbix kKoadduyiienmos,

B 4acTHOCTH, W3 nmpasBwaa Jlekapra cnefyeT TeopeMa 6.1 HY»KHO TOJBKO TIpH-
MEeHUTE NpaBWwio Jlekapra ApaxXAH, A1 MONCKUTENAEHON H OTpULATEIBHOH NOTY-
NPAMEIX.
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JOKASATENBCTBO. BRIACHUM, UTO NPOHCXOANT C ¥X03ddHMEHEHTAMH MHOTOWIE-
Ha, Koraa aobaeadeTca HOBBIH KopeHs. ITyers f(x)}=(x—b)g(x), rae b>0u g(x)=
=gpx" +a; X"+ ... +a,, +a,. KoepdunnenTn Muorounesa f(x) uMeloT BHA

Ay, al"baa, az"bal, wany ﬂn_ban_l, "bﬂn. (6.].)

KoadduiperTs
gy A1y a0y dp (6.2)

MHOrOWIeHA g{x) CTPyNIKpYeM B OcheoBaTebHEE BIOKH U3 HIHCeN OFHOTO 3HA-
Ka (Hy1M HaC He WHTepecylT); Ha pHc. 6.2 st Gmoku o6BefenH. BuaHo, yro
KaxJBli pas, KOrAa B MOCIEA0BATeIBHOCTH @; MEHACTCA 3HAK, BOSHUKAET TOT e
3HAK, ITO U B OBaJe clipaBa. A HMEHHO, eCiH aq; < 0, a;,; > 0, T a;,, — ba; > 0,
¥ ecd g; > 0, a;,, <0, TO 5,1 — ba; < 0. Kpome Toro, B Hauane nocAeACBATENb-
HocTH (6.1) TOT e 3HaK, YTO H B Hauafe nocieoBaTeAbHOCTH (6.2), a B KOHIE —
TIPOTHEOMNOACHKHELH TOMY, YTO B KOHLIE NOCAEA0BATEABHOCTH (6.2), MTak, KasAblii
HOBBIH IOIOKUTENBHEBIR KOPEHb MHOTOWIEHA YEETHIMBAET YHUCIO NepeMeH 3HaKa
B MOCAAOBATENBHOCTH ero ko3dpuilieHToB XOTA 66 HAa efHHULY.

(= O £ (=

- GD Gf+1 + + ai) GH] -
l l

[ PR B bai >0 dj ba,- <0

Puc. 6.2. BinaHHe HOBOTO KOPHA HA KO3$JHUIHEHTH MHOTOYAEHA

Yro6Hs 3aKOHIHTh AOKAZATENLCTED, HYKHO 3anpcars f(x) B uge (x —b;) x ...
oo X (x — by )g(x), rae g(x) He MMeeT nonOXKUTENBHLIX kopHell. Toraa 4ucao nepe-
MeH 3HaKa B {I0C/Ie0BaTeNbHOCTH KoaGGUUHEeHTORB MHOTOWIEHA f(X) He NpeBsl-
IIAeT YKeIa lepeMeH 3HAKA B I0CAeA0BATEABHOCTH KoaG)HIIMeHTOB MHOTOYWIEHA
g(x), yBeydeHHOTO Ha k, TO ecTb He MeHbine k.

6.3. MeTox llTypMa

B 3TOM MyHKTE MHE PacCKaXeM O TOM, Kak HafiTH Yic/io KopHeH MHOrOWIEHa
Ha AaHHOM oTpeske. [lyeTh f(x} — MHoTOWAeH Ge2 KpaTHHX KopHeil. Mu mocTpo-
MM NOCAeA0BATEABHOCTD MHOTOWIEHOB Po{X), Py (X)), po(x), ..., Pp(x), yORIBaIOUIUX
0 CTeleHH, o0NaZaloyio CACAYIOMHMH CBOHCTBAMM:

D po(x)=f(x}, pr{x)= f'(x);

2) ecnu pi(t) =0, To yMcaa py_,(t) ¥ py,1(t) He paBHH HYMIO ¥ IPOTHBOIIOKOMN-
HH 10 3HAKY;
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3) y mocaegHero MHorowieHa p,(x) KopHeii Her Boscel.

TaKy0 OCAeA0BATEARHOCT, MHCTOYIEHOE HA3BBAIOT TMOCASICBAaTEABHOCTEIO
WiTypma, s AaHHOTO X 0803HATHM gepes S(x} YHCIo nepeMeH 3HaKa B ocaean-
BaTeNBHOCTH Po(X), ..., pr(X) (Kak H paHbille, Ha HYIM BHUMAHUA He ofpailaeM).
HanpuMep, B nocnefoBaTeNbHoOCTH 2, 0, 1 3HAK He MeHAeTCA, a B OCNEA0BATE -
HOCTH 2, 0, —1 MeHAeTcA OAHH pas.

Yro6Hl YCTAaHOBHTE YHCHAO KODHEl MHOrowieHa f(x) Ha unTepsane (a, b) (M
HE UCKAIOIaeM CyJas, KOTAA ONHH WAH 00a ero KoHUA a M b 6eCKOHEYHE!), HY?KHO
BHIYHCTHTE paaHocTh S(a) — S(b): 3TC M eCTh HCKOMOE THCIO.

JloKaskem, 9TO TaK OHO M €CTh. Koraa x ABMraeTcd OT a K b, 4ucao 5(x) MoxeT
H3MeHHTBCA TOALKO TOTAA, KOraa X ABAACTCA KOPHEM OZHOTO M3 MHOTOWICHOB p;.
Ecnu x ~— xopeHb ypaBHeHHA py = f, To f MeHseT 3Hak Jbo ¢ — Ha +, H TOTAA
F(x)>0, mubo ¢ + Ha —, u Torga f'(x) <0, cM. puc, 6.3. [lepewe ABa uneHa
B nochefoBaTelsHoCTH LITypMa MeHSI0TCH CIEAYIOMAM 06pasom:

(—+..)—=(++.) mm (+-)—(——..)%
U B 060MX cAydadX YUCAO nepeMeH 3HAKAa YMEHbIIaeTea Ha efuHuMITy.

f f
A
fi(x)>0 f{x)<0

Pue, 6.3. YHcno nepeMeH 3HAKA YMEHLIAETCH HA ¢UHHLY

EC/H X — KOpeHb MHOTOWIEHA Py, 0 < k <1, TO COMACHO BTOPOMY CBOHCTBY
nowtepoBaTenbHoCTH LITypMa 3HAKK YHCEn pp_q(X) B Py (X) NIPOTHBONCAOKHEL
OTcloAa cliefiyeT, uTo, KaK Gbl HY MEHANHCh 3HAKH Py, TUCAO MTepeMeH 3HAKA 0CTa-
eTcA TEM XKe:

(co.—++.)= (e ——+.0) i (-~ (A —— )

OcTanocck TOABKC MOCTPOUTDE NMochefoBarenbHocTh ITypMa. JUta sToro Ham
TpUAETCA ASAUThE MHOTOWIEHE! CTOAOHKOM. YNeHH py U p; Y:Ke H3BeCTHH. YTo-
6Bl [TOCTPOUTD Py, NO H3BECTHRIM Py H Py_y, DA3JeMUM NocaefHuil Ha mepseIH
¥ BO3BMEM OCTATOK C IPCTHBOIIOIOKHEIM 3HAKOM:

Pr—10x) = qC)pi(x) — praa (). 6.3

3aMeTHM, YTO CTeNeHE TOMYIHBLIEroCc WICHa OCAeA0BaTENBHOCTH Py, 1 MEHBIIE
CTENEHH P;; TAKHM 06Pa3oM, IPONeCe AeeHHA 3aKOHIHTCH Yepes KOHeYHoe YUC-
N0 LIATOB.

3ToT mpoyecc — aHaNor aNropuTMa EBKINAa A7 OTBICKaHUA HanGonbsnrero o6-
10ETo JeNHTENA ABYX YHCET, KOTOPbET MBI 06Cy AWM B . 1.9. JlelicTBHTeARHO, 1O-
creanuit Maorowien p, (x) — Haubonbiiit o6WKE JenUTeNs MHOTCWICHOB f(X)

"Hanommm, HUTO PEME HACT TOBKO O AeHCTBHTENBHBIX KOPHAX.
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H f'(x). [ToaTomy ¥ p,(x} HeT xopHeil; ecnr 66 OHU GhLNK, TO Hamencs 6ul o6IHi
KopeHs y f(x) u f'(x), To ecTb y f(x) cymecTBoRan GH KpaTHBI xopem;l, a 3ToT
CIYy4ail MBI HCIUTIOYMIJIM C CAMOTO Havana.

Ocranock poBepuTh CBOHCTRO 2 nociefoBaTenbHocTH LTypma. Ilpeanono-
*HHM, 4TO Py (x}=0. CoracHo paBeHCTBY (6.3) npU YOTOBUH, YTO Py, 1{X) K Py_1(%X)
He PaBHEI HYJIO, HX 3HAKK NPOTHBONOMKHEL ECIH Py, (x) =0, TO H3 papeHCTBa
(6.3) cieayet, 90 py_1{x) =0 ¥ YTO BHNOAHSIOTCA MOCAEAYIOUINE AHAMOTHIHEE
COOTHOMIEeHMs! BILIOTE A0 p, (X} = pp(x) =0. Ho 3T0 K 03HaYaeT, YT0 ¥ MHOTOWICHA
S(x) ecTb KpaTHEI KOPEeHE X, Yero GRITE HE MOXET,

PakTugeckyt cooTHomeHMe (6.3) npeacTariageT coboii anropUT™ NoCTpoeHuA
mocnefoBaTensHOCTH [TypMa. PaccMOTpUM erc AelicTBHe Ha pHMepe.

BoabMeM MHOroumeH f(x)= x> ~ X 4@ — [JIABHBIA MEPCOHAX TATOMN JNEKIUH.
CoOTBETCTBYIOLIAA NOCIEA0BATeNLHOCTh IIITYpMa COCTOMT U3 YeTHpeX WICHOB:

4
x*—x+a, x*- %, x- %a, %— (%) at
(MBH AOMHOKITH HEKOTOPHIE WIEHE Ha MOAOKUTEAbHLIE THCMa, 9Tobbl cTapimmit
ko2 uLIeHT Beeraa ObUT paBeH eAuHNLE ). Cpasy e BUAHO, 4TO 3HAYeHUA a, A1
KOTOpHX a*=4%/5°, «OnacHbl», — He HOBOCTB JUIA TeX, KTO 3HAKOM ¢ JeKiuei 5.

I onpeneneHnocT 6ypeM cumtats, uTo @t > 4*/5°%, Haiigem ofiee 4HCIO
JeHCTBUTeNBHEIX KOpHel MHOTOWIeHA f(x). 3Haku mocnefoparensHoeTh HlTypMa
B —00 B +00 PaBHH

(‘-, +, -, _) H (+, +,+, _);

NOITOMY CYIRECTBYET OAMH KopeHb (ecmm at < 4%/5%, sTo yucio papHo 3).

A ITO MOXHO CKA3aThk O 9HCAe [TONOKHTENALHEX KopHeii? UTo6k OTRETUTE Ha
3TOT BONPOC, BYAXHO BHMHCUINTE SHAYEHHA MHOTOWIEHOB H3 NOCAeJ0BaTeAbHOCTH
[HrypMa npu x =0, OHH paBHH

_1 5, 1_(5Ys
& —5 TEh 3 (4) a-
HO-HPEM{EM)( CHHTasA nodIegHee YHCIO OTPHLATENBHBIM, TOAYYacM ABa CAydad:
a>0ua<0.B meproM ¢ryvae HaGop 3HaxkoB umMeer BuA (4, —, —, —), @ BO BTO-

poM—(—, —, +, —). 3HauMT, HUpu a < 0 MOAOKHUTEALHEIR KOPeHb OAMH (ITO Me
BepHO U Op¥ a =0}, a mpH a > ) NOACKUTEAbHEIX KOPHeH HeT.

6.4. OcHOBHAaA TeopeMa anaredpol

Jra nexuua 6rU1a 6B HenoMHa 6es o6eyKAeHHA OCHOBHOM TeopeME! areBph>.
BO3MOXKHO, YMTATeNb C Hell 3HakoM: KaKARHA KOMILIeKCHBIA MHOTCOWIEH CTene-
HM N KMeeT POBHO N KOMIDIEKCHRIX KOPHei (c ydeToMm kpaTHocTH). Ha camMom
Aenie ACCTATOYHO AOKA3aTh, YTO CYIIECTBYET XOTA Onl OAUH: eclu b — kopeHns MHO-
rowieHa f(x), To x —b gennur f(x). [Nocne 3Toro ¥ YacTHOro TOXe HalifeTcA Ko-
peHb, H T. &, TOKa He ByayT HafAeHsl BCe n KOPHEid.

1310 goxuzano B 1. 8.2.
2Bnepesie et 70Ka3ATENbCTBO GEN0 onyGmkozano Janambepon b 1746 roay.
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3ameqeHo, YTo NoYTH Bee 06/1acTH MaTeMaTHKH JIeMOHCTPHPOBAJIH CBOH Me-
TOAMKY 1 OOHAPYKHBANK CBOIO 3PENIOCTh B JOKA34T/NbCTBE OCHOBHOH TeOpeMH
anre6pel. Ml AaMM [OKA3aTENBCTEO, B KOTOPOM HCIONB3YeTCA NOHATHE «4MC-
10 060POTOR 3aMKHYTOM KPHUBOHM OTHOCHTEALHO TOYKHM»!, TIyCTh AaH MHOrOWIEH
f(xX)=x"+a;x" "1+ ... +a, C KOMIVIEKCHEIMH Ko3{)RIMERTaMH; Mb GyleM Cuu-
TaTh, YTO OH HE MPHHUMAET 3HAYeHNe ) HH IPH KakuxX KOMIUIEKCHEIX X. Mel pac-
cMAaTpHBaeM f Kak HeNlpepHEBHOe 0TOGpaXkeHHe KOMIUTEKCHOH TIOCKOCTH B cefbs.

PaccMOTpPHM OKPY)KHOCTb pagHyca t ¢ LEHTPOM B HadaJe KoopaHHaT. ITycTh
y; —0bpa3 3Tolt oKkpyXKHOCTH NpH otobpaxeHun f. Toraa y, — 3aMKHYTafA KpH-
Bad, He MPOXOARILAA Yeped HAYaI0 KoopauHat. OBo3HaqnM vepes r(t) wicao obo-
POTOR 3Toit KPUBOI BOKPYT Hatana koopAuHAT. Korja ¢ MeRdeTcd oT O4eHb MAKIX
A0 CUeHEb GONBIIHX 3HAYCHUH, YHCIO r{t) He MeHAeTCd: ZeHCTEUTENBHO, 2TO LIeIoe
YO, HENPEPHIBHO 3aBUCALLEE OT ¢, M IO3TOMY OHO NOCTOAHHO.

Bericnum r(t) ana cdeHp Manoro t. CRo6ofHBI WieH a, MHorowneHa f{x)
He paBeH HyJIO, B IPOTHBHOM C/ydae BeIoAHANOCH 661 yenoeHe f(0) =0. Ecm
t ZOCTATOYHO MAJIo, TO KPMBAA ¥, IEXKHT B MaloH OKPecTHOCTH TOYKH a, H Boobe
He 00opayHBaeTcsa BOKPYT Havana KOOPAHHAT; cM. pHc. 6.4. MoaToMy r(t)=0.

Yt
oD

Puc. 6.4. Kns Manux [ 94HCA0 0GOPOTOR pabHO HyAID

A 4yTO npoucxonuT ¢ rt) npy GonAbIAX t? 3aMUilieM COOTHOIISHHE
— 4 4H %0 a4
fixy=x (1+ ~ 1 2 ot oa ),
a 3aTeM NpOBapPBHPYEM €ro;
fs(x)=x“(1+s(%+%+...+%,‘,- ) (6.4)

rae s Mersgeres oT 1 2o 0, OGoanadum yepes y,  06pas OKPYXKHOCTH paguyca t Ipu
orofipaxerus f.

EcaH x| AocTaTouHO BEANKO, TO KOMILIEKCHOE YHCIO BO BHYTPEHHMX CKOBKax
B BHpaKeHHH (6.4) Maso; B YaCTHOCTH, ero abCcomOTHOe 3HAYeHHe MeHbme 1.
JleficrBuTennHo, mycth [x[i > nla,| ana Beex i=1, ..., n. Toraa

™ load _ 1 _

&4, & Gn | o 101} lnt . -
L S s St <l =,

10no noapofino ofcyxaaerca B exmuy 12,
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CiiezioBaTe/IbHO, KPUBBIE Y, ¢ HE IIPOXOAAT Yepe3 Hauyalo KOOPAWHAT HH NP Ka-
KHMX S. 3HaYUT, Y HUX y BCEX YUCJIO 060pOTOB OAHO U TO ke. Oco6eHHO mpocTo
HaWTH ero npu s =0: MocKoIbKY fo(x)=Xx", KpuBad vy, ABIAETCA OKPYXHOCTBIO
pazdyca t", oHa AeiiaeT n 0OOpOTOB BOKpYT Hadajia KOOpPJAHMHAT, U IIO3TOMY ee
4YUCI0 060POTOB PaBHO M.

MoXXHO cAenaTh BbIBOA, YTO r(t) =n mpHu AocTaTo4Ho 6osnbmmx t U r(t)=0
U1 MaJIbIX t. DTO MPOTHUBOpEYMe AOKAa3bIBAeT, YTO y MHOrowieHa f(x) ecTp Ko-
peHb.

B 3akio4yeHHe paccKakeM O ApYyroMm crocobe paccyXzieHus, BIIOJIHE B Ayxe
Jlexumii 8 u 5.

B 3THX JIEKIJUAX MBI pACCMOTPEJIH IPOCTPAHCTBO MHOTOWIEHOB HEKOTOPOT'O TH-
na (Taxux Kak x3 + px+q ¥ x° — x + a) ¥ yBUAEIH, ITO MHOXKECTBO MHOTOWIEHOB
C KpaTHBIMHM KODHSIMH paszeJifieT Bce NPOCTPAaHCTBO Ha YaCTH, COOTBETCTBYIOLIHE
YHMCITy KOpHeil MHOrowieHa. MHOXXECTBO MHOTOWIEHOB C KpaTHHIMH KOPDHAMH —
3T0 (04YeHb 0cobast) THIEPIOBEPXHOCTD, MOMyYaoNasacs NpUpaBHUBAHUEM AHC-
KPUMHHAaHTa K HYJIIO.

B oT/MuMe OT JeHCTBUTEHLHOrO CIy4asi MHOXKECTBO HyJIeif KOMIUIEKCHOTO ypaB-
HEHMs He pasfie/ifeT KOMIUIEKCHOTO IPOCTPAaHCTBa. JTO OYEBHAHO B CIydae pa3-
MEPHOCTH 1: KOHEYHOEe MHOXXECTBO TOYEK pa3bHMBaeT AeiCTBUTENBHYIO NPAMYIO
Ha HECKOJIbKO OTPE3KOB U JBa JIyua, HO He pasfieliieT KOMILUIEKCHYIO IUIOCKOCTb,
TaK 4TO JIIOObIE ABE TOYKU MOXKHO COEJMHUTD ITyTEM, HE IIPOXOASAIINM Yepe3 TOYKH
MHOXXeCTBa.

HauunaroT ¢ MHOrowieHa f,(x) CTerneHu n, y KOTOPOro 3aBeZOMO e€CTh N KOp-
Hel, ckaxeM (x — 1)(x — 2)...(x — n). Jlio6oit apyroit MHOrowieH 6e3 KpaTHBIX
KOpHeil MOXeT GBITh coeguHeH C f,(x) ImyTeM B IpPOCTpaHCTBE MHOTOWIEHOB 6e3
KpaTHEIX KopHeii. Korga f, «iBHraerca» K f, ero KOpHH TOXKe JBHralOTCA, HUIZE
HE C/IMBAsCh, IOKA He CTaHyT KOPHAMM MHorowieHa f(x) (3ToT mporjecc nogpo6Ho
OIIMCaH B JIEKI[UH 5).

Pene JlexapT Ackonbg I'eoprueBuy
1596—1650 XoBaHCcKkwii, p. 1947
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6.5. YopakHeHHA

6.1. MHOTOWIEH CTENEHN N HAZHBAeTCd MHNepOOIMIECKHM, eClIM Y HETO it pa3-
JUYHBIX AeicTBHTENABHHX KOopHeH. lokaxure, uTo eciu f{x)} — runepGonudeckuit
MHOTOWIEH, TO 3TO e CAMOe MOXHO CKa3aTh O €r0 IPOM3BOAHOH f/(x).

6.2. JlokaxuTe, 4TO MeXKAY ABYMA KODHAMHM MHorowieHa f(x) Haiigerca ko-
peHb MHorowieHa f'(x)+ af(x), rie @ — NPON3BONbHOE AeHCTBHTEABHOE YHCIO.

6.3. Tlycte f{x) — MHOTOWIeH Ge3 KpaTHEIX KOpHeif, PACCMOTPHM Ha TIOCKO-
CTH KPHBYIO, 3aJaHHYIO YpaBHeHHAMH x = f(t), ¥ = f'(¢t).

(a) Jokaxwre, 4TO 5Ta KPHBasA He IIPOXOAUT YEpe3 HAYaNo KOOPAMHAT.

(6) JoxaxuTe, 4TO KpUBaA NepecekaeT NONOKATENAbHYIO ¥ -NOMyOCh ¢/IeBa Ha-
MIPAaBo, a OTPHUATENLHYIO — CIIPaBa HAJIEBO.

(8) Crenaiite 8BIBOA, UTO MEXAY ABYMA KOPHSAMM MHOrouleHa f ecTh KOpeHb
MHoroweHa f* (Teopema Pomns).

6.4. (a) Joxaxmure, uTo ecmu rpadux GYHKUMH y = f(x) mepeceKaeT HEKOTO-
PYIO IPAMYIO B TPeX Pa3fiMYHEIX TOUKAX, TO MEX(IY JByMA CaMBMH BHEIIHHMH
NepecedeHHAMH ¥ rpadMKa ecTh ToUKA Neperdba.

(6) JokaxuTe, YTO eciH GYHKIMA B h+ 1 TOUKAX COBMNAJaeT ¢ MHOTOWIEHOM
CTeneHH n— 1, To y ee n-fi NpoON3BOAHOI €CTH KOPEHbD.

6.5. JokaxwTe, YTO ¥ MHOTOYAEHA

x , x x"
1+ T + o +...+ T
6o HeT AeHCTBUTENLHEIX KOPHEH, 160 eCTh POBHO OAHH KOPEHb B 3aBHCHMOCTH
OT TOTO, YeTHO HAM HeYeTHO YHCIIO M.
3AMEYAHME. [IpK n — 00 ¥ KOMILIEKCHEIX KOpHeH 3TOro MHOTOWICHA HHTEpeC-
HOE pacnpefeieHHe. Boee TOYHO, PH 1 — 00 KOMIVIEKCHEE KOPHH MHOTOWIEHA
nx , (nx)? (nx)"
14 11 + 3 +...+ 1
CTpeMATCA X KpuBoH [ze!*| =1; sTa Teopema 6bLna fokasana I Ceré, cM. [80].
6.6. AoKaxuTe, YTO YeTHOCTE YHCHA TONOKUTENLHBIX KOPHEH MHOrOY/IeHa COB-
TajaeT ¢ YeTHOCTHIO YHC/Ia IepeMeH 3HAKa B IOCAe0BATENBHOCTH ero Koaddurm-
€HTOB,
6.7. Jokaxyre npasuno Jlexapra Ang $yHKINH

flx) = a,eM* Faer™ 4 .. 4 a6

eCnK A, < Ay < ... < A,, TO WHCAO KOpHeH ypaBHeHMA f(x)=0 He NpeBHIIACT
YUCAA epeMEH JHAKA B MOCICAOBATEMBHOCTH Ay, .., Oy

6.8. TlocTpoKB NocAeA0BaTENBHOCTS lIITYpMa, onpeAentTe YHCKO KOPHeH MHO-
rowiexa x° —3x + 1 Ha orpeakax [—3; 0] u [0; 3].

6.9. Cnegyrowuii peayAETaT U3BECTEH NOJ, HAa3BAHHEM TeopeMH BiogaHa—dy-
phbe.

[Tycts f(x)— MHoOTOWIEH cTenmeHH n. Ofo3HaYMM depe3d S(x) HUCHO MepeMeH
3HAaKa B II0CAEA0BATEABHOCTH f(x), f'(x), f"(x), ..., f™(x). Toraa uncno KopHeit
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MHOrOWIeHa f, 3akmouYeHHBX Mexay a B b, rae fla)#0, f(b)#0 u a<b, He
Gonbuie wucna S{a)— S(b) ¥ y HUX OAMHAKOBAS YETHOCTE.

6.10. Bot kakyio HAeIO ZOKAa3aTeIbCTBA OCHOBHOM TeopeME! anreGpHl Mpeano-
wun laycee,

Nyete f(x) — o6muif KOMNIEKCHBIA MHOTOINEH CTENEHH 11, PAcCMOTPUM JBe
KPHBBIE T, M Y3, 3aJjaHHHe YCIOBHAMHU, YTO AeHcTBUTeNbHAA M KOMILIEKCHAA Ya-
cTH MHOrowneHa f(x) paBHel Hymo. Ham Hago Jokazarhk, YTO Y; M Y, NMepeceKa-
10TCA.

JlokaskuTe, 4TO KAMAAR U3 KPUBBIX ¥, H ¥, NepeceKaeT rpaHuLy € J0CTaTOYHO
6anploero Avcka D poBHO B 2n TOYKAaX H YTO TOYKH ¥, NC YepeAyioTes ¢ TOUKAMHK
v, NC. Cenalite BHROZ, YTO MHOXECTBA ¥, M D ¥ 1, M D COCTOAT H3 N KOMIIOHEHT
KaOKAOE M 9TO KAKAAA KOMIIOHEHTA MHOXKECTBA Y, N D nepecekaeT HEKOTOPYIO
KOMIOHEHTY MHOXECTEA ¥, D,
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Jlexuua 7

Muorowiensl YeObiireBa

7.1. 3aaaua

Tema 3TOH JeXIMM — OAHA H3sUHad 3a7a4a O MHOTOWIEHAX, BOCXOAAAT K
I JI. Ye6pimeny, BEAAIOILEMYCA pycckoMy MaTemaTHKy XIX Beka (cM. nexumio 18).
OTMEeTHM Ha AeHCTBHTENLHOM| ocH oTpe3oK, cKkameM [—2; 2] (anda aToro oTpes-
Ka bopMynm npuobperatoT ocobeHHO npocToif BUA; obuMii cayyail oficyxaaerea

B YIpaO)XHeHHH 7.2). [TyCTh 3ajaH MHOTOUIEH CTENeHN N CO CTAPUIHMM Koadduiu-
eHToM 1;

P(x)=x"4a;x"" 1 +... +a,. (7.1)

Ofo3naunM Yepes M u m COOTBETCTBEHHO MAKCMMYM H MHHHMYM 3TOTCO MHOIO-
wieHa Ha orpeske [—2; 2]. OmknaoHenuem mHozowrena P,(X) om Hyns HasoseM
HawOonbinee U3 gucen |M| v [m|. EciH oTKIOHEHHE OT HyAA pagHo ¢ >0, To rpa-
$HK MHOTOWIEHA COAEPIKHTCA B TIOA0CE | Y| £ ¢ ¥ He COAeXMTCA HE B Kakoii Gonee
y3Koii rmonoce, CHMMETPUYIHON OTHOCHTENBHO OCH X.

3ajaqa 3akailovaercd B TOM, YTOGH HaltTH DpHBeJeHHHIH MHOrOYAEH cTene-
HU 1, HaUMeHee YIRIOHAIOMHHCE OT HyJId, a TaKKe 3HaYeHUE 3TOr0 HAHMEeHBINero

OTKJIOHEHHA.
7.2. Manbie cTenean

JlaBpaiiTe HauHeM ¢ TOTO, YTO MOZKCTIEPHMEHTHPYEM ¢ MHOTOWIEHAMHI MaskIX
cTeTeHe.
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Mrumer 7.1 Ecnu Pi(x)=x+a, To M=a+2, m=a~- 2, ECiu ¢ — oTWIOHE-
HHe OT Hy7d, T0 |a+ 2} € ¢, ja— 2| < ¢. [To HepaBeHCTEY TPeYTOABHUKA

2z la+2|+la-2| = [(a+2)+(a—2)]| = 4,
H IO3TOMY ¢ 2 2. 3TO OTKJIOHEHHE JOCTUTAETCA AN MHOrowieHa Py (x)=2x.

[IPyMEP 7.2. PacCMOTPHM Teneps MHOTOWIEHB! BTOPO# cTeneHH Py(x)=x2+
+ px +q. [lopasMmBICAKB, MOXHO CO0ODAZNTE, ITO ONTHMAABHOE PACTIONOKEHMe
rpadHKa KBaZpaTHYHOrC MHOTOWIEHA JO/DKHC OHITE KaK MOMKHO Gonee CHMMeT-
DHYHBIM, KaK Ha puc. 7.1. 3aech usobpaxen rpadvk MHOTOWIEHA X2 — 2, OTKIOHE-
HHe KOTOPOro OT HyJA PABHO 2.

Y

Puc. 7.1. «Hannyquaa» napaboia

JlokaXkeM, 4TO 3TO HMEHHO TOT MHOTOYAEH, KOTOPbIH HaM HyeH. Ecam ¢ —
OTKIOHEHHE OT HYNR MHOrowaeHa P;(x), To MOAYAM ero 3HAYeHHH B KOHIEBBIX
TOYKaX OTpeaKa +2 ¥ B Touke 0 He PeBOCXOANT ¢!

czl4-2p+ql, czl4+2p+ql, c=lql
Eltie pa3 NpRMeHUB HEPaBeHCTBO TPEYTONBHUKA, TIONYIHM
4c 2 |[4~2p+ql+14+2p+ql+2lq 2 [(4-2p+q)+(4+2p+q)—2q| =8,
H MOITOMY ¢ = 2.
MPuMEP 7.3. VicnblTaeMm yAauy eme pas, Tenephb ywe A8 MHOTOWIEHOB Tpe-
theli crenenu Py(x)=x3+ px? +qx +r. EM ¢ — OTKACHEHHE ITOTO MHOTOWIEHA

OT HYJIA, TO MOZY/IK €ro 3Ha4eHHi B KOHUERHX TOIKaX +2 M B TouxaX +1 He
NPEBOCXOAAT C:

cz|-8+4p—2q+r|, c=iB+4p+2q+r],
cz|-1+4p-~q+rl, c2ll+p+q+r|
COrNacHo HEePaBEHCTBY TPEYrONbHUKA
2c 2|-8+4p—2q+r|+18+4p+2q+r| = |16+ 4q|,
dc 22|-14+p—q+r|+2{1+p+q+r| 2 |4+44|;



118 [napa 2. YparHeHus

NPUMEHUB JTO JKe HEPABEHCTBO €I Pa3, MOMyIuM
6c 2 |16+ 4q|+ |4+ 4q| = [(16+4q) — (4 +4q)] = 12,

OTKYAA CNefAyeT, uTo ¢ 2 2. [IpaMepom KyGHUECKOTO MHOrOWIEHA C TAKHM OTHIC-
HeHHeM ABjseTes x° — 3x,

OTBOXHBIH HTaTeNb MOKET NONpo60OBaTh PacCMOTPeTh MHOTOWIEHH! CTere-
HH 4, OZHAKO 3TO He TaKasd yx MNpUATHaA 3aaava, MOXHO IIDeAnoIoKHTb, YTO
HauMeHbIIIee OTKAOHEHHE OT HYJA Beerna GyAeT PaBHo 2, HO 9TOOH 3TO IOKA3aTh,
OHOH «rpy00ii CHIBI» HEAOCTATOUHO.

7.3. Peiienne

ITpeATIONOKUM, YTC AMsl HEKOTOPOro ¢ > () Mbl HALLIM Takoi MHorowieH P,(x)
CTelNeHH n, YTo ero rpadux (Ha oTpesxe [—2; 2]) Aexur B noaoce |y| < ¢ ¥ cogep-
HHT n + 1 ToYeK ee rOPHEOHTANBHEIX IPAHHL; CaMad ApaBas JEXKHT HA BepXHeit
rpaHHie ¥ =¢, caegyiouas 3a Helt cieBa — Ha HIDkHeit rpaHune y = —c¢, CIeayw-
Inad — Ha MpAMOM y =¢, M TaK ganece. I'padUK 3MeHTCH MeXAY NPAMBIMYK ¥ = £,
JAOCTHTaA HX NOOUepeaHo n+ 1 pas.

TeOPEMA 7.4. OmrnoneHue om Hyas moboz0 MHOZOUNEHA CMENeRU N co cmap-
wum xoaPuyuenmom 1 He npegocxodum ¢, u P,(x} — eduncmaenntiii mawoil MHo-
20UNEH CMENEHU N, ONKACHEHLE KOMOP020 OM HYAA PABHO C.

JOKASATEARCTBO. [lyers Q. {x)— apyroit mpupefeHHBIt MHOTOYNEH CTene-
HU n, OTKIOHEHHWE KOTOPOro OT Hy/IA He MpeBHaeT ¢. Torga ero rpadux Toxme
JexuT B nonoce [y{ <c.

Pa3ofpeM 3Ty moA0CY HA N MPAMOYTOILHAKOB BEPTHKAABHEIMU IPAMbBIMH, TIPO-
XOAAUHMH depes MAKCHMYMEL 1 MHHHUMYMEI MHOTOwIeHa P,(x); cM. puc. 7.2. I'pa-

ba
\

—C

Puc. 7.2, TpadHK ONTHMATLHOIO MHOTOWASHA
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¢uk MHOrOwIeHa P,(x) coeMHAET AMATOHANBHO TIPOTHBOMONOXKHEIE BEPIUIMHBI
KaXOTO MPAMOYTOABHHKA, NT03TOMY rpaduk MHOrouneHa P,(x) nepecexaeT rpa-
¢ MHOrowieHa Q,(x) B KKZOM MPAMOYTONBHKKe (M. pHc. 7.3). Beero mpaMo-
YTONBHHKOB N, MO3TOMY ¥ ypaBHeHHR P,(x) -~ Q,(x) =0 He MeHee n kopheii. Ho
Po(x) — Qp(x)— 3TO MHOrOUY/EH CTENEHN Nt — 1, U ¥ HETO He MOXeT 6KITh Gonblle
4eM n — 1 KOpHeil, eCIH TOMBKO OH He DaBEH TOXMICCTEEHHO HY/IC. DTO 03HAYALT,
aro P,(x)= Q,(x), uTo 1 TpeboBanock AOKAZATH.

|
B

b2

Ay R L -,
¥

4

Puc. 7.3. JlokasaTenbeTBO TeopeMEl 7.4

Ho BocknHuaTh «3BpriKal» ele paHo, NOCKONLKY M 0 CHX NOP He NOCTPOHTH
MHOrowIeHH P, (x), yZOBIETBOPAICILHE YCIOBHAM TEOPEMEI 7.4.

Jiemma 7.5. Cywecmayem maxoti Muozounen P,(x) emenenu n co cmapuum ko-
sfpduyuenmon 1, umo
2cosna = P,(2cos a). (7.2)

Hanpumep, 2 cos 2a =4 cos? a — 2= (2 cos a)? — 2, u nostomy Py(x)=x% —2;
2cos 3a=8 cos® a— 6 cos a=(2 cos a)® — 3(2 cos &), 1 moaToMy Py(x)=x?—3x.

JokA3ATEALCTBO. (Cp. npepnoxenne 2.4.) [Ipoeeaem uHAYKLHIO 110 n. [Ipex-
NONOAHM, 9TO yCAoBHe (7.2) uimonHsAeTca Aaa n—1 u n. Toraa

cos{n+ 1)a+cos(n ~ 1)a = 2 cos o cos nda,
¥ TIO3TOMY
2eos(n+1)e=4cosacosnae—2cos(n—Da=
= (2 cos a)(2cos na)—2cos(n—1}a = (2 cos a)P, (2 cos a) - P,_1(2 cos ax).

CiegoBaTeARHO,
Pn+l(x) = xpn(x) _Pn—l(x)° (7»3]
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3T0 pekyppeHTHOE COOTHOINEHNE ONpeieNndeT HYKHYIO MOCIeA0BATebHOCT: MHO-
rowieHoB P, CTeNeHH n.

MuorowieHn P,(x) — xak pas To, YTo HaM HyXHO. B camoM Aene, 3acTaBiM 11a-
paMeTp o MeHATBCA HA oTpeske [0; n]. Toraa na Mensiercd Ha {0; nrt], a dyHKUKH
x=2cosa K P,{x)=2cosna NPHHHAMAIOT 3HadeHWA W3 oTpe3ka [—2; 2]. Kpome
TOTO, X UPODEraeT COOTBETCTBYIONMA KHTEPBAA POBHO OTHH pa3, a P,{x)—n pas,
TIPH 5TOM TIPHHKMAN NOCUEPEAHO aHayeHua +2 npyu x =arccos(kn/n), k=0,...,n.
370 03HAYAET, 4TO rpaduk MHOTOWIeHa P, () T B nonoce |y| < 2 u BKaodaeT
n+ 1 Tovek, TeKalNX HA €e rpaHuLie.

NoaeegemM HTOr. Cywecmayem npugedeHHbili MHOZOWNEH CMeNeHU N €0 cmap-
wium xkoagduyuenmom 1, sadasaentstil popmynotl (7.2), omrroHeHUe KOMOPO20 OM
Hys Ha ompeske [—2; 2] pasHo 2, @ omKACHEHUE OM HYAR 06020 0pyz020 MHOZ0-
wnena co cmapuim xosdduytienmon 1 Gonsie 3mMmo20 3HaueHu.

MuorouneHns P,(x) HasplEaloT MHorowieHaMHi YeOwiuepa. Fpadmxu Heckomb-
KHX NIEPBHX MHOTOWIEHOB YebpneBa H3obpaXkeHBI Ha pHC. 7.4.

Y Y
\ J [ J |
y=Py(x) Y=PFy(x)
Y g ¥
T J T J
E E__x o 3 X . __x
y=Ps(x} y = Pg(x) y=Ps(x)

Puc. 7.4. Tpaduxu WecTH MHOroWIeHOB Yebinesa

7.4. PopmMyrnl
Muorodnensl Yebbinesa

P(x)=2, Pi(x}=x, P(x)=x%~2, B(x}=x3~3x, Py(x}=x*-4x?+2,
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Jexima 7. MHorowneHs! YeHumera

MO¥HO 33/aBaTh Pa3smHYHBEIMH ABHBIMH (thpMYJ'IaMH. Hanpnmep, paccMOTpHM

LenHyo apobs
R, =x— . T .
x— 1
__1
x2
X
x3 —3x

Ri=x, Ry==5=,

M CTIpaBe/UIHBA CIEAYIOWAs AeMMa,

JIEMMA 7.6.
_ R
Ralx) = B (x)

AOKA3BATEJNRCTBO, MOXHO MPOBECTH HHAYKUHIO [0 nt. JeficTBHTENbLHO,
Pooa(x) _ xP(x}—Poy(X) _ Poya(x)
Py(x) ’

— _L': —
Rugy =X =g =X=p05 Bx)

NpHYEM ITOCHeAHEe PABEHCTBO CNPaBeJIHEC B CHUTY COOTHOMEHUA (7.3).
B cnepyromeit dopmyne kosdduLHEHTH MHOTCINeHOB YeGElTeBa BRIPAXKAIOT-

¢ uepes BuHOMHARBHEBIE KO3QPHIHEHTHE,

TEOPEMA 7.7.
n-—1 n--2 n n—2 n—4
(1 )x tan—z\ 2 )x +o

n‘j)xn—zj_i_.”

n
1y
we+(-1) - j( i

P (x}=x"— -1

(npu j <n/2).
JOKA3ATEARCTBO. MoOxHO cofpars BCe MHOroYAeHsl YeOsluiepa B OfHO Ie-

JIoe C IOMOIBIO npoussodaed dyHryuu
&(z) = 2+xz+(x* - 2)2%+ ... + P {x)z" +...

None3yack peKYPPEHTHBIM COCTHOLIEHHeM (7.3), MOMCHO 3aMeHUTh KaXAsit MHO-
rowieH P,, HauMHaA ¢ n = 2 koMbuHayueit MHorouneHos P,_;{x} u P, _,(x):
(z) = 2+ xz + (xPy(x} — Po(x))2% + (xPy(x) — P (x))2® + (xPy(x) — Pp(x))z% + ... =

= 24 x2 4+ x3(P,(x)z + Py(x)5% + Py (x)23...} — 22(Py(x) 4 P (x} 4 Po(x)z2 +...)
= 2+ x2 4 x2(9(2) — 2) — 228(z) = 2 — xz + (x5 — 22)8(2).
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CiesoBaTesIbHO,

2—Xx2
P(z) = ——.
(2) 1—xz+22
B 3T0i1 dopMyse coepuTca Bess HHGpopMaLya 0 MHorowieHax YeGhieBa; Hyx-
HO TOJIBKO YMETh €€ u3Bjedb. [l 3Toro moHazoourcsa popmysia CcyMMbl reOMETpPH-
4ecKoM IIporpeccuu:

1 _ 2 3
ﬁ =14q+q°+q°+...
3 310i1 PopMyIIEl ClefyeT, 9TO
o(2) = (2-x2)(1 +(xz— 22+ (x2 — 222 + (xz —22)% +...). 74

Hmeem
(xz — 22 = xkgk —kxk 1% 4 (-1) (i)xkﬂékﬁ +...

I'pynnupys ciaraeMele B IpaBoii YacTH COOTHoOIeHUS (7.4), MOIYYHM CJieYIOIHi
K03$PHUIHEHT IIPH 2":

n 1V n—jy\_(n—-j-1 n—2j
x"+...+(-1) [2( i ) ( i )]x +...
OcTaeTca yIIpOCTHUTDb BhIpaKeHHe B CKOOKax:

n—j n—j—-1y\ _ 2(n-j)i _ (n—j-1)1 _

2( j )_( j )_j!(n—zj)! jln—-2j—-1 —
_ (n—j-1) _ n (n-j
_nj!(n——zi)!_n—j( j ):

Teopema AOKa3aHa.

INapHyTHIt JIbBOBHY .
YeO6bilieB
1821—1894
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7.5. ¥npaxkHeHNA

7.1, B Aoka3aTenbCTBE TEOPEME 7.4 €CTh OAWH HeAovueT: rpaduKu ABYX MHOTO-
WICHOB MOTYT KACATECA B TOUKE MEpPecedeHns], Kak Ha pHc. 7.5. McpaseTe aTOT
Hepover.

B oo
f
=

b- - - - - -

|
b

y=Q(xJ;

i

Puc. 7.5. A 9T0 AenaTh NpH KacaHHH?

7.2. AoKaXuTe, 9T0 HaMMEeHBIIEE OTKIOHEHHE OT HYAA MHOTOWIEHa CO CTap-
mwnm kosdduuentom 1 Ha orpeske [a; b] paBHO

b—a"
2(%5%)"
7.3. Haiigure HauMeHENee OTKAOHeHNe QYHKIMNK Y = ' oT QYHKIMH ¥ =ax +

+b Ha orpeske [0;1].
7.4, Joxaxwure eule ogHy GopMyaTy A1A MHOrowWIeHOB Yebbimiepa:

(x4 vV x2~4)" +{x~/ x2~4)"
2!!

P(x)=

{cumraifre, uro |Xx| = 2).
7.3, JoKaxmre, Iro

x 2 0 0 0
1 x 1 0 0
0 1 1 0

Py =y
00 1 x 1
0 0 0 1
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7.6. HdokaxuTe, 4ro
Pu{x)F(x) (x)
VESS o

upn m#n (370 03HAYAET, YFO MHOTOWIEHH YebhileBa B HEKOTOPOM CMEICTIE Op-
TOrOHAILHEI),
7.7. Joxamure, 9To MHOTOUACHE YeGnimera KOMMYTHDYIOT:

P,(Pn(x)} = P, (P.(x)).

7.8%. PaccMOTPHM ceMeHCTEC MOMapHO KOMMYTHPYIOIIHX MHOPOWICHGB C Mo~
JIOXKUTENBHBEIMM TIepBEIMH KO3(dUUeHTaMY, COAEPXAIIEe XOTA BH M0 OXHOMY
MHOTOWIEHY KaKA0H MONMOXNTENRHON cTeneHM. JOKAKUTE, YTO ¢ TOYHOCTHI) A0
nHeHHON 3aMeHBl OHO COBNAZAcT ¢ ceMeiicTBoM MHOrogyiaeHos Yebnlinesa vhu
¢ cemeiicteoM {x"}.

=0

B cregyiompx Tpex ynpaxHeHHAX COALPKUTCH APYTOe JOKA3ATENLCTEO Teope-
MH 7.4.
7.9. PacCMOTPHM TPUICHOMETPHYECKHH MHOIOWIEH CTElleHH 1t:

fla) =ag+a; cosa+a, cos2a+...+a, cosna. (7.5)

JOKLKHTe, UTO ero «CpeAHee» 3HAYCHHE

e [FO-F(E)+£(2) - (32) .- £ ()]

paBHoO 4.
7.10. HokaxuTe, 4TO OTKIOHEHHE OT HY/IA TPUTOHOMETPHYECKOIC MHOIOWIE-
Ha (7.5) Ha oxpyxHocTH [0; 27t] He MeHb1Ie |a,].
¥KA3AHUE. OTKIOHEHHE OT Hy/I He MeHbIe, 4YeM

o)) (252

Bocnonbayitrecs ynpaxkHeHHeM 7.9 H HepaBeHCTBOM TpeyroNsHuKa jaj+ (bl 2 la+b.
7.11. Joxaxure TeopeMy 7.4, MOAB3YACh YIpaXKHeHHAMH 7.9 u 7.10.
YKA3AHME. [locie NOACTaHOBKM X = cos & MHorowieH P, {x)} npeBpalmaercs B

TPHrOHOMETPHYECKH MHOrowIeH (7.5) co crapmuM KosdduuuerTom 172771, Mo-

Ka yron ¢ npoferaet OKpYyKHOCTB, IepeMeHHad x npoferaer otpesok [—1; 1].




Jekiusa 8

I'eoMeTpua ypaBHEHUN
8.1. YpaBHenne x%>+px+q=0

B HazBaHHU 3TOr0 MYHKTAa MH BUAMM KBAJPaTHOE YPABHEHHE OTHOCHTENBHO
nepeMeHHoit X, K03 UHEHTH KOTOPOTD ME CYHTaeM NapaMeTpaMHy p U q. Bopo-
YeM, BCe 3AaBHCHT OT TOYKH 3PeHHA: C TEM e YCIIeXoM MBI MOMKEM paccMaTpHUBaTh
3TO BHIpAYKEHHE KaK JMHetHOe YpaBHEeHHE OTHOCHTENBHO EPeMeHHBIX P K q C KO-
>bdUNMEHTaMH, 3aBUCAIIMMYU OT X. JIMHeiHOe ypaBHEHUE q = —Xp — X2 3afjaeT
HEBEPTHKANBHYIO IPAMYIO, TaK YTO ME NOAyYaeM OJHOIapaMeTpPHYIecKoe ceMel-
CTBO NPAMEIX B (P, q)-ITOCKOCTH, 10 OAHOH NMPAMOE JUIf KAXKAOTC 3HAYeHRA X,

HauepTHM HeCKONBKO TIPAMEBIX M3 9TOT0 ceMelicTBa; cM. puc. 8.1. OHHM KacaloT-
oA KpHEoi, moxoxeii Ha napabonay. 3Ta ozubaiuian ABIALTCT MHOXKECTBOM TOUEK
nepecedeHns Nap GeckoHegHo ONMM3KHX MPAMKIX ceMelicTBa (ABHEE GOPMYABI YH-
TATENb HAHAET B 1. 8.3), CKOPO CTAHET ACHO, 9TO 3Ta orubaloinas AeitcTRUTENBHO
feageTca napabonoii. Kaxkaaa npaMan Ha puc. 8.1 COOTEeTCTRYeT OTAEALHOMY 3HA-
YeHHIO TepeMeHHo# x. 3amHIneM 3T 3HaYeHHe X OKOJO TOYKH, TAe COOTBETCTBY-
0mad npaMan KacaeTcd orubaiomieli. 3To npeppamaer orubawinyo B MEPHYIO
JIEHTY, AHANOT OCH X, TONBKO U3OTHYTRIA (CM. pHC. 8.2).

Kpuayio Ha prc. 8.2 MOXHO HCIONB30BATS 1A TOro, YTOOH pelllaTh YpapHeHHe
x? 4 px + q =0 rpaduvecky. Ma Towxu, 3asanHoit Ha (p, q)-IUIOCKOCTH, IPOBEAEM
KacaTeJbHylo K orubalomeii. Torga afciycca TOYKA KacaHWA ABMAETCS KOPHEM
yPaBHEHHA X2 + px +q = 0; cM. pHc. 8.3. B 9acTHOCTH, YMCI0 KOpHelt paBHO aucay
KacaTeAbHBIX K orubalollell, TpoBeieHHbIX M3 TOTIKHK ¢ KoopAuHaTamu (p, q). las
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Puc. 8.2, Maorayrasa mMepHas NeHTa

J\q

X1

X3

(p.q)

Puc. 8.3. [Ipucnocobinerne i penteHHA KBAAPATHEIX YpaBHeHNi
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TOYEK, PACIIONOKEHHHX HIpKe ornbaioweli, kacaTelIsHBIX J{Be, a AJIH TOUKE BHIIIE
ee — HH OAHOH,

A YTO MOKHO CKA3aTh O TOYKAX, AexAaLIUX Ha caMoit orubatoiei? Yepes wax-
ZY10 M3 HHX IIPOXOAHT TOJIBKO OAHA KacaTesiibHad, ¥ 3HA4HT, JBa KOPHA KBajpar-
HOTro ypaBHeHHA coBnazgaloT. Tak uro orubaiolas — 3TO MHOXKECTBO TodeK (P, ),
[V KOTOPHIX ¥ YPaBHEHHUA X2 + px +q =0 ecTb KpaTHBI KOpeHb, A TaK ObBaerT,
Korfia p? = 4q; aHauuT, orMGaloman — ato napabona g =p?/4.

8.2. Ypapuenue x* + px+qg=0

TIpocToe KBaApaTHOEe YpaBHEHHE, BO3MOXKHO, W He 3aCAyXKHBAeT CTONb CIAOK-
Horo nogxoga. loaroMy paccMorprM Gosnee HHTepecHoe KyGudecKoe ypaBHeHHe
X3+ px +q=0. XoTa 5TO ypaBHeHUE €llle MOXKHO ABHO PEelONTh B pafiHKanax (cM.
NeKupIo 4), COOTBeTCTBYIoWMEe GOPMYAL He TaK MPOCTH, a B HEKOTOPBIX CHTYAIK-
AX ¥ He CINIIKOM TIOZIE3HH. PaccMOTDHM 3TO ypaBHeHHe KaK OAHOMApaMeTpHye-
cKxoe ceMeliCTBO UPAMEIX Ha (p, ¢)-TUIOCKOCTH,

Ha pHc. 8.4 MBI TOCTPOMAH HeCKO/IBKO NMPAMBIX H HX OTHOAIOLIYIO C OTMEYeH-
HEMH JeneHHAMHA. Y ornbalonieif ecTb ToOYKa BO3BpaTa, X OHA OYEHb MTOX0XKa Ha
nonykyOHgeckyro napabomy U3 nexipn 9. Bexope MK BHIBe/ZIEM €€ ypaBHeHHe.,

q
A
1.5
1,4 4
1,3
1,2 L
1 4
0.8
0,50
0,8
L
-1
~1,2 L
~ 1,3
1,4 !
-1,5

Puc. 8.4. Orubaloman cemeiicTBa OpaMbIX X° + px + g =0 H HIOrHyTas MepHaa JIeHTa
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Kak H paHblle, KpHBad Ha pHC. 8.4 MOXET OTYKHTE HHCTPYMEHTOM JJIA rpa-
duyeckoro pemenus ypaeHeHHa x* + px+ g =0: mpoBeAeM K3 TOYKH (P, q) Ka-
caTeNbHYIO K orHbatomieil; HalimeM abcuuecy TOYKHM KacaHWA — 3TO M HygeT Ko-
peHb ypaBHeHHd. M3 TOUeK «BHYTPH» OCTPHA MOKHO TIPOBECTH TPH KACATENBHEIX,
H3 TOYeK BHe — TONBLKO OfHY; CM. pHC. 8.5. CaMa KpuBas ABAAETCH MHOMXKECTEOM
ToueK (p,q), ANA KOTOPEIX Y YPAaBHEHHH eCTh KPATHHIA KOpeHb; ee BepIIMHA —
HayaJ0 KOOPAHMHAT ~- COOTBETCTEYET YPABHEHHMIO x> =0, ¥ KOTOpOro Bce KOPHM
CCERAAAIoOT.

X /(P, q)

(P» ‘I) X2

Yo

/\

X1

X3

Puc. 8.5. Mucio kopHel KyDHYECKOTO YpaBHeHHA

Yro6el HaittH ypaBHeHHe KPHBOil, HzofpaweHHON Ha puc. 8.4 u 8.5, HYKHO
3HATb, KOTAA Y YPaBHEHHUA x> + px + ¢ =0 ecTb KpaTHbI# KopeHb. O61mi KpuTe-
PHit aeT creAyionmian 1eMMa.

JEMMaA 8.1, ¥ muozounena f(x) ecib kpamusiil Kopers mozda U MOALKO Mo-
20a, Kozda Y camozo mHo20ueHa L e20 npoussodHoll f/(x) ecmb obwjuil kopens.

JOKABATEALCTBO, ECIM a — KpaTHRN KOpeHs MHOrowreHa f{(x), o f(x)=
={x—a)’g(x), rae g(x) —roxe mHorowren. Torza f'(x)=2(x —a)g(x)+{x—a)*x
x g'(x), ¥, crefoBaTeNAbHO, @ — KOPeHE MPOH3BOAHOH f'(x).
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U uaoBopoT, mycTs @ — o61UHii kopeHb MHOrOwIeHa f(x) ¥ ero NpoH3BOAHOM
f/(x). Torga f(x}={(x — a)g(x) Ans HEKOTOPOrO MHOIOWIEHA g, ¥ MoaToMy f'(x)=
=g(x}+ (x = a)h(x). Ynucno a ABNHETCA KOpHEM f', a 3HAYMT, B XOPHEM MHOTO-
ynena g, Takum 06paszoM, A8 HeKOTOPOro MHOTOWIEHA h CIIpaBe/IHBO NIPeACTaB-
nerme g(x) = (x — a)h{x), 1 moaromy f(x)=(x — a)*h{x). Cnegoparensto, a —
KpaTHeit KopeHE MHOTOWIEHA f.

B mameii cutyauyuu f(x)=x%+px+q n f(x)=3x?+ p. Ecan a — obmuii
KOPEHb 3THX MHOTOYIEHOB, TO p = —3a? u ¢ = —a° — pa = 2¢>. 3ro napamerpu-
YecKHe ypaeHeHHd orpbanieii ¢ puce, 8.4 i 8,5. M3 3THX ypaBHeHHH MOXHC HC-
KIIOUKTE Q, TTOTYIMB

4p® +27q%2 = 0.

37O ypaBHEHHE 3a/aeT NONYKyOnJyecKyio napabouy.

BupaxeHue D =—(4p° + 27¢%) asnderca AUCKpUMHMHAHTOM! MHOTOWIEHA X° +
+ px +q; ero 3Hax onpejeiAeT YHCA0 KopHeil: ecan D > 0, To kopHe# TPH; ecaH
D < 0 —ToAbKo oANH AeicTBUTEARHBI! KOpeHb. KeTaT, MEL He TepAeM B obmiHe-
CTH, PACCMATPYBAS MHOTOWIEH X + pX + ¢ € HYACBHM BTOPHIM KoabduumeHTOM:
NOC/eAHHN BCETAa MOXKHO MCKAIOUHTE TIOACTAHOBKOM X — X + ¢ (3TOT BOIPOC No-
ApobHO obcyxAaNCA B IEKIVH 4).

8.3. ¥pasaenme ornbawometi

YpasHeHHe orubaloieil ogHOMapaMeTpHYecKOro ceMelcTBa KPHBLIX (B YacT-
HOCTH, TIPAMBIX) JIErKo HaliTH. CaenaemM 2T0 And KyGHYecKoro MHOrowieHa f(x)=
=x3+px+q.

Touku orubaroimeii NOAYIAIOTCA KAK TOUKHM NEpeceyeHus KPUBOi X° + px + ¢ =
=0 u BeckoHeuHo 6mu3koit K Hell kpusoi (x + £)° + p(x + £) + ¢ = 0. Bropoe
YparHeHHE MOXHO 3alHCaTh B BUAe

(x*+px+q)+e(3x?+p)+0(e?) =0,

rAe, Kak 06eraHO, O(e?) ofoaHayaeT WieHb! OPAAKA 2 M BHIIE OTHOCHTEABHO €.
Tak Kak & GECKOHEWHO Majo, Mbl OTGPAcHBaeM BCE €ro CTENEeHH HAYHHadA ¢ &2
¥ MONy9aeM cHcTeMy ypasHeHu# f(x)}=0; f(x)+ ¢f'(x)=0. OHa, XOHeuHO e,
SKBHBAJICHTHA CHCTEME

fO)=fo)=o.

3710 M eCTh MapaMeTpHYeCKoe ypaBHeHHe orHbalouieii (3geck x — napaMeTp), H
TO JKE CaMoe BePHC AAA J000re OJHONAPaAMEeTPHIECKOTO ceMeifcTBa KPUBHX Ha
(p, @)-OCKOCTH, 3aAAHHOTC ypapHeHneM f(x, p, ¢)=0. C ydeTomM seMMBI 8.1 MH
onATs ybexaaeMes, yto orubalonas COOTRETCTBYeT TAKMM TOUKaM (p, q), A KO-
TOPHX ¥ KyGHYeCKOTo MHOTOWIEHa X° + pX +¢ =0 eCTb KPaTHHI KODEHB.

3 2
1B nesuH 4 AMCKPHMHHAHTOM HASHBANOCH BHEPANECHHE g—? + qT'

5 Tak. 3047
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8.4. ABOHCTBEHHBIE KPABLIE

PaccMOTpHM ypaBHeHHe
l+kp+g=0. (8.1)

M&! BOABHB PACCMATPHMBATh €r0 KaK JHHEHHOEe YpaBHEHHE OTHOCHTENBHO mepe-
MEHHEIX P, , 3aBHCANIEE OT MapaMeTpoB k, I, WK Kak JHHEHHOe ypaBHeHHe OT-
HOCHTENBHO NepeMeHHHX k H 1, 3aBHcAmee oT mapamerpoe p u q. Taxm obpa-
30M, KaXKfol HeBepTUKAMBHON IPAMOit B (p, ¢)-IUTOCKOCTH TIPH NOMOMUIY YPaBHe-
HuA (8.1) ¢TaBHTCA B COOTBETCTBHE Touka B (k, [)-IIoCKoCTH, H HaobopoT, EcTs
ABe MIOCKOCTH, ¥ TOYKK 0AHOH ABIAIOTCA HeBePTHKANLHBIMH MPAMBIMH APYyTOfi.
3TH ABe ILIOCKOCTH Ha3HBAlOTCA dgoiicmseenHbimit dpy2 Opyey.

M IpHMeM Takoe coriallieHHe: TOUKH GyZeM o6o3HadaTe GONBIHMME OYHBa-
MH, 3 IPAMEIe — MIEHBKIMM. JU1s AaHHOH TOYKHM Ha OAHOM IUIOCKOCTH COOTBET-
CTBYIOmaa NpAMan B Apyroii mrockocTy 6yZer ofozHavyaTeCA TeMH ke Oykpamu,
TOABKO MaJieHbKMMU, ByaeM cumraTh, 9To (k, [}-NA0CKOCTE pACHIOROKEHA C/lena,
a (p, q)-INOCKOCTh — CTIpaBa,

Cpa3y MOXHO 3aMEeTHTh, 9T0 JBOHCTEEHHOCTE COXPAHAET OTHOINEHHE HHIH-
AEHTHOCTH: ey A€, To L € . JeicTRUTENEHO, IyCTE A 4 | JieXxaT B feBoit mwaoc-
xoctu, A=(k,l), a L=(p, g) — rouka, AsoiicTBeHHaa npamoit 1. Torga cornacHo
ypaeHeEHIC (8.1) npaMan [ npoxozuT 9epes TOUKY A, U COITIacHO EMY e IPAMasd a
APOXOTHT Yepes TodKy L.

Hanpumep, TpeyToNbHAK — 3TO $Urypa, 06pasoBaHHanA TpeMA TOUKAMH U Tpe-
MA NpAMBIMH, JBOHCTBEHHOCTE MEHAST MECTAMH TOMKHU ¥ IPAMbEie, HO COXpAHAST
HHHHAEHTHOCTD, TAK YTO ABOHCTECHHAs GHUrypa — TOXE TPEYrONBHMK, AHANOTHY-
HO, purypa, AsoitcTBeHHasa YeTHPEXYTONLHHUKY ¢ ABYMSA IPOBEAEHHEIMH B HEM
AUATOHAAAMH, COCTOMT M3 YETHpeX NPAMEIX K WX IHECTH TOYEK MEPeCeYeHHs; CM.

Puc. 8.6. IBolicTBeHHEE GHIYDH

JlBolicTBeHHOCTE pacIpocTPaHAETCS H HA [MafKue Kpueke. ITycTh ¥ — KpHBas
B NeBoi#i mnockocTH. KacaTenbHEE K Helf COOTBETCTBYIOT TOUKAM HA IMPaBOi TOC-
KOCTH (MBI CIMTAEM, 9YTO ¥ KPMBOH Y HeT BepTHKANBHHX KacaTelsHHX). Torga
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Ha NpaBoif IIOCKOCTH TIOMYYAeTes OAHOTIapaMeTPHYeCKoe ceMelicTBO TO9eK, TO
€CTh KpHBas. Ta KpHUBad HasklBaeTcs ABCHCTBEHHOH K ¥, M MH 0Go3HauaeM ee y*.

Cnegyrontpii TpUMep POACHAET 3TY KOHCTPYKIMIO.

Npumep 8.2. NycTs y — «napabona» cTelleHH &, 3ajaHHadA ypaBHeHHeM [ = k7.
YparHeHHe KacaTenbHoit k Helt B Touke (¢, %) umeer Bug l — at®* e+ (a—1)t2=0,
10 ecTb 1+ kp + ¢ =0, rge p=—at®*™}, g =(a— 1)t*. Iro napamMeTpHIECKOE YPAB-
HeHHe pyroii napabous crenenn 8 =a/(a — 1), n noatomy y* — napabona crerne-
uu 8. CooTHOINEHHE MeXAY & ¥ § MOXHO 3alMCATh CHMMEeTPHYHHM 00pa3oM:

1 1 _
'E+‘E'-~1.

B 4acTHOCTH, ecn =2, To f=2; aeciH a=3, To B=3/2.

ObcysumM, Kak ABOHCTBEHHOCTD MeHseT GOpMy KpHBOit. EC/H ¥ KpHUBOIH ¥ ecTh
ZBOHHAA KacaTeNbHAas, TO ¥ KPHBOH ¥* €CTh TOYKA caMollepecedeHyn; CM., DHuc. 8.7,

TN ><
.

Puc. 8.7. /lnoiiHan KacaTenbHas ABOHCTBEHHA K TOYKE CaMolepeceveHUs

TIpeAnoNoKHAM Teepk, ITO Y KPHBOH ¥ €CTh TOUKA meperuba, KaK Ha puc. 8.8.
B Touke mepernfa KpHBaf aHOMaAbBHO Xopomo npubawxaerci npaMoli (oBeMHO
MMeeT MecTo KacaHue ITepBOTO MOPAAKA, HO B TOUKe Neperuba kacaHKe No Kpaii-
Heif Mepe Broporo nmopsaaka), OTCioAa caeAyeT, YTO ABOICTBEHHAA KpHMBaA aHO-
MaJibHO GIMaKa K To4Ke, TO eCTh HMeeT OCOGeHHOCTR, cM. puc. 8.8. ITo Kave-
CTBEHHOE PacCyXeHHe NMOATBEMKAAeTCH npHMepoM 8.2: ecay ¥ — KyOuveckas
napafofa, To KpHBasg y* MMeeT NONyKyOudecKylo TOUKY BO3BPATa.

~<

Puc. 8.8. Touka nepernfa asoiicTBeHHA K TO4Ke BO3BpaTa
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B cIy CHMMeTPMH MEXAY ABYMS IVIOCKOCTSAMH CISA0BAN0 OB OXUAATE, IT0
ABOHCTBEHHOCTh — CHMMETPHYHOE OTHOIICHHE: eC/H KPHBag y ABoHCTBeHHA &,
TO KpHBaa § AsoHcTBeHHa y. Tak OHO W eCTb.

TeoreEMA 8.3. Kpusan (y*)* cosnadaemc y.

JokasaTEARCTBC. HauHeM ¢ KpHeoif y*. YUTOOH MOCTPOHTE ABOHCTBEHHYK)
€M, HYKHO PACCMOTpeTh KacaTeMbHEe, MH, GAHAKO, BO3bMEM CeKylylo I, mepece-
KAmyIo KPHBYIO T* B ABYX Gimaxux Touxax A U B. Ha zpoitcTBenHol kapTHHKe
IPH 3TOM ITOAYYUM ABe GrM3KHe KacaTeJbHbIE d U b, Nepecekaloluecs B Todke L,
AsoiicTBeHHOM npamoit [; cm. puc. 8.9. B npefene, xoraa ABe TOUKH A U B clmipka-
I0TCH, MpAMas | CTAaHOBHTCA KacaTefAbHOH K y*, a Touka L «1agaer» Ha y. Takum
obpazom, (7*) =7.

:
L v =T
a
/A

Puc. 8.9. JloxasaTenscTBo TeopeMut 8.3

JlokazanHan TeopeMa o ABOHCTBEHHOCTH NO3BOAAET IWTaTh pHc. 8.7 1 8.8 crpa-
Ba HAJICBO: €C/IM Y KPHBOH eCTh TOYKA caMolepeceseHus, To Y ABoicTBeHHOI ecTh
ABoliHag KacaTeNkHadA, a eCJIH ¥ KpUBoit eCcTE TOUKA BOSBPATA, TO ¥ ABCHCTBEHHOH
ecTh TouKa Meperuba. Hanpumep, xpupble Ha puc. 8.10 AB0OHCTEBEHHEI APYT APYTY.

A

Puc. 8.10. [lapa ABOHCTBEHHBIX KPHBLIX

Bce 3T0 CBABAHO C TeM, YTO MBI o0cyxzanu B 1. 8.1 u 8.2, Hanpumep, ypasHe-
HHe x° + px + ¢ =0 mosydaerca u3 ypastenusa [ +kp +q =0, e k=x, [ =x>,
Tocrexnee onmMcsiBaeT KyGHuueckylo napadony B (k, [)-mrockoctu. JBoiicTBeHAS
xpupad B (p, ¢)-MA0CKOCTY ARNIAeTca ornGaloineit ofHONapaMe TPHYECKOro ceMeti-
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CTBa NPAMBIX X° + px +q = 0 — 970 nanyrybudeckas napabona, KaK Mbl BEIACHWIH
BN 8.2,

Tenept Mbl MOXEM OGBACHUTE, ITOYEMY ¥ KPHELIX Ha 1. 8.2 u 8.4 HeT neperu-
6oB. OfHONapAMETPUYECKHE CEMECTBA NPAMBIX X2+ px+q=0u x>+ px+¢=0
3ajaK0T TIafKke kpuBkie Ha (k, [)-tockoeTn (HanpuMep, k=x, [ =x? B nepsoM
ciryvae). [oaToMy y ABoficTBeHHBIX MM KPHBRIX Ha pHc. 8.2 u 8.4 nepernbos Her.

8.5. TIpoeKTHBHAA WIOCKOCTE

CMyIaeT NPYHATOE HAMH OrpaHUdeHNe, 9T06H ¥ KPUBHRX He OBIA0 BEPTHKANL-
HEIX KacaTenabHEIX. MOXHO J paciimpurs ABOHCTBEHHOCTE MEXAY TOUKAMH M
NpAMEIMU Ha BCe BWZBI IPAMEIX? [ 5TOro HYKHO PacIiMpPUThL OGBIMHYIO IDIOC-
KOCTb AC NPOCKTHBHOIA.

[poeKTHBHAA MIOCKOCTE ONPEACAIETCA KAaK MHOKECTEO NPAMBIX B €BKIMAO-
BOM TPEXMEPHOM IIPOCTPAHCTEE, NPOXOAAILNHX YMepe3 Havako KoopAnHAaT. Kaxaan
TaKas npAMayg NepeceKaeT eIUHUIHYIO chepy B ABYX NPOTHBOIIGIOKHEIX TOUKAX,
MO3TOMY TIPOSKTUEHAA IUIOCKOCTE — 3TO PEe3yABTAT OTOXAECTEACHHA Nap NpOTH-
BOMQIMKHEIX ToYek chepHl. [IpoeXTHBHYIO IVIOCKOCTE (AeiicTBUTENLHYIO) 0603HA-
9AI0T CHMBOIOM .

Ana panqolt npamoii I, npoxoasineit yepes Hayano KOOPAKHAT, BEIGepeM Bek-
top (u, v, w), HanpaeleHHbI BAons I. Takoit BeXTOp He eAUHCTBEHHEI, OH Ompe-
JeNeH ¢ TOYHOCTRIO 0 YMHOMKEeHHA Ha HeHYAeBoe IHMCI0. KoopauHaTtH (u, v, w),
onpeAe/ieHHBIE ¢ TOYHOCTBI0 A0 MHOKHTEA, HA3HBAIOTCS OZHOPOIHBIMH KOODAU-
HATAMH TOUKH [,

Mo onpefeneHHIO IPOEKTHBHAA PAMAA COCTOUT U3 NPAMEIX B IPOCTPAHCTEE,
KOTOpHE JIeXAT B OFHOIL TAOCKkocTH, BrifepeM nAOCKOCTE 7T B IPOCTPAHCTRE, He
NPOXOAAMIYIO Yepe3 Ha4ano KOOpAXHAT (akxpaH). [1ocTaBHM B COOTBETCTBHE Kax-
Ao mpAMOH TCUKy nepecedyeHMd 2Tolt npAMoOR M 3KpaHa. KoHeYHO ke, HEKOTO-
pHie TIpAMbie TapanAenbHLl KpaHy; O HUX MBI BpeMeHHo 3a6ygem. Takoe coor-
BETCTBHE MO3BOJAET OTOXAECTBUTE YacTh MPOSKTHBHOTO MPOCTPAHCTEA ¢ IUIOCKC-
CTBIO 7T, TTPH 3TOM NPOEKTHBHHE IIPIMBIE OTOXAECTRASIOTCA C IPAMBIMH B 7. JIpy-
TYMH CIOBAMH, IVIOCKOCTb T MOXKHO PACCMATPHBATH KaK (GOABIIYIO) 9acTh NPOeK-
THBHOM IUIOCKOCTY, HasbiaeMyw adduHHOH Kaproil. Ecan BaATh Apyro# sKpaH,
TO noAy4uTea apyras a¢drHHAad kapra. Ecniu © 3agaeTcsa ypaBHeHHeM z= 1 (rme
X, ¥, 2 — AEKAPTORH KOOPAMHATEI), TO MOXKHO BRIOPATh OZHOPOAHEIE KOODAUHATHI
B Bufe (u, v, 1), ¥ TOTAA AOCTATOYHO GTOPOCHTE TPETHIO KOMITOHEHTY, YTo6H To-
JIY4ATH OOBIMHBIE ACKADTOBBI KOODAMHATE! HA IVIOCKOCTH 7T,

Kaxas 4acTh IpoeKTHBHOMN ILTIOCKOCTH He nonajaer B apPuHHyIo KapTy? 3TO
npsAMEe B NPOCTPAHCTEE, MapannensHele IWIOCKOCTH . Ecian npaMan obpasyer
MAaJIEIA YTON C IIOCKOCTBIO 7T, TO TOYKA €€ NepeceueHnA pPacuoIaracTesa AaieKo,
H €CJIH STOT YTOJI CTPEMHTCA K HYIIO, TO COOTBETCTEBYIOLIAA TOUKA CTPeMHUTCH K Gec-
KOHEYHOCTH. TaK YTO NIPOEKTHEBHAA IVIOCKOCTb MONYYAETCA H3 OORIMHOH IUIOCKD-
cTH Tt AobaBneHreM «GeCKOHEYHO YAANeHHNX ToUeks». JTH ToYKK o6pasyloT Ipa-
MY10 — «BeCKOHEeYHO YAANCHHYIO NPAMYIo». OfHOPOAHEE KOOPAUHATH 3THX TOYCK
umMelorT eug {(u, v, 0).
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Jaa ganuoit npamoit |, npoxopAmeit depes Ha9aNC KOOPAHHAT, PACCMOTPHUM
NEPNeHANKYIAPHYIO eif IVIocKocTs 3, NPOXOAAMIYIO Yepe3 Havaao KoopArHar. Tem
CaMBIM YCTAHABAMBAETCSA COOTBETCTBHE MEX/Y IPOEKTHBHLIMH TOUKAMH M TIps-
MHMH — TIPOSKTHBHAA ABoiicTBeHHOCTD. [TycTh (1, v, W) — OABOPOAHEBIE KOOPAH-
HaATH npamoii [, a mnockocTs § safaercda TuHeHHHIM ypaBHeHHeM ax +by +cz=0.
3anuieM ycrIoBKe NepneHAHKyAApHocTH npamoit I 1 mockocT f:

au+bvdcw =0, 8.2)

Mpeanonoxum, yto w ¥ 0 U a #0. Torma MOXHO BHOpaTh OKHOPOAHEE KOODIH-
HaTH Tak, 410 w =a=1, a ypapHenue (8.2) nepenucare Kax u +bv +¢=0. Or
ypasHeHuA (8.1) OHO OTIMMAETCS TOABKO O0OO3HAYEHHEM NepeMeHHBIX, YCIOBHe
w () o3HagaeT, YTO MBI OrpaHHYHBaeMca apOURHOM KapTol, a yonoBue ¢ £#0—
YTO PacCMATPHBAacM HeBePTHKANBHEE TIPAMBIE.

8.6, YpaBHeHue x* + px2+qgx+r=0

370 ypaBHeHHe olpeaenaeT OAHONADAMETPHYSCKOS CEMEHCTBO IoCKocTelt B
E€BIJIMAOBOM TPEXMEPHOM HPOCTPAHCTEE ¢ KOOPAMHATAMHE P, 4, r. Orubajolias 31o-
TO ceMelicTBa — NOBepXHOCTh, H306paKeHHaA Ha pue. 8,11,

F

Puc. 8.11. Ornfacman cemeiicTea maockoereii x* + px2 +gx ++=0
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PaccMOTpHM ABE IUTOCKOCTH #3 HAINETO CeMeHCTBA, COOTBETCTBYIOUIHME OUYeHb
G/IM3KMM 3HaUeHMAM f1apaMeTpa X U X + €. 3TH ABe TAOCKOCTH NMepeceKaloTes 1o
NpAMOH, H OHA 3aHMMaeT HEKOTOPOE NIpeAenbHOe NWIOKEHKHEe NPH £ — 0. Moayya-
eTcA OfHONapaMeTPHYeckoe ceMeficTBO NPAMEIX [(X); Bce OHM JIeXaT Ha TIOBepX-
HOCTH. MHRIMM ¢/I0BAMH, 2TO IMHEHYATAA TOBEPXHOCTD,

BosbMeM TpH ILIOCKOCTH H3 HaIlero ceMelfcTsa, COOTBETCTBYIONIME 3HAYEHH-
AM napaMeTpa X - £, X H X+ £. DTH TPH IIOCKOCTH IIEPECEKAIOTCA B OXHOMH TO3-
Ke, M OHa 3aHHMAaeT HeKoTopoe IpeAenbHoe NONoKeHHe Npy & — 0. Kpome Toro,
B 3TOIt TOUKe nepecexaloTca GeckoHeyHo Omuskne npaMete I{(x) u I(x + £). Urak,
npamete [(x) KacaloTed NpocTpaHCTBeHHO! kpuBo#H P(x), ABaromeiica ux oruba-
omeil, O6paTuTe BHUMaHWe, YTO B 0blleM clydae oAHONapaMeTpHIECKoe ceMed-
CTBO IIPAMEIX B MPOCTPAHCTBe He 06A3aTeNbHO ARAAETCA orubalomei Hexoropoik
KpuBoil: Ape GeckoHeyHo GiH3KHe NMpAMble MOIYT CKPEIIMBATHCH; Haml caydai
ocoBeHHui! Utak, moBepxHOCTE, H3cOpaxeHHaT Ha puc. 8.11, cocTouT M3 NpAMEIX,
KACATeNTbHEIX K NpOCTPAHCTBEHHOH KPHBOIL.

Ha camoMm Zene ypaBHeHHe 3TOH KpHBOH HeYpy[HO BEIMMCATBL. PaccMOTpHM
dynxnmio f(x)=x*+ px?+qx +r. PaccyxaeHns, aHAIOTHYHBIE TEM, YTO MbI IPO-
BeJIH B I1. 8.3, ITOKA3EIBAIOT, WTO MApaMETPUYECKOe YpaBHeHne Kpusoit P(x) 3aaa-
eTea cucTeMoit ypasuernit f{x)= f'{x)= f"(x)=0, To ecTs

x*+pl+gx+r=0, 4x°+2px+q=0, 12x3+2p=0.

CaenoBaTeAbHO,
p=—-6x% gq=8x° r=-3x*

— mapaMeTpUYeCKoe ypaBHeHHe MPOCTpaHCTBeHHOM KpHBoIL. Y 3T0H KpHBO# B Ha-
Yafe KOOPAMHAT HMeeTcs Tod9Ka BosBpaTa. Ha puc. 8.11 kpubpas m3obpakeHa co-
cTosIeH U3 ABYX IMaAKHX YIacTKOB BA H AC, rae A — Hadano koopAuHar. Kpome
KPHBOQIMHERHOI'O TPEYroibHEKA BAC NOBEPXHOCT BRIIOYaeT ABa «KphUla» ABGF
¥ ACHE, npucoe{iHeHHBIX K yJYacTkaM BA u AC 1 nepecekalomuxca BAONb KpH-
Boit AD. Ha puc. 8.11 ata noBepxHocTh H3obpaxeHa Tak, Kak 310 GEUIO NPHHATO
B aimrefpandeckux paborax XIX pexa. OHa mosBWiAch BHOBB, TEIIEDh YKe IIOA
HA3BAHKEM JIACTNOYKIUH X80CM, B TEOMETPHH BTOpoi monoBHHE! XX Beka. Mul Bep-
HEMCA K 3TOH NOBEPXHOCTH, Korga OyeM ofCcyKAaTh reoMeTpulo GymaixHoro -
CT4, A B AeKUMH 13 npuBeeM ee Gonee nousTHoe H3obpaxeHue (cM. puc. 13.17).
Ha puc. 8.12 xpusag

2

p=-6x, q=8x% r=-3x*

v3obpaxeHa OTANBHO OT TIOBEPXHOCTH. CNpaBa — MPOeKIHH 9ToH KPHEBOH Ha pg-,
pr- H qr-INOCKOCTH. 3aMmeThTe, UTO B NPOCSKIIMH Ha Pr-IAIOCKOCTh KPHBaA NMpeBpa-
IIAETCA B MONOBHHKY napabosl,

ToBepxuoCTh HA puc. 8,11 3axaerca cucremolt ypapHeruit f(x)=f'(x}=0, To
ecThb

x*+px®+ax+r=0, 4x*+2px+q=0.
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Puc. 812, ¥ xpreoit B Havane KOOPAHHAT HMEETCA TOYKA BO3BpaTa

Ecin U3 3THX ypaBHeHH HCHHOIHTE X, TO IOAYYHTCHA COOTHOLIEHHe MeXAY Iapa-
MeTpaMM p, 4, r — €T0 MBI HaiiZleM B CHeyIOLEeM IyHKTE.

Kax 1 B 1. 8.1 1t 8.2, MOXHO YCTAHOBHTh, YTO YHCAO KODHEH ypaBHeHus x* 4
+ px? +gx +r paBHO YMCIY KacaTeNLHEIX NAOCKOCTel K MOBEPXHOCTH, IIPOBEASH-
HHX W3 TOYKH (p, q,r). DTO 9HMCAC H3MeHAeTCA HA 2, KOTAA TOYKA IepeceKaeT
TIOBePXHOCTS. JIONMONHEeHHe K TOBEPXHOCTH, COCTOUT M3 TPeX YacTeid, COOTBETCTRY-
IOWMX caysasaM 4, 2 u O kopHeit.

8.7. @opMmyna qna ANCKPHMHHAHTA

JHCKPHMUHART MHOTOWIeHA f(x) cTemleHH n (MBl mpeANaIaraeM, 4To CTap-
i koagduuMeHT paBed 1) — aTo TaKo¥ MHOTOWIEH D, 3aBHcAmMii oT Koaddu-
I[MeHTOB MHOTOWIeHA f{x), uTo D=0 e/t i TOABKO ecAK y MHOrowieHa f(x) ects
KpaTHEri kopexb. MIMeHHO,

D= n (xi _xj)z’
1gi<jgn
TAE X, «.-, Xy — KOPHH; CP. NEKIUIO 4. HanoMHauM, YTO K03 DUIHEHTH MHOrOWIe-
Ha — BAIEMEHTapHEEe CHMMeTpHYeckre QYHKUMH OT ero KOpHeil; oM. JeKUio 4.
JUCKpHUMHHAHRT D Taloke SBAACTCH CHMMeTpHYecKkoil GyHKIeH oT KopHeH, H no-
STOMY TOXKe MOweT GHTE BHIPaKEH KaK MHOTOWIEH oT koaddunperTor f(x). [Ips-



Jexuua 8. TeoMeTpHA yparHeHHH 137

MEe npeoﬁpasosaﬂns AOBOABHO YTOMHUTEALHE], HO I8 MHOTOWICHOB MaJBX CTE-
TieHeit X BCe JKe MOXHO MPpOBECTH «T'OJABIMH PYKaMI»,

Mrumer 8.4. TpoBexeM npeobpasosanya Ana MuorowieHa f(x)=x3+px+q
(1a camom aene nocae 11, 8.2 MBI Y2Ke 3HaeM, YTO NOMYYHTCH):

Xy +x2 +X3 = 0,
X1Xz +XzX3 +X3X; = p,
x1x2x3 = —q.

HWrax, cTereHs MHOTOWIEHA P PaBHa 2, A MHOTOWICHA q paBHa 3. CTeneHb JUCKPH-
MHHaHTa PaBHa 6, ¥ CTb TOJLKO JBa OFHOWIEHA OT p M g TaKoii cTenexu: p u g2
TaxuM o6pa3om, AUCKPUMHHART HMeeT BuA D = ap® + bq?, npuueM xoadduumen-
Tbi @ H b HeH3BeCTHE,

YrobH X HaliTH, HONOKIM

X1 =X = t, Xz = —2t.

Toraa
D=0 nu p=-~3t2, gq=2¢.

Orciofa cnenyer, 9ro 27a =4b. Tenmepe Bo3bMeEM X, = —X, =t, X, =0. Torga
D=4* u p=—-t*, g=0.
Monyuaem, yto a=—4, b=—27 n D=—-4p°® - 27¢2.

AHanoruuHble, Ho Goltee TPYACEMKHE MPeobpasoBaHMA AT ZOBOJABHO BHY-
HATENbHYIO GOPMYITY AT AMCKPHMUMHAaHTa MHOroWIeHa f(x)=x*+px®+gx+r:

D = 286r% - 128pr? - 27q* - 4p®q% + 16p*r + 144pg°r. (8.3)

EcTs B ApyToil MeToR BHMUCACHNA AUCKDPHUMHHAHTA D, HypKHO Y3HATH, KOIAA ¥
fO) u f(x) ectb o6upmit xopeHb, ckaxem a. B 31oM cayqae f(x)={(x —a)g(x),
Fi(x)=(x-a)h(x), rae g ¥ h -~ MHOTOWICHH CTENEHK 3 H 2 COOTBETCTBEHHO, OT-

CIOIa CTeAYeT, 9TO
FUR(x) - f(x)g(x) = 0. 8.4)

MoskHO NpUHATE KO3 GHIHEHTH MHOTOWICHOB i H g 33 HeH3BeCTHEE (MX BCero
CeMb) U, IPUPABHAB Bce KO3(:)HIHEHTH B cooTHomeHU (8.4), NOAYIUTE CHCTe-
My CeMH JIMHEeHHLX YpaBHeHUH OTHOCHTENbHO 3THX HEM3BECTHHIX. ¥ 3To# cHcTe-
MBIl €CTh HETPHBHANBHOE PEIICHHE TOTAa H TONBKO TOTAA, KOTAa €€ ONpeAeaHTeNb
paBeH Hymio. Hecaomxuo y6eiuThCA, YTC ONPEASTHTENb PABEH

1 0 p q r 0
0 1 0 P q r
0 0 1 0 P q
-4 0 -2p -q 0 0
0 —4 0 -2p —q 0
O o0 -4 0 -2p g
0 0 o -4 0 -2p -g

(8.5)

o oo T OO
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IIpyipaBHAB ero K HYO, MOTYYHM ellie ofHY GopMy YpaBHEHHA NOBEPXHOCTH, H30-
6paxenHoli Ha puc. 8.11. BoaMO;KHO, 3TOT Ciocol MpUATHEe, HO BCE PABHO OCTAeT-
¢l OTAeNbHAA H He TaKas YK [IPMATHAA 3a7a4a [IPOBEPATH, YTC OH NPHUBOAHT K To
e TTOBEPXHOCTH; B HaIlle BpeMA MOMHO [OPYMUTE 3TY 3a4aYy KOMITBIOTEDY.

MNMocnegree 3amedanne. Koaddnuuenrts B Gopmyne (8.3) — uncna KoBONBHO
GanbKe, TAX 9TO XOTENOCH GH 3HATE, He 00/1aJaI0T IM OHHU KAXUM-HHOY/Ih KOMOU-
HaTOPHHIM WIH reoMeTpHiecKuM cMuicaoM. KoHuenTyansHoe obbAcHeHHe aToM
¥ MHOT'MX PYTHX MOXOXHX HOPMYN AAET COBPEMEHHAS TEOPHA AHCKPUMHHAHTOB
U pesyAbTaHToB (cM. KHury M. M. Tenndanga, M. M. KanpaHoBa u A. B. 3e/eBuH-
croro [45]); B wacTHOCTH, Ko3bPULMEHTH B BHpaxeHKH (8.3) KHTEPIIPETHPYIOT-
¢4 KaKk 06beMEl HEKOTODBIX BHIYKABIX MHOTOTPAHHHKOB.

8.8. Ynpaxsenwna
8.1, (a) PaccmoTpHM ofHomapaMeTpideckoe ceMefcTRO IIPAMBIX
psinx+qcosx =1. (8.6)

H3obpasure ero orufalomyo 1 BOCIONL3yHTECh 3THM H30BpaxeHeM, YTobH pe-
1OWTE YpaBHeHHe (8.6} reoMeTpHUECKH T PAMTHIHLIX 3HaveHH# (p, q).

(6) Pewrre TaKy1o Xe 3ajauy A ypaBHeHus In x = px+q.

8.2, HavepTHTe KpHBY1O, ABOHCTBEHHYIO rpadUKy GyHKIEK ¥ =e¥,

8.3. (a) YpapHenue x? + y? =1 ONACHBAET OKPYKHOCTh Ha adgduHHOIM Kap-
Te Z =1 NpoeKTHBHOH MWiocKoeTd. Vzobpasute aTy KpuByo Ha abduHHOH KapTe
x=1,

(6) Pemmre TaKyro e 3agadqy A ypaBHeHHA ¥ =1/(1+x?%).

8.4. HauepTute KpHUBLIE B NIPOESKTHBHOI ILIOCKOCTH, ABOHCTBEHHEIE KPHBEIM
U3 ynmpakHeHHH B.3.

8.5. EcnH y eAMHMYHOI'O ANCKA CKIEHNTH BCE ITAPH IPOTHBOMOIOKHEIX TOUEK
TPaHMIBI, TO MONYIHTCA ITPOEKTHBHAA IHIOCKOCTE. JOKGKHTE 3TO.

8.6. (a) JokamurTe, ¥TO MPOEKTHEHAA MNIOCKOCTD C BRIPe3aHHEIM H3 Hee Kpy-
ToM — 3T0 JIeHTa Mébuyca.

(6) AoxaxxuTe, YTO MHOKECTBO BCEX HEOPHEHTHPOBAHHBIX MPAMBIX Ha TUIOCKO-
cTH (He 0643aTe/IbHO NPOXOIALIMX Yepes HAYAl0 KOODAKHAT) — 3TO JleHTa Mé6u-

8.7. (a) Jokaxure dopmyny (8.3).
{(6) Joxaxmre, 9¥TC MpaBas JacTh ¢opMynr (8.3) paBHa onpegennTenmo (8.5).
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Jlexiua 9
Touyxknu Bo3BpaTa
Cpeay rpadHKOB, KOTODHIMK NPENOIABATENH MATEMATHYECKOTO AHANMH3A JI0-

6ar 03a4aYHBaTh CBOHX YI€HHKOR, €CTh KPHMBHIE, COBEDIIAIONIHE B HEeKOTOPLIX TOY-
Kax pe3Kkue passOpOTHL. MaTeMaTHKH HA3LIBAIOT TAKNE TOUKH MOUKAMU ao3spamd.

Y

Puc. 9.1, Nonyxybuyeckas napaGona

THIHIHBIE TPHMEP KPHBOH ¢ TOYKOH BO3BpaTa MsobpaxeH Ha prc. 9.1, 3o nomy-
Ky6useckan napabona — KpHBas, 3ajaBaeMan ypaBHeHHeM y2 =x3,
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Y

Pue. 9.2, Huxnouja

Jpyroit npaMep — 3sHaMeHKTas yukaouda (puc. 9.2). ITy KPHEYIC MONHO YBU-
JeTh, €CIH OTMETHTD APKOE IMITHEIIIKO HA IIMHE BEAOCHNEAA M ITOTIPOCUTD APYTa
Ha HeM NpoKATHTRCA. [IATHRINIKG OMUIIET IHKIOHAY.

Ham mocmezuuit npuMep — Tak HazsieaeMas kapduouda (puc. 9.3), Hazpanpe
9TO# KpHBOIi CBA3aHO ¢ TEM, YTO OHA MOX0XA Ha PUCYHOK YeNoBeYecKOTo cepALa.
MareMaTHia1r 06EMHO 337a10T ¢ YPABHEHHEM B ITOMAPHEIX KOOPAHHaTaX o =1+
+cos 8,

)

A

Puc. 9.3. Kapauouga Puc. 9.4, KacatensHaa ¥ HOpMaIb K JANNCY

Korxeuno, MoxeT MOKA3aThCA, 9TO HANHMTHE TOYEK BO3BPATa ¥ 9THX rpadHKos —
TIPOCTO pPeAKas CIy4aifHOCTh: Bedb CYMIECTRYET TaK MHOTO KPHBHX €3 ToueK Bo3-
Bpara. Ho He CTOHT ZenaTh NocnelmHBIE BEIBOALL. Hamia nens — ySeAuTs YHTaTeN
B TOM, YTO TOUKH BO3BpPaTa €CTECTBEHHO BO3HUKAIOT B CTONBKUX FeOMeTPHYECKHX
H aHATHTHYECKHX KOHTEKCTaX, 9T MOXKHO CO Bcelf YBEpEeHHOCTHIO YTBePKAATh:
MOUKU 8038PAMA OKPYHCAIOTN HAC NORCOJY!

2
Hapucyem, HanpuMep, JUHIC, 335aBaeMEli ypapHEHHEM 3‘;— +y%=1, u gocra-

TOYHO IUIOTHOE ceMelcTBO Hopmaneti K Hemy (HOPMalb — 2TO TIPAMad, NepneHgH-
KyNApHaA KacaTe/IbHOH B TOUKEe KacaHHA; CM. puc, 9.4).
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O

Puc. 9.5. 3ramnc ¢ TPHAATEIO JBYMA ROPMATAMH

SAAMIC ¢ TPHALATRIC ABYMS HOpManaMH HacbpaXkeH Ha puc. 9.5. OpHaxo Kpo-
Me JUIHIICA M TPUALATH ABYX NPAMEIX MBI BHAUM Ha PHCYHKe elle 0fHy pomGoBuA-
HYH0 KPMBYIO C YeTHIPBMA TOUKAMU Bo3Bpara. M 1o He cienmdiveckoe cBoitcTBo
sumunca. Eciu paccMOTpeTh ceMelCTBO HopManiell K MeHee CHMMeTPHIHON KpH-
BO# oBaNbHOM dHOpMEL, poM6 TaloKe IOTEPAET HACANBHYIO CUMMETDHIO, HO TOUKH
BO3BparTa ocTaHyTesa (e, puc. 9.6).

HaGmiogaeMan xpuBaf ¢ TOYKaMM BO3BPATA Ha3HIBAeTCA 3goaiomoll AaHHOM
KpHEBOii (To#H, HOpManK K KoTOpPO# MEI cTPOIIH). OHA HMeeT MPOCToe reoMeTpHYe-
CKO€ WIH, JyqlHe cKa3aTh, MeXaHIYeckoe oflicaHtHe. EcaM JacTHa ABHXeTCA o
HeKOTOpo# KPHBOH, TO B KAXKAKIH MOMEHT BPEMEHH €€ JBIKeHHUe MOXHO IpeAcTa-
BHTH KaK BpallleHie BOKPYT HEKOTOPOH Toukn. 3Ta TOUKA ROCTORHHO MeHIET CBoe
NOJIOKEeHHE; MO3TOMY OHa TaKKE OMHCHIBACT HEKOTODYIO KpMBYylo. lIMeHHO a1y
KPHBYIO MBI BHAMM Ha puc. 9.5 1 9.6, DBOMIOTHL BCEr1a KMEIOT TOYKH Bo3Bpara. Bo-
Jiee TOTO, 3SHAMEHMTAA meopema 0 yemupex gepuuunax’ (koTopas GeUia AoxazaHa
OKOJIC CTa ST Ha3ad, Ho 10 CHX MOp OCTAeTCA 3arafodHoil) yTeepxaaeT, 4To eclnu
KpHUBas He CONEPKAT caMollepecedeHHH (KaK JLIHIIC WK KpHBas, HaobpaxeHHas
Ha pHC. 9.6), To ee SBOMIOTA MMeeT He MeHee YeThIpeX TOYeK BO3BPAaTa.

10w, nexumo 10,
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Puc. 9.6. KpuBad oBansHOil GOPMEL ¢ HOPMaJIsEMH

JAna camonepecexaloUIMXca KPHBHIX 3TO yxke HeBepHO. Ha caeayromeit kapTuH-
ke (puc. 9.7) nzofpaxeHo ceMelicTBO HOpManeil k caMoliepeceKaomeiica KpHBOH;
IBOIIOTA XOPOUIO BUIHA, ¥ OHA MMeeT TOMbKO ABe TOYKM BO3BpAaTa.

Puc. 9.7. CaMOnepeceramasncy KpHBas ¢ HOPMaAAMH
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YecTHO roBops, 3T0 Ha MepBhiil BAMAA cTHXHITHOE MMOAB/IeHHe KPHBO# ¢ TOYKA-
MH BO3BpaTa Ha pHCyHKe, H3oOpaxalouieM ceMelicTBo HopManeli, He o4eHb cBA3a-
HO ¢ HOpManAMH. MBIl yBHANM CucHE ITOXOXKYIO KAPTHHY, B3fB JI0G0e «J0CTaToy-
HO 06Iee» WAN «OCTaTOYHO CTyuaitHoe» ceMelcTBO npaMeIX. IIpeacTaBete cefe
pasrHeBaHHOro npodeccopa, KOTOphIi 3anyckaeT B CTYASHTOB TPOCTBIO. TpocThb
JIETHT H B oNeTe Bpamaercd. Hapucobas ceMeHCTBO MOCKeAOBATENBHEIX TIONCKE-
HUH TPOCTH B BO3AYXe, MBI HOAYINM YTO-TO Bpoae puc. 9.8,

Puc. 9.8. Jletauman TpocTh (NpAMad)

Mb! BUAKM 3jeCh TPUANATE ABA INOCKeJOBATENBHBIX ITOMOKEHHA TPOCTH, HO
KpOMe TOro-— KpHBYI0, HeMHOTI'0 TIOXOKYIO Ha LHonAy (pHc. 9.2), ¢ ToYKaMH
BO3Bpara (0fHA U3 HHX XOpPOLIO BHUAHA B LieHTpe pHcyHKa). To, IT0 MEL CHUTAEM
TPOCTE NPAMOLL, HecyILieCTBEHHO; TaK TpocTo YAoGHee pucobaTs. Ecyi npodeccop
CTap, 'PY3€H H TPOCTh AABHO MA0IHYAACE N0/ €10 BeCOM, TO PHe. 9.8 GyZeT BHIVIA-
ZeTh HEMHOTO HHaYe, HO TOYKH BO3RpaTa ocTaHyTed (cM. puc. 9.9).

Puc. 9.9, Jletaimnas Tpocts (M30rHyTAA)

Tenepb ofpaTHMeA K ApYroi reoMeTpHYIECKOH KOHCTPYKIIMH, B KOTOPOH TOYKA
BO3BpaTa BO3HUKAIOT ellle 5o/ee HeoXKHAAHHEIM o0pasoM. HauneM onsTh ¢ SIHI-
ca. TlpeacraBbTe cefe, 9TO BCE €r0 TOUKH OHOBPEMEHHO HAYHHAIOT ABIDKEHHE
¢ OAMHAKOBOH NOCTOAHHOH CKOPOCTEIO, [IPHYEM KaxkAaA TOUKa ABHXKETCSH 110 HOD-
MaJH BHYTDE MUIKNCa. [ToHavyany saiMnc cKUMaeTesd, HO COXPAHAET CBOIO TMaj-
Ky oBanbHYyI0 dopmy (puc. 9.10).

Oanako 3aTeM y eBo#H K IpaBoil OKOHEYHOCTH KPHBOM TOIKH HATHHAIOT CKall-
auBatees (pHc. 9.11), HX TpaeKTOPHH HaYHHAIOT IEPECEKATECA (HHRAKUX CTOMK-
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Puc. 9.10. IloHauany 3/LTHIIC COXpaHAET OBIbHYIO GopMy

Puc. 9.11. Toukn 06pasyIoT CKOMIEHHA

Prc. 9.12. B xoHle KOHLOB ¥ kpHBoil 06pasyioTea TOYKH BO3BPATA

HOBeHMit, TOUKM NPOXOAAT APYT Yepea Apyra), H — XOTHTE BepkTe, XOTHUTE HeT -—
y KpuBO#H obpasyeTcq deThipe TOMKY Bo3epara (puc. 9.12).

JBOMOLHA ABIDKYHIeHcS KpUBOI, KOTOPYIO NMPHHATC HasWBaTh $poHTOM, NO-
KazaHa Ha puc. 9.13. MBI BHAMM, YTO ITOCAE TOTO, KAK ¥ KPUBOLT NOABUIHNCE He-
THIpe TOYKH BO3BpaTa, OHH Pa3GHBAIOT e Ha YETHIPE YacTH, ABE KODOTKHE M ABe
MTHHHEIE, IPHYEM ANMHHHEIE YaCTH IEPeCeKarTed B ABYX TOYKaX. 3aTeM KOpOT-
KHE 4aCTH HAYHHACT PACTH, a AJHHHHIE YMEHBIIATECH. B HeKOTOPHIH MOMeEHT
«AJIUHHEIE» YaCTH (KOTOPEIE K 3TOMY MOMEHTY YiKe HE CTONb AJTHHHE) PacXoAATCA;
3areM «KOPOTKKE» JacTH (KOTOpPHE K 3TOMY MOMEHTY yiKe AOCTATOYHO AJIHHHHI)
CXOAATCA ¥ OBpa3yIoT JBe TOUKH MepecedeHusd. HakoHel] TOUKM BO3EPATA CTA-
KHBAKTCA APYT ¢ APYTOM M HCHE3al0T, A KPHBAA BHOBb NpHoGpeTaeT Gonee win
MeHee WUIKITHYIeCcKyo HopMy.
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Puc. 9.13. 2pomonun bposTa
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[MoyuuTensHO H306pa3nTh BCe GPOHTHI, NOKazaHHBE Ha pHe. 9.13, Ha oAHO
KapTvHKe. TodkH Bo3BpaTa GPOHTOB caMy Of6pasyloT HEKOTODYIO KPHBYIO (pHC.
0.14}, 1, cpaBHuB pHc. 9.14 ¢ puc. 9.5, MBI BHANM, YTO 5Ta KPHBAHA €CTh HE YTO
HMHOE, KaK 5BOJIOTA JUIKIICa,

Puc. 9.14. DpoHTH ¥ 2BOMTICTA

AHanorMYHEIM 06pazom, Ha puc. 9.15 moxasaHo ABKKeHHe POHTOB camonepe-
cexaloliefica kpHBOii, MaoBpaxeHHoI Ha puc. 9.7. Ha puc. 9.16 npeacTapreHo Bee
ceMelicTBo $POHTOB Cpa3sy; ec/K MBICJICHHO HAYePTHTh KPHBYID TOYEK BO3BPATa,
MbI IQTYY¥M SBOMOTY ¢ AByMA TOYKAMU BO3BDATd, HabmozaeMyio Ha puc. 9.7.

Ecny IPHMEPOB ellje HeJ0CTATOYHO, OCMOTPHM Ha ceMeiicTBo QPOHTOB BOJ-
HH cHHycoHAH (puc. 9.17). [TonpobyiiTe goragaTecs, Kak BEIMAZHT 3BOMIOTA BOA-
HEI CHHYCOHAH {(OTMETHM, YTO 3BOJMICTA KPHBOH € moukamu nepezu6a BCET/ia HMe-
€T ACHMIITOTHI; 3TH aCHMITTOTH ABAAIOTCA HOPMALAMH K KPHBOH B TOYKax Mepery-
6a; e ciroBa «TouXa nepernba» U «aCHMITTOTa» HUYEro BaM He TOBOPAT, 3abyap-
TE O HUX).

OAHAKO BCE 3TH NPHMEDH, TIO-BHANMOMY, BCE e He OIPAB/BIBAIOT Te3HC «T0Y-
KH BO3BPATA OKPYXAKOT HAC HOBCIOAY». «ECJIH TOYKH BO3BpaTa OKPYKAIOT HAC I10-
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|
3
3
m
&




152 Tnapa 3. Orubaonie H 0cOGEHHOCTH

BCIOAY, — MOKET BO3Pa3uTh CKeNTHK, — II049eMY e Mbl UX He BHAWUM?» Ho Ml ux
BHANM!

Yrobpt yOEAUTHCA B 3TOM, BIITHEM HA MHP [MA3aMH BENMHKOTO XYLOMKHUKA.
INocMOTpKHM Ha 3HaMEeHHWTHI [IOPTpeT pyccKore XyAoXkHuKa Jibpa Bakcra, HapH-
COBaHHHI B 1922 rogy [1a6ao ITnkacco (puc. 9.18). 310 u3cfpaxkeHre, 06NaAaK-
Liee, ne Bceil BUANMOCTH, 3HAYHTENBHBIM (XOACTEOM ¢ OPUTHHANOM, NPEACTABMNA-
eT coBoil MM HecKONBKO AECATKOB KapaHAalHEIX KpHBHIX. Ho Beaw J1. C. Baker
He cocToan U3 Kpubbix! Torga yeMy cOOTBETCTBYIOT 3TH KpuBHe? U nodyeMy OHH
BHe3aHo o6pHBaloTCa 663 BCIKOH BUAUMON MPHYHHE?

Puc. 9.18. Habao Muxacco. Moptper J1. C. Bakcra (1922 1.)

KoHeusio, 5TOT PHCYHOK CAVMIOKOM CAQKEH LS [EPBHX DA3MBILUICHH O Ta-
KHX MaTepHax. PaceMoTpuM pHeyHOK nonpoule., Hpeacrasyre cede oHoro [Tatno
ITnxacco, KOTOPHI BIIEPBEE MPHIIEN HA 3aHATHA XYACKECTBEHHOM MIKOMEl B CBO-
eit pogHoit Manare HIN ywe modwe, B Bapcenonwe, BnonHe BepoATHO, ITO Y4H-
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Tesh TIPEAIOMHII €My HAPHCOBATE KYBIMMHE (MONOALIE XYAOMHHKKH Y4aCTO HAYMHa-
10T cBoe ofydueHHe ¢ KYBIIMHOB).

Bpsaa nmu HapucoBaHHHHA [Tabno KYBIIMH, Jae eC/M OH KOrAa-TAGo cyecTeo-
B&JI, COXPAHHACA A0 ¢HX Nop. HO, BOBMOKHO, OH BRITIAASH KAK OMH K3 KYBHIHHOB

Ha puc. 9.19.

Puc. 9.19. MTa6ro(?). ABa KyBIIMHA

A MOXeT O5ITh, YIKTENb PHCOBAHHA YBJIEKAICA TeOMeTpHeH, H TIepPBEIM 337a-
HueM [la6no 6rin Top (ec/u KTO HE 3HaeT, 370 nosepxHocts Gybiuka). Torga ero
HepBrlil pHCYHOK MOD GEITE 1MTOXOXK Ha pHc. 9.20.

)

Puc. 9.20. [Tabno(?). Top

Ha 3THX npoCTHIX PHCYHKAX MBI EMAHM TO e, ITO M Ha HIeZieBpe: KPWBLIe,
HexoTopsie M3 HUX pe3ko OGPRIBAIOTCH, AMB0 npH nepecedeHRH ¢ JPYTHMH KpH-
BEIMH, THGO e 663 BHAMMEIX IPUYHH.

[MopaaMHIUIAEM O IPAYMHAX 3TOro. KpHBEIe, KOTOPHE MBI BHAWM (M pucyem),
ABNAIOTCH rPaHAIAMI BHAWMEIX NPEAMETOR; HHEMI C/IOBAMK, OHK COCTOAT H3 TO-
YeK KacaHus Jiydeil, BRIXOAALINX M3 HALIKX 17143, ¢ [TOBEPXHOCTHIO, HA KOTOPYIO MBI
cMOTpHM. OG03HAYHM 5Ty MOBEPXHOCTE Yepes S, a KPHBYIO, COCTOAIIYIO H2 TOUEK
KacaHHA, — 4epe3 C (cM. pHc. 9.21). Ecnn NoMeCTHTE 3a IOBEPXHOCTHIO BOOGpaKa-
€MBIif 2KpaH, HALM JIy4d BHYEPTAT HAa HEM KPHBYIO C’, KOTOpas BEITASAMT B TOU-
HOCTH XaK HaGnogaeMblH HAMHM KOHTYP IOBEPXHOCTH. ECiin moBepxHOCTD § HMeeT
6osee cnoxHyio GopMy, HEKOTODHIE JaCTH KPHBOH C MOTyT OKasaThCA CKPBITHI-
MH OT HAIIMX V1a3 NOBePXHOCThIO (reoMeTpHYecKH 9TO O3HAYAeT, YTO, NMpEKAe
9eM KOCHYTBCA MOBEPXHOCTH, Y4 NMPOXOAUT depe3 Hee, BO3MOXHO, He OfHH pa3).
HIMeHHO 3T0 MPOMCXOLNT, KOTAA KPHEBaA OOpPHIBAETCA NPH MEePecevdeHuH ¢ APYyroi
KpHBOI: ec/H OB NpeAMeTH, KOTOPEIC MEl PHCYeM, GBUIH NpO3pavyHBIMM, OHA OB
He o6phIBaNachk, a POAGIKANACE AANbIIE KaK IAAAKAA KPHBAA.
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Puc. 9.21. BUAHMBIIT KOHTYp TPOCTO ROBEPXHOCTH

HHTepecHee BTOPOH cAyual, KOTAa KpHBasa o6pHBAETCA, HE BCTPEdasacs C Apy-
ro#t kpueoi, Kak yke roBopuaock, TOUKH KaCaHHA 3pHTEABHEIX MyueH ofpasyioT
Ha [TOBePXHOCTH § HeKOTOpYyIo KpUEY1o (. [IpocToe aHANNTHIECKOS PACCyHIeHHE,
KOTOpOE€ MBI OMyCKAaeM, MOKAa3bBaeT, YTO 3Ta KpHBad C Bcerja riaagkad. OaHako
JIyY MOMKET KAacaThCA He TOMBKC MOBEPXHOCTH §, HO M KpuBoii C. B aToM cayyae
obpas xpueolt C Ha sxpaHe H, CIEZOBATEARHO, B HANIEM IMIasy WIH Ha HaloeM
PHCYHKE WMeeT TOUKY Bosppara (cM. puc, 9.22). Ho Mbl BHAKM TONBKO NOQIOBHHY

Puc. 9.22, BHAMMLIH KOHTYP CLOMHOK QopMb
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«KJII0Ba», 8 BTOPAA TONOBHHA COpPATAHA 3a TpeaMeToM. TakuM cBpasoM, eciiu G
BeMIM BOKPYT Hac OBUTH NpO3pavHbIMA (3BYUHT Mo-HaboKoBCKH!), BMecTo 06pEEBa-
OMMXCA ARHIIH MBI ORI BHAEAM MHOXXeCTBO TOYEK BO3BPATa, KOTOPHE B pealbHoM
JKWZHH BUAHBL XEHIE HATIONOBHHY,

Hampymep, eci 651 KyBITHHEL U TOP, KOTOpHe pucoBai [Tatuno, 60y npo3pad-
HEIMH, OH ZOTIONHHA 65 CBOH PUCYHKH KPUBEIMHE, H306paKeHHbBIMH (TYHKTHPOM)
Ha puc. 9.23.

Puc. 9.23. [Tpospadynie BellH

B zapmoveHNe NOCMCTPHM Ha MPOeKLUH NpospadHoro Topa. HYrobr caenats
TOP MPO3PaYHEIM, 3aMEHHM €r'0 I'YCTHM ceMeiiCTBOM OKpYXHocTell B mapaniens-
HBIX ILTOCKOCTAX. TouHee rosopd, TOP — 3TO NOBEPXHOCTE BPAMIeHUA OKPYKHOCTH
BOKPYT He nepeceKalowei ee ocH (cM. JIeBy1o 4acTh pUC. 9.24). OKPYXHOCTE MEL 3a-
MEHAEeM IyCThIM MHOMKECTBOM TO4EK, B HallleM NpHMepe — MHGKeCTBOM BepIIHH
BITHCAHHOTO IMPaBUNLHOTO 32-yrodbHAUKaA (paBad 4acTb prc. 9.24).

.....

Pie. 9.24. 3aMeHHM OKPY)KHOCTL MHOXKECTBOM H3 32 Touek

YeTrIpe IPOEKLUHM Topa {10f clerka Pa3HLIMH YIIAMH) M YBEAHYEHHBIE [IEH-
TpaJbHHE HParMeHTHl 3THX TPOeKIMit M306paxeHsl Ha puc. 9.25—9.28. Ha xax-
Ao¥t M3 HUX BHAHA KPHBas C YEeTHPHMA TOUKaMM BO3BpATa.
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Puc. 9.26. Eule ogHa mTpoeKuua Topa



Jlexima 9. TouxH BOIBpaTa

o

F 7S

o
L7775

Vi LXK

N

AN +

W,

Puc. 9.27. F enlie oaHa NpoekiHa Topa

Puc. 9.28. VM nocneauns Npoexuns Topa



Jleknus 10

Boxpyr 4yeTsipex BepIINH

10.1. Teopema

B MaTeMaTHKe eCTh pe3yNbTaThl, KOTOPBIE BIIONHE MOIIH GBITh OTKPHTHL 3HAYH-
TeABHO PAHBIIE, YeM 3TO NPOM30IEN0. OFHH N2 NIPUXOAANMX HA YM IIPHMEPOB —
dopmyna [TuKa U3 ynpaxHeHua 1.1, KOTOPYIO MOTVIH 6K 3HATBH ellle IPeBHHe I'PEKH,
HO oTKpbUI Teopr ITuk Tonsko B 1899 roay.

JaHHana TeKuna NocBALNIeHa TeopeMe O YeTHIpeX BepIIHHAX, H YHTATeMb COra-
CHTCH € HAMH, YTO M 3TOT pe3ylbTaT Mol GHTE 0GHapyXeH 3HaYHTeLHO PAHBIIE,
ckaxeM FioiireHcoM win HeloToHoM. OaHako oH 661 OMyONHKOBAH HMHAWHCKHM
maTemaTHkoM I, Mykxonaaxpaei Tonsko B 1909 rogy.

Teopema 0 YeTHIpeX BepIUIKHAX YTBEPKAALT, UTO ILIOCKUL OB8AR LUMEEN NO Kpali-
Hell mepe wembipe seputunbt. [Ton oBanoM ME Beerga GyneM IOHHMMATb 3aMKHY-
TYIO MIA/IKYIO KPUBYIO TIONIOMKHTEABHOM KPHBH3HH' . Beputitnoil KpHBOM Ha3HBaeT-
¢ TOUKA, B KOTOPOH AOCTHTAETCA JIOKANEHEIH MaKCHMyM WIM MUHHMYM ee KpH-
BHBHEL TO, UTO 3aMKHYTas KPHUBad MMEET XOTA OBl JBe BepPIIHHEL, O4eBHIHO: KPH-
BH3HA JOCTUrAeT MAKCHMYMA H MEHHMYMa XOTHA Gl 110 OBHOMY pagy.

10.2. Kay¢THKH, 5BOMIOTEI, SBOJBBEHTBI H CONPHKACAIOLIHECHT OKPY)KHOCTH

IlyeTs ¥ — rmagxas KpHUBad Ha IUIOCKOCTH. Jina Kaxaoit TOUKK X €y PaccMoT-
PHM ceMelicTBO OKpY>KHOCTeid, KacaTefIbHBIX K KpHBOi1 B aToi To9ke; cM. puc. 10.1

IOV'I.I.ITI HA JaTBIHM O3HavaeT «Afiuos,
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14

Puc. 10.1. CeMeificTBO OKPYXHROCTeH, KacaTeABHBIX K KpHBO#

CpeJH 3THX OKpYKHOCTeil 0fHa ArnaeTcs «Baee KacaTenbHol», weM ApyTHe; OHa
HA3HIBAeTCA conpuracaioeiica oKpy#HOCMbIO.

OnpezneneHue CONPHKACAIOWEHCT OKPYKHOCTH TaKOBO, [IYCTE ABE TOYKH JBH-
WYTCA U3 TOYKH X ¢ eAHHHYHOH CKOPOCTBLIO B OJHOM W TOM e HanpaBJIcHHH,
OIHA o KpHBO v, a Apyran — o KacaTe/NsHoI K Heil OKpy:#HOCTH. 14 BeeX Kaca-
TeMBHEIX OXPYKHOCTe, KpoMe OfHOH, PACCTOAHME MEXY TOUKaMH Gyaer pacTy
KBaJpaTHYHO [0 BpeMeHU, H JIHIHD I8 ONHOH HCKAIIUTENEHOH OKPYEHOCTH CKO-
pocTh pocTa OyaeT KyOndeckoi. ITO K eCTb COTIPHKACAIOIAACA OKPYIKHOCTD.

HocTponTe COMPHKACAIMIIYIOCA OKPYKHOCTD MOYKHO CIeZyIOIMHM o6pa3oM. 3a-
AafuM NMapaMeTPH3AIHIO KPUBOH v, H mycTh X = y(t). PaccMOTpHM Tpu GMH3kve
Touxw y(t—¢), y(t), y(t+¢). Yepes 3TH TpH TOUKHM NPOXOAHUT SAHMHCTBEHHAA OKPYK-
HOCTh (IPH 3TOM He HCKIIOYAeTCA CTydal NpsaMoii, T. €. OXPY)KHOCTH 6ECKOHETHO-
T0 paguyca), IlpeaensHoe ONOKEHHE 3TOH OKPYKHOCTH NPH € —~» 0 €CTh OKPYXK-
HOCTb, COTIPHKACAIOINAACA ¢ ¥ B TOUKe X. MOXHO CKA3ATh, YTO CONPHKACAIOWAACH
OKPYKHOCTb HMeeT ¢ KpuBoil TpexToTedHblit KOHTAKT, HIH KACAHKE BTOPOrO MO-
PsIAKa.

Paauyc collpHKacalomelcad OKPY:KHOCTH HASBIBAeTCA PaduycoM Kpuseuawst, a
ofipaTHaA K HeMy BeHYMHA — KpusuaHol KpHBOI B AaHHON TOYKe; NEHTp conpH-
Kacaroineiics OKPYXKHOCTH HA3RIBAETCS YeHMPOM KpususHbt Kpusoit. Ecau kpuBas
napaMeTpU30BaHa AJIUHOH AyTH, T.e. ABIDKeHHe no Hell ocymecTeadeTcs ¢ egH-
HHYHOM CKOPOCTBIO, TO KPMBH3HA PABHA MOAYIO BEKTODA YCKOPEHHsA!.

B pepmmHe xpuEBoit NOPAAOK KACAHUS CONPHKACAOMeiics OKPYKHOCTH BRIME,
9eM B OOBIYHOH TOYKe: B BepIIHHE OKPYXHOCTh HMeeT ¢ KPUEBGI YeThIpexTOoUey-
HHI{l KOHTAKT, T. €. COMPHKACAIOIASACA OKPYKHOCTD CREePXCONPUKACAEmCa.

NpeacrasumM ceGe, ITO HAlla KPHEBAS ABIACTCA HCTOYHIKOM CBETA: TOUKM KPH-
BOH y HCIyCKAIOT CBETOBAIE AVYH B TEPNEHAXKYIAPHOM K Y HANPaBAeHUH (B Ioc-
xocTH kpupoit). Torga orubalomas I' aToro oAHOMapaMeTPHICCKOro ceMeiicTBa

131071 $aKT MSBECTEH KAMAOMY BOAMTETIO! HeM KpY4e NOBOPOT, TeM TPYAHEe B HETO BITHCATHCA,
K P oY,
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HopMaseil Gy/ieT ocBellleHa OCOGEHHO HPKO; 3T OrHbAKIIAR HASEBAETCH KAYCM-
koif' win seomomoil KpuBoit. CM. puc. 10.2 ¥ pHCYHKM u3 Neknuu 9. Kpupas y
HA3LIBACTCH 360AbgeHMoll XPUBOH ['. JBOMIOTH M 3BOJLBCHTHI — [VIABHHIE T'epoU
3TOit JIeKINH.

¥

Puc. 10.2. DpomoTa KPHBOH

JIEMMA 10.1. 3somoma Kpusoll AGAAEMCR 200MEMPULECKUM MECTIIOM HeHMPOs
kpususnst. Bepuruna xpusoll coomeememayem ocoboli mouke 3gomoms: (8 muntiu-
HOM CRYUae — mouke go3epama).

JoxasatenpcTeo. [ycTh Hama kpUBad HMeeT NapaMeTpuzanyio v(t). B ypas-
HeHHe HOPMAITH K Y B TOUKE y(t) BXOAUT NepBas NPoM3BoAHAad y'(t), a KOOpAHHATH
TOYKH MepecedeHNA ABYX HECKOHEYHO GIM3KUX HOpMalel, T. e. IeHTPa KPUBH3HE,
3aBHCAT OT [IEPBBIX ABYX NPOM3BOAHBIX Y'(t} 1 y”(t) (cM. ypaBHeHne ornbalomes
B 8.3).

OTo 03HAYAET, ITC IPH BHYHCACHUH LeHTPA KPUBH3IHL KPHBOIH B TOMKE X MOK-
HO 3aMEHHTD e Ha CONMPHKACAIONIYIOCH OKPYKHOCTD, KOTOPas B 3TOH TOYKe HMeeT
C KPHBOH KacaHHe BTOPOTO NopAAxa. HopMaan K OKPYKHOCTH NEPECEKaloTcd B ee
neHrpe. CneaosarensHo, BeckoreuHo GM3KHe HODMAJIH K KpHBOM B TOuKe X me-
PeceKarTCA B LEHTPE STOH OKPY:KHOCTH.

AHaNOrHYHBEIM 00pa3oM, BEKTOP CKOPOCTH SBOJAIOTH 3aBMCUT OT MIEPBBIX TPEX
MPOH3BOAHBIX BEKTOPHO3HAYHON $yHKUMM y(t). B BepmMHe KpuBas alAPOKCH-
MHpYyeTcs conpuxacaiomefics OKPYHOCTRIO ¢ TOUHOCTBIO JI0 TPEX TPOH3BOAHBIX.
IMoaromy 380/M10Ta KPUBOI1 B BEPLIMHE HMEET TOT JKe BEKTOD CKOPOCTH, YTO H 3BO-
JIIOTa OKpYXHOCTH. HO nocnenHsa aBnsAeTcsa ToUKoill! 3To 03HAYAET, 9TO CKOPOCTD
ISBOMIOTH obpaljaeTcd B HY/Ib, T. €, OHa HMEeT 0COGeHHOCTD.

Jlo6aBuM K 3TOMY, 4TO B TOYKE BO3BPATA SBOJIIOTH, COOTBETCTBYIONIEH IOKAb-
HOMY MAaKCHMYMY KPWUBH3HBI, OCTPHE HampaBAeHO B CTOPOHY MCXOAHOM KPHBOH,
a B TOYKE BO3BPATa, COOTBETCTBYIOLIEH JTOKANLHOMY MUHHMYMY KPMBH3HH, — B
CTOPORY, NPOTHBONOJIOKHYIO KPHBOI.

10T rpeyeckoro KoOWOTIKGE — Yepes MATHHCKOE CAUSTICUS — «KTYIMit»,
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U3 nemmul 10.1 cieayer, 9TO TeODEMY O YeTHPEX BEpIIMHAX MOXHO Nepedop-
MYIHpPOBaTh KAK TeOpeMy O 4YeThipex TOYKax BO3BpaTa AAA sBoiioTH. Oaxako oT-
METHM, 9TQ B OT/IMYHe OT YeThIpeX BepIIHH ocobHe TOYKH 3BOMIOTH MOTYT CKIEH-
BATHCA: HATPHMED, 3BOMIOTA OKPY)KHOCTH COCTOHT BCero U3 0fHOI (ouens ocoboii)
TOYKH,

ByaeM CuHTATE, 9TO HOPMAaNHK K KPHBOH ¥ OpHEHTHPOBaHK BHYTpE. Toraa rnag-
KHe AyTd SBOMIOTH Taloke UMEIOT OpHeHTaL[uI0. YTo TpoUCXoAHT ¢ 3Toil OpueHTa-
uueii 8 ToUKe BO3BpATa, MoKazaHo Ha puc. 10.3. TaxuM obpa3oM, TOUKHM BOZBPaTa
paz6uBaloT SBOMIOTY HA AYTH C IPOTHBONOIOXKHOI opHeHTameil. CneloBaTebHo,
eCIH KPHBAA ¥ 3aMKHYTA, 380H0TNA UMEET YEMHOE YUCAO mouex gosapama.

NN

Puc. 10.3. OpueHTaIna AYT OKOJIO TOYKH BO3BpaTa

JBOMIOTH MOTYT HMETh TOYKH BO3BPATa, HO ¥ HUX HeT Todek Neperuba. [Ipu-
9HHa 3TOTO ABACHWA ofbsAcHANmack B nexkuyuu 8. Hopmanu k raagxoii kpusoil y
3aJa10T rAaJKyI0 KPHEYIO B ABOHCTEBEeHHOI IUIOCKOCTH, ¥ orHbaloman HopMaseii I
ABOHCTBEHHA K STOH rnagkoil xpusoii, IIpu 3TOM TouKa Heperuba apoficTpeHHa
K TOUKe BO3BPATa, MOITOMY J80/I0MA He Umeem modex nepezuba.

YuraTens, KOTOPOMY 3TO PAcCyXJeHHE KAXETCHd CJMIIKOM YYEHEIM, MOXET
NMPHMMEeHUTE Goee MpH3eMACHHEE co0OpaXeHNA: ecian OH KpHBan [ HMejla TOIKY
nepervfa, H3 HEKOTOPOH TOYKM KPHBOH Y BHIXOAWIH 65l IBe Pa3iNgHbe BHYTPeH-
HHe HOpMAaJy; cM. pHc. 10.4,

/I‘

Y
\ /
Puc. 10.4, JBamoOTH He MMEIOT Tovek nepernfa

6 3ax. 1047
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Mo)HO A BOCCTAHOBUThL HCXOAHYIO KPHBYIC I10 ee 3BomoTe I'? HLIMH cnoBa-
MH, KaK TTOCTPOHTDb SBOABBEHTY KPMBOH? OTBeT JaeTca cAelyiomeH eepesouHoll
koHcmpykyueid. BubepeM Ha kpuboit I Touky y, NpHKpeNHM K Hell HepacTiu-
MYI0 BepeBKy U GyaeM oOMareBaTh ee BokpyT I'. Torga ceobopHuii KoHel BepeB-
KH X ONHIHET 3BOABLBEHTY KPHBOii I'; cM. puc. 10.5.

Puc. 10.5. BepeBounasd KOHCTPYKIHA 3BOABBEHTEH

JoOKA3ATEABCTBO. Ham Hyn@HO yOeAMTHCA, YTO CKOPOCTE TOYKH X TlepIieHAH-
KY/IapHa OTpeaky zx. C GHsvIecKkod TOYKH 3peHMA 3TO OYEBHAHO: paJHaIbHAg
COCTABRNAIONIAA CKOPOCTH PACTATHBANA S BEPeBKY.

Ecnu 3T0 paccy#teHHe BRIZHBAET ¥ YHTATEAA COMHECHHMA, BO3MOXKHO, ero YAC-
BJIETBOPHT CIEAYIOLIEE AHATHTHIECKOE JOKA3ATENBCTBO. [lapaMeTpUsyeM KPHEYIO
I amusoit ayry Tak, 910 y=I(0), 1 ycTh AnHHA BepeBKY paBHa ¢. Toraa z{t}=I'(t)
H x(t)=T(t)+ (c — £)T’(¢). CaepopaTeNLHO,

x(O) =T () -T'()+{c—r(t) = (- Or"(1),

U BeKTOp ycxopeHus I'(t) opToromaner c¢kopocTH I''(t), MOCKOABKY t — JTHHA
JyTH.

3aMeTHM, 4TO ¢ NMOMOILIbYK) BepeBOYHON KOHCTPYKIHH MBI NOJIY4YaeM He OJHY
SBOIBBEHTY, a LieJIoe 0JHONAPaMeTpHYeckoe ceMeficTBO 3BONILBEHT; NAPAMETPOM
CIyXWT AMTHHA BepeBKH. JII06EIC ABe 3BONBBEHTH AKBHAMCTAHTHEL PACCTOAHHE
MeXy ITHMH KPUBEIMHE, H3IMEPeHHOEe BAOMb HX 0Bielil HopMman, noctosHHO, Co-
OTHOHICHHE MEXY SEONBBEHTAMH K 3BOJIOTAMH IIOX0XKE Ha COOTHOLIEHHe MEXKAY
byHKIMSMH 1 HX TPOH3BOAHEIMH: GYHKIMA BOCCTAHABAMBAETCA 110 CBOEH MpOH3-
BOAHOI ¢ TOTHOCTHIO AO KOHCTAHTH HHTETPHPOBAHMA.

M3 BepeBoYHOM KOHCTPYKIME CleyeT Takoe CRONHCTBO,

CnepcteuE 10.2. Jnuna npoussonsoii dyau ssoniomst I pasena pasiocmit oAur
OTHPE3K08 KacanenbHbix 00 380ABBEHMBL ¥, M. €. NPUPAWEHUI0 PAJUYCA KPUBUSHBL

xpusoil y.
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PaccMoTDHM SBOMIOTY IUIOCKOTO OBaNa. YCIOBUMCS CYHTATh, ITO AJIHHA JYTH
3BOMIOTH MMeeT 3HAK, KOTOPHI MeHseTCT nocie KaXAol TOUKH BO3BpATa; 3TO
comallleHHe HMeeT CMBICI, MTOCKOABKY YHCIO TOYEK BO3BPATA YETHO,

Jemma 10.3. flonnas dauna seoumomnt pasHa Kymo,

JoxazaTenscteo. [TocMorpumM Ha puc. 10.6, Eciy pafdychl KPHBEU3HEL PABHBI
r, Ry, 1y, Ry, TO no caepeTBHio 10.2 AYTH 3BOMIOTH HMEIOT AMUHLL R, — 1y, R; — 1y,
Ry ~r; 1 Ry — 1, B HX 3HakonepeMeHHad cyMMma obpalaeTcsa B HyAk. O0mpii cay-
Yail paccMaTpHBAETCA aHANOTITIHO,

Puc. 10.6. MosHan AAMHA SBOTIOTH paBHA HYAIQ

PazymeeTrcd, U3 nemMmel 10.3 Takcke cAeAyeT CyIIeCTEOBaHME TOYEK BO3BpAaTa
¥ KaYCTHIH OBANA, HO AAA HAC 3TO YiKE HE HOBOCTE.

PaccmoTpuM AyTy ¥ MOHOTOHHOH nonokuTensHoll kpusraHst, Ecau nonpobo-
BaTh HAPHCOBATh HECKOBKO COTTPHKACAIOMINXCA ¢ Hell oxpyxHocTell, To, ckopee
BCETO, NOTYYUTCA KAPTHHKA, Moxoxan Ha puc. 10.7. Ho 3To HenpaBuinbHO! Bepxan
KApPTHHKA HaoGpameHa Ha puc, 10.8, Kak TOKasbBaeT oreaywuas reopeMa Teil-
Ta—KHesepa.

TEOPEMA 10.4. OxpyxcHocmu, conpukacarowyiecs ¢ dyzoll moHomownoll nono-
wimentHotll kpusUsHbL, an0eHd Opye 8 Opyad.

Puc, 10.7, HenpapunbHO HapHCOBAaHHBIE CONPHKACAIOILUECT OKPYKHOCTH
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PHe. 10.8. OKpYXHOCTH $,, 55, 3, 54, COINpPHKacatomuecs ¢ kpuBoli y, XoTa 3TH OKpyxHO-
CTH HE HMEIOT OOILIHR TO4YeK, KKeTCd, UTO OHH APYT Apyra Kacaiored. M HeyAUBHTEABLHO:
KpaTyaifllee paccTOAHHE MEXAY OKPYMHOCTAMH §; H S, TPUMePHO paBHo 0,2% oT pagnyca
OKDYHOCTH S, a KpaTyafliliee paccTOAHME MEKAY OKPYKHOCTAMHM §, H 5, TPHMEDHO PAaBHO
5% OT pazWyca OKPYKHOCTH $;.

JloKABATEABCTBO. [ocmoTrpuM Ha puc. 10.9. JQnuHa AYTH %2, PaBHA iy — Iz;
SHATHT, |2,2,] € 1 —rp. CnefoBaTeNBHO, CKPYKHOCTE PAAHYCA Iy C HEHTPOM B TOU-
Ke Z; COAEPHUT OKPYKHOCTb PajiHyca I, C UeHTPCM B TOUKe 2, BHYTpH ceba.

%

Puc. 10.9. AokasaTenncTbo Teopemul Teitta—KHeaepa 10.4

MocmoTpum Ha puc, 10.10, Ha KoTopoM HaofpaxkeHa CIMpPanik y M OAHOMApa-
METPHYECKOE CeMeHCTBO CONPHKACAIOMXCA C Hell oxpyxuHocTell. OxpyxHOCTH
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Prc. 10.10. Koablio, 3aNo/MHEHHOE CONPHIKACAIOLIMMUCA OKPYKHOCTAMYN

HE TIEPECEKalOTCA, M HX 0OBEINHEHNE SBAACTCA KOMBIOM . DTOT PUCYHOK COBEp-
IMEeHHO NopasuTenex (XoTk 3TO MoXeT GHTh HeoueBHAHO C MEpPROro Barmsaza)!

Bo-mepBHX, Ha HeM H306pakeHB] TOMBKO HIECTHAAUATE OKPYKHOCTEH; Ta «3Me-
Muanca» MEXAY HHMH KpHBa, KOTOPYIO ME BHAWM, Ha CaAMOM Aejie He HAPHCOBa-
Ha. OFHAKO OHA NPeKPacHo BHAHA Kak ornbalouman okpyx»HocTeil. Bo-BTopHX, pac-
cMaTpHBaeMoe pasfHeHHe KOAbLA Ha OKPYKHOCTH BecbMa NapaJOKCANbHO B oie-
AYIOIEeM CMEBICIE,

IIPEANOKEHUE 10.5. Ecau dyrxuyua, dufepeHyupyemMan @ KoAbUE, NOCMOAH-
Ha HA KawJotl OKPYHCHOCTU Pa3buenLn, Mo OHA ABNAEMCA KOHCMAaHMOLE,

3aAyMaBIONCE O TOM, 1O e HMeHHO YTBepKJaeTCd B 3TOM NpelIOKeHHH,
qUTATENL, BEPOSTHO, PEUIUT, YTO OHO He MOeT GHTE BepHHM. PaccMoTpeM, Ha-
nmpuMep, GYHKLNIO, KOTOPAs CONOCTARAET KAKAOH ToOUKe KOMbHA DafUuycC NpOXo-
Jaueli yepes Hee OKPYXHOCTH. fICHO, YTO OHA NOCTOAHHA HA OKPYKHOCTAX M He
MOCTOAHHA Ha Xonble. D14 OYHKIMA HACTOMLKO eCTecTBeHHA, 4TO TPYAHO MoBe-
PUTE B TO, 9TO OHA HeAuddepeHnupyema. ¥ oaHako xe aTo Tak!

JoxasaTenbcTBO. Ecmm ¢yEKUMA f IOCTOAHHEA Ha OKPYXHOCTAX, ee Aubde-
peHnMan ofpallaeTcd B HYAL Ha KacaTENbHHIX BEKTOPAX K 3TUM OKDPYWHOCTAM.
Nockoabky KpHBad ¥ B XKaKAOH TOUKe Kacaercd KaxoH-To M3 OKpyxHocTeif, Aud-
depenmman df ofpamaerca B Hy/k Ha y. 3HAUMT, PyHKUUA f NOCTOAHHA HA ¥,
Ho y nepecexaeT Bee OKPYKHOCTH, COCTaB/ASIONME KOMbLO, T03TOMY dyHKIMA f
MOCTOAHHA HA BCEM KoJblie.

1Tonopa TeXHEYECKH, OKPYXHOCTH 0BPA3YIOT CIOSHHE Ha KONbIIE.
2TOBOPA TEXHITIECKH, CIOEHNE HETAAAKO, XOTH CIO COH — KACANBHHE OKPYKHOCTH.
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3AMEYAHHUE 10.6. MHOTHe MaTeMaTHKK NPHBLIIUIM CIUTATh, ITO TaKHe ARJe-
HuA, Kak Heauddepenuupyeman GYHKUUA, B «PeajIbHOM KIIHI» He BCTPEUAIOTCA,;
UX H2306PeTAIOT KaK KOHTPNPUMEDPE! K Yepecuayp cMeNbiM GopMyTHPOBKAM TEOPeM,
H MECTO0 UM — B KHHT'aX [T0A HasBaHueM «KOHTPIIPHMEpH! B aHaAH3e» WK «KoHTp-
NpHMEpPH B TOMONOTHN». OfHako npeanoxeHne 10.5 faeT cOBepRIEHHO €CTECTBEH-
HBIH TIPHMED TAKOTO SIBJIEHHA, B HeM HeT HWYErc HCKYCCTBEHHOTO,

10.3. Joxa3areabCcTBO TEOPEMBI O YETHIPEX BEPIIAHAX

Maockudt oBan ¥ MOMHO ONKMCATD € TOMOMILIO €10 onopHod diynxyuu, BubepeM
HAYaio KOOPAWHAT (O, Je/NaTeAbHO BHYTPH y. JiA AaHHOrO HATPABIEHUA { PAC-
CMOTPHM KacaTeNLHYIO K ¥, IEpIeHAMKYAIAPHYIO STOMY HANPARIEHHIO, M 0603Ha-
4yuM yepea p() pacCTOAHYE OT KacaTeNbHOH 10 Hadaa KOOPAHHAT; cM. prc. 10.11.
EcAu Hauano KOOPAMHAT HAXOAMTCA BHE OBAJla, PACCTOAHME CAEAyeT cHaOAuTsH
3HAKOM.

OnopHan GYHKUMA OAHO3HAYHC 33JaE€T CeMeHCTBO KacaTeNbHHX K ¥, a TIejo-
BATENLHO, M CAMY KPHBYIO KdK OTHOACIIYIO 9TOro ceMeiicTBa. B TepMuHax p(yp)
MOMHO BEIPA3UTH BCe UHTePeCHRe XaPaKTEPHCTHRKH KPHBOH ¥, crayeM, ee MITMHY
WK IWIOIAJL OTpaHW4eHHOM eio 061acTH, HO COOTBeTCTRyIOUIHe HOPMYIH HaM
He IOHaJ00ATCA.

0 ply)

Puc. 10.11. OnopHana $yHKUHA oBaNa

OaHaKo HaM HY)XXHO 3HATH, KAaK ONOpHas OYHKLMA 3aBHCUT OT BuIGopa Havana
koopAuHar. Tyctk O' =0 + (a, b) — Apyroe Haya/Io KOOPAMHAT.

JIEMMma 10.7. Hoeas onopuas dynxiua sadaemcn opmynoii
p'=p—acosp—bsingp. (10.1)

JOKAIATEALCTEO. JlIo60H mapaniensHelH mepeHoC MOXHO PasIoXMThL Ha Ie-
PEeHOC B HAPABEHAM (p ¥ NIEPEHOC B OPTOTOHAJILHOM HampasaeHuu. Jnd mepe-
HOCA HA pacCrosHVe r B MEPBOM CAyYae HMEEM & = r cos i, b =r sin ¢; Takum
obpazom, dopmyna (10.1) gaer p’=p —r, uro 1 Tpehopanocchk, Jing nepeHnca B op-
TOTOHAIPHOM HAIlpaBJIeHUH EMeeM a = —r sin ¢, b=r cos ¢; dopmyna (10.1) naer
p’' =p, 4ro u TpefoBanock.
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Kak BHIMAAAT onopHEe QYHKUMH oKkpyxHocTed? Eciy OeHTp OKPY>KHOCTH Jie-
KHUT B Hauase XOOPAHHAT, TO ¢ ONopHaA GYHKIMA — KoHcTaHTa. [To mpeabiaymiei
JleMMe OTCIOZa CIeAYET, YTO ONOPHBIE GYHKIMNA MPOH3BOIBHBIX OKPYXKHOCTEH AB-
JIAIOTCA IMHEHHBIME IMFAPMOHUKAMH, T. €. GYHKLUUIMH BHAA

p(y) =c+acosy+bsiny,

Teneps MBI MOMEM OXaPaXTepH20BATh BEPUIMHEL KPHBOH B TEpMHHAX ONOp-
HO# QYHKIHI.

JIEMMA 10.8. Bepuumbt kpugoil coomaemcmaylom mem IHAUEHUAM , OAR KO-
mopsix
P (@)+p'(p)=0. (10.2)

JIOKA3ATEALCTRBO. BeplIMHH KPHUBOLi -« 3TO TOYKH, B KOTOPHIX KpHBad MMe-
€T TPEXTOUEHBI KOHTAKT ¢ OKPY)KHOCTEIO, B TepMHHAX ONOPHHX QYHKIMIH 3TO
O3HayaeT, 9Te p()} coBHagaeT ¢ ¢+ a cos + b sin ¢ BIUIOTE A0 TPeThel mpous-
BOAHOMU, OCTACTCA 3aMETHTD, YTO JIMHeilHEle PAPMOHHKH TOXJECTBEHHO YAOBAE-
TBOPAIOT cooTHomeHuo (10.2).

Crano 6HTh, TEODEMY O YeThIpeX BepPHINHAX MOXHO Nepe¢opMyTHPOBATE Cle-
JYIOHIMM 06pasoM.

TeorEMA 10.9. Ecnu p(yp)— zaadkas 21-nepuodudeckan (yHicylil, mo ypasHe-
#ue p’' () + p'(p) =0 umeem no xpaiineii mepe yemvipe pasaUUHbLIX KODHA,

JOKASATENBCTBO. DYHKINT HA OKPYKHOCTH MEHAET 3HAK YeTHOe MHOIO pas.
Cpeasee 3HadeHUe OyHKHuUK f=p”’ + p’ paBHO HymIO, MOCKOMBKY 3TC MPOM3BOA-
Has GYHKIEM p” -+ p; cnefloBaTensHO, f MeHAeT 3Hak XoTA 6H ABa paza. [Ipeamno-
JIOHM, ITO OHa MeHsdeT 3HAK POBHO ABa pa3a, B TOUKaX p=a ¥ ¢ =f.

MoxHo nogofpaTh KOHCTAaHTH @, b, ¢ TakiM 06pasom, 9Tolbl JinHetHAd rap-
MOHUKaA g(p)=c+a cos ¢ + b sin ¢ MeHANa 3HAK POBHO B TeX e TodKax a M §,
a 3HAYUT, QYHKUHHE f U g BCIOAY UMEIH OZHHAKOBHIH 3HAK, HANPHMED TTONOKHTD

:i:g((p)zcos(ﬁ;a) -—cos({p— ﬁ-;a).

2
fllglpldy = 0.
Q

Toraa

C ApyroH CTOPOHEl, HHTEFPHPOBAHME 110 9aCTAM AaeT
2nr 2 2r
J (pﬂa"_l_p!)gdso____J' (P”‘l'P)g’d‘P =J- (pfgl.r_pg.f)dw =
] 4] o

2
= —J p(g”+g)dp =0,
[+]

L

nocKobKy g7 + g’ =0, Mul BOAYYMIII TIPOTHBOpEYHE.
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3aMrYAHME 10.10. Teopema 10.9 umeeT paannyHble 06obmenus. [ajkyio 27-

MepHOJHYLCKYIO DYHKIMIO MOMKHO pasioxuTh B paj Oyphe:
F(p) = 3 (ay cosky +by sin k).
k20

Psag ®ypre yHxkuuu f = p*’ + p’ He copepxuT AuHeHHHIX rapMoHKK. TeopeMa
MitypMa—TypBHLA YTBEKAALT, UTO €CMH pAn dypbe HexkoTopol PyHKINM HauM-
HaeTcd ¢ n-it PApMOHHKH, T. €. B BRIIHCAHHOH GopMyNie CyMMHPOBAHHE NPOUCXO-
AT 1o k = n, To 2Ta QyHKUMA HMeeT 1o KpatiHelt Mepe 2n pasniyHBIX HyNIeH Ha
oKpyxHocTH {0; 27). TIpHBeAeHHOe BEILE JOKA3ATEILCTBO TEOPEMBl O HMeThIpEX
BEPIIMHAX MOXHO MOAWHLIPOBATh TaK, YTOOH OXBAaTUTH 3Ty Gonee oburyio mo-
cTaHoBKy. M3BeCTHBI Taloke H JpYTHe AOKA3aTebCTRA; CM., Hanpumep, [16] u yn-
paxaeHnne 10.6.

10.4. Eme gsa JoKA3aTeALCTBA

Kak nmoutu m1060H Xopolnnii MaTeMaTHueCKHil pe3yIbTaT, TeopeMa ¢ YeTHpex
BEPINHHAX UMeeT HeCKOIBKO PA3/IHMIHEX JOKA3ATENLCTE. B 3TOM MyHKTE MH NpH-
BefieM ABa TeOMeTpHYeCKHX AokazaTelbeTBA. MaBecTHo ellle MHOro ApYTHX, HC-
TIONBL3YIONIMX pasHble WAeH U 050OMmIAIOINHNX TeopeMy B Pa3HHX HaNpaBIeHHAX.
BuibpaTh A9 TEOPEMEL 0 YETHIPeX BEPLIMHAX «{0KA3ATeNBCTBO W3 KHHrm»! Brut0
OBt HCHMIOUWTENbHO CAOKHOH 3aaveil.

[1EPBOE AOKA3ATEABCTEC [82]. PaccMmorpuM ssomoty I' opana . o gemme
10.3 anuna kpueoii I papHa HYIIO, 4 3HAYWT, OHa HMeeT XOTA O JBe TOUKH BO3Bpa-
Ta. [peAnonoxuM, uTo (YeTHOE) YUCHIO TOUYEK BO3BpPATa B TOYHOCTH PAaBHO ABYM.

Jna ganHoii TodKK x Ha mrOocKocTH 0602HAYHUM depes n(x) Iuciao HopManei
K KpHBOH ¥, MpoXoAAMMX 9epe3 3Ty TOUKY. VHEIMU croBaMu, n{x} paBHO 9HCIY
KacaTeNIbHBIX, KOTOPbie MOXHC ITPOBECTH U3 X K Y. 3Ta QYHKIMA AOKANBHO [TOCTO-
AHHA HA JONOAHEeHHH K 3pomioTe. KOrjla TOUKA x MEPEXOoAUT ¢ BOTHYTOR CTOPOHH
KpHBoii I Ha BRINYKIYIO, 3HaYeHHe n(x} yBenHYHBaeTcd Ha 2; cM. puc. 10.12.

nix}=k+2

=k

Puc. 10.12. Yucno KacaTe/bHEIX K KPHBOH

,Hllﬂ Ram,n;oﬁ TOYKH X pacCTOAHHE OT Hee 10 KpHBOﬁ Y AOCTHracT HAaHMCHBLIC-
T0 H HanboJbIIero 3HAYeHHA. CJIE,!IOB&TCJIBHO, H3 X MOXHO ONMYCTHTE Ha ¥y XOTA
GH B2 NEePIeHAVKYNAPA, 2 3Ha4UT, n{x) 2 2 a1 moboi Touxn x. [TOCKWILKY HOp-
Maab K ¥ NOBOpAYHBaAETCA MOHOTOHHO M COBEpPHIAST OAHH TIONHEIH OGOIJOT, A
BCEX TOYEK X, AOCTATOYHO AANEKHX OT OBana, MMeeM n(x)=2.

Nan 3pagwr mobun FOBOPHTE 0 «KHUTe», B KOTOPOIl BOT XPaHMT CaMble HAANIHLIE J0KA3ATENLCTBA
MAaTeMaTHICCKHX TeopeM; oM. [1].
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PaccMOTPHM HPAMYIO, NPOXOAALLVIO Yepe3 ABe TOYKH BO3BPATa 3BOMIOTHL Oy-
AeM CHWTaTh, YTO OHa FOpH3oHTaabHa (cm. pHc. 10.13), Toraa ¢yHKIMA BHICOTH,
orpaHM4eHHaA Ha I', AocTUraeT miu6o MakcHMyMa, nu6io MUHEMYMa, 1o Toro
H IpYTOro He B TOYKe Bo3BparTa. [IpeAmnonoskim, YTo ZOCTHIAeTCH MAKCHMYM (Kak
Ha puc. 10.13). [IpoBeseM depe3 TOYKY MakCHMyMa COPH3CHTAABHYIO NMpAMYo [,
HockonbKy 3BOMIOTA ASKHT IIOJ 3TOH NpAMOH, HaZ Hell BEITOJMHAETCA PAEEHCTEO
n{x)=2. CnegoBaTeNsHO, HENTOCPEACTBEHHO [I0A IPAMOH | ZOMKHO BEINOIHATHCA
paBeHCTBO n{x)=0, Mbl DOAYYH/M HPOTHBOPEUKE, KOTOPOE ACKASHIBAET TEOPEMY
O YeTHpeX BepIIMHAX.

Puc. 10.13. JlokasaTeNnbeTBO TEOPEMEI O de- Puc. 10.14. MHOMECTBO CHMMETPHH OBa-
THIpEX BePUIMHAX na

BTOPOE NOKA3ATENLCTBC (HAEPOCOK). OHO clefiyer viedM 3HaMeHHTOTO
dpanuyackoro maremarka P. Toma. 3TO 09eHb KpacHBOe paccykAeHue!

Jna kaxoit ToUKM X, Nexaineil BHYTPH OBajla ¥, pacCMOTPHM Ommxaiunyio
K Heil Touky oBajia y. PasyMeercd, AN HEKOTOPHIX TOYEK x GmnKallmaf TOYKA
He eAMHCTBeHHA. [eoMeTpUdecKce MeCTO TAKHX TOYeK HASEIBACTCA MHOMNCECTIBOM
cummemnpuu; 06o3HaYNUM ero A. HanpuMep, At OKPYKHOCTH MHOXECTBO A COCTO-
HT H3 ee LeHTPA, a ANA JUIHTICA 3TO OTPE30K MeXAY ABYMA LeHTPAMH MaKCHMANE-
HOH KDHBH3HEL, B cilyyae NpOH3BOABHOTC 0Ba/ld MHOXECTBO A ecTh rpad (¢ KpH-
BOMMHeHHEIMM pe6paMi), a ero BepUIMHH BANEHTHOCTH 1 ABIAIOTCA HEHTpaMK
JIOKaNbHO MaKCHMAZBHOM KPHBH3HH 0Baja; ¢M. puc, 10,14,

IMocaeanee yTBepXZeHNE HYXKIAETCA B NOACHEHHUH. SICHO, YTO BEPIOHHE Ipa-
(a A BaneHTHOCTH 1 — 3TO NEHTPH SKCTPeMaNBHOM KPHBU3HE (B KOTODHIX TOUKH,
ofosHaveHHble Ha puc. 10.14 depe3 y, ¢/MBalOTCA B OAHY). HO modYeMy MakcH-
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ManbHOH, A He MUHMMAaXBHOH? [TOTOMY YTO CONPHMKACAKMARCA OKPYIKHOCTD MH-
HHMaJBHOH KPHBHMSHH JIS)KHT JIOKZNLHO BHE KpuBoit y. ClefoBaTeNIbHO, paccTos-
HHE OT LeHTPa TaKoit OKPY)KHOCTH A0 KpuBoii MeHBIlle, 94eM ee pajiyc, a 3HAYHT,
ee LIeHTp He IPHHALICKHT MHOXECTRY CHMMETPHH A,

Yaanum vz BHYTPEHHOCTH KPHBOH ¥ MHOXeCTBO cHMMeTpHH A, OcTapmeecs
MHOX€CTBO MOXHO HENIPePHEBHO AeGOpPMHAPOBATE B I'PAHITIHEIN 0BaN, NepeMemas
K2OKAYIO TOUKY X K Omixaifineil or Hee Touke oBajia y. CleaoBaTelbHO, JONOMHE-
HUEM MHOXECTEA A ABIAECTCA KONBLG, a 3HAYUT, A He COASPXKHT meTenb (U co-
CTOMT TOAbKO K3 OAHON KOMIIOHEHTH). TaxuM oOpasoM, A — Jepero, KoTopoe
ofsA3aTeNnbHO HMeeT X0Ta OH IBe BepIWHE! BaneHTHOCTK 1. OTciofa cnefyerT, 4To
KPHBU3HA 0BAaJa HMeeT N0 KpaiHel Mepe 1Ba TOKANEHEIX MAKCHMYMa, H TeopeMa
LOKa3aHa,

10.5. PasHble gpyrue pesylbTarhl

TeopeMa o deThipeX BepHIMHaX GRIIa OTKPHTA OKONC BEKA Ha3ad, U ¢ TeX [op
OHA M ee MHOTOYHCAeHHHE MPWIOKEHHA He NepecTalcT NPHBICKaTe BHUMAaHHE
MATEMATHKOB. B nocieaHeli YacTH JeKIHN ME oHileM (e3 A0Ka3aTeIbCTBA Hec-
KOMBLKO Pe3yALTATOR, CBA3aHHEIX ¢ HTOH TeopeMoil (M., HanmpuMep, [16]).

OauH U3 cnocobor 0606maTE TeopeMy O YeTHIPEX BepIIHHAX COCTOMT B TOM,
IT00H AMMPOKCHMHPOBATE IVIOCKYIO KPHBYIO HE CONPHKACAOLHMHCA OKPYXKHO-
CTAMH, 3 KPUBBIMH ADYTOrO THNA, HApPHMeD KOHHKaM#u, Yepea mio6Grie AT TO-
YeK Ha TUIOCKOCTH, HAXOAAIUXCA B 06MIeM MONOKeHHH, MPOXOAUT eUHCTECHHAR
KOHMKA. B3dAB NATEH ToYeK, JAeKallMe Ha oBase 6ecKOHeYHO OXAH3KO ADYT K ADYTY,
MBI TIOJIY4HMM CONPUKACAIOIIYIOCH KOHHKY oBaia. Kax 1 compuKacaomanca oKpyx-
HOCTE, 3T4 KOHHKA MOXET CBepPXCONPHKACATECA: COOTBETCTEYIOIAA TOUKA KPHBOH
HasuBaeTca mouxoil 2-nepezuba’ (WM, IO MPHYMHAM, KOTOPHE MH He Gylem 06-
cyxjaTh, adpduntoil Bepmuuoit). Kakoe HaMMeHblliee YHMEIO ToueX 2-nepernbta
MOXKEeT UMEThb IUockuit oBaa? OTBET paBeH HIECTH, H 5TO AokasaHo Mykxonaaxea-
eii B ero craTtbe 1909 roza.

MoxHO Tarke anilpoOKCHMHPOBATH KPUBYIO ee KacaTeJlbHBIMK, B 2TOM CmyMae
Hac MHTEpecyioT TOIKH Mepernfia, T.e. TOUKH, B KOTOPHIX KacaTenbHad HMeeT ¢
KpMBOH KacaHMe BTOPOTO TIOpAAKA. PasyMeeTcd, OBaN He MMeeT TOYeK Ilepert-
6a. OgHaKO paccCMOTPUM NPOCTYIO 3AMKHYTYIC KPHBYIO B NMPOEKTHBHOH Inocko-
cTH. HaltoMHHM M3 JIEKIHH 8, 9T IIPOeKTHBHAA IVIOCKOCTh €CTh PE3YABTAT CKIeH-
BAHWA Nap AXAMETPANbHO MPOTHBONOJIOKHEIX ToYeK cdephl. 3aMKHYTasA KPHBAs
B IPOEKTHBHOMN TIIOCKOCTH NpeacTapaderca Ha cdepe nubo 3aMKHyTOR HpUBOIL,
anbo KpUBOH, KOHIEL KOTOPOH AHAMETPANBHO IPOTHROMONOKHEL. TouKa Heperd-
6a — 3TO TOYKA aHOMAJIBHOTI'C KACAHUA KPHBOH ¢ 60MBINOH OKPYKHOCTBIO.

IycTe Hamma KpUBas OTHOCHTCHA KO BTODPOMY THITY, T. €. €e KOHIH AHaMeTpaib-
HO TIPOTHBONOMOKHHL, Toraa Teopema Mébuyca (1852 1.) yTBepXAaeT, ITO OHa
¥MeeT no kpaiiHeit Mepe TpHu Touku nepernta. CM. puc. 10.15; ageck cdepa cnipoek-
THPOBaHA Ha IUIOCKOCTE H3 CBOETO EHTPa, MO3TOMY KPHBbIe NpeJcTaBIAI0TCA YXO-

1B opuruHane ~ sextactic point. — fIpuat. nepes.
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Puc. 10.15. Touxn nepernGa xprsoil B NpoeKTHBROH MWIOCKOCTH

AAmpMK Ha GecKOHeuYHOCTh, Ha pucyHKe H30GpaKeHH IIPOCTasd KPHBas ¢ TpeMd
TOYKAMY Tlepernfa K caMolepecekaoancd KpHean ¢ 0AHoI Todkoit mepernba.

Mmeercd, keTaTH, enle osuH, Gonee HegasHHiT pesynsTaT 0 cepHiecKUX KpH-
BRIX. [1yCTE rmaaKan npocTad 3aMKHYTaA KpHBas Ae/THT [Iomafs cheprl NomoiaM.
Torga oHa HMeeT 10 KpaliHell Mepe YeTHIpe TOUKH Neperuta. DTOT pesynbTaT, ko-
Tophiii B. Y. ADHONLZ HA3HIBAET «TEOPEMOi O TEHHMCHOM MAde»!, 61 ZokazaH
B. Cerpe (B 1968 r.) # nepeoTKprIT ApHOMBAOM B KOHLIe 1980-x rofos.

MokHO TaloKe anIMPOKCHMHPOBATh ITAJKYI0 KPHBYIO KyOnueckoii kpusoil. An-
refpaideckas KpHBas CTENIEHH 3 3ajaeTca ASBATHIO TOYKAMM, M COTIPHKACAIONTa-
Aca xyOrKa raaakoil KpHBOH NPOXOAUT Yepe3 AeBATh HecKoHe Ho BAMAKHY TOUeK
Ha 3Toit kpuBoil. KybHKa cBepXconpHKacaeTes,, eclIM OHA MPOXOAUT depes3 JecHTh
TOYEK, W COOTBETCTRYIOIAs TOYKA KPUBOM HA3HBaeTCA TouKol 3-neperuba.

O

Puc. 10,16, KyGHueckue KpHBkie

TuUnuIHaA KyOndyeckaa KpMBas BRIMIAOUT KAaK OZHA W3 KPHBHIX Ha puc. 10.16;
BO BTOPOM CIydae 3aMKHYTaR KOMIIOHEHTa XpHBOi HagsiBaeTcq oBasoM. HeaBHO

!Ha norepxHOCTH KAKAOLO TEHHHCHOTO MAYA XOPOIIC EMAHA KPWBAA, HMEIOMAs POBHO YeTHpe
TOMKM Mepernba.
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B. U, ApHONMBA XOKA3aN CHEAYIOUIYIO TeopeMy: 2nadKas Xpuaan, NOLYUeHHAR Ma-
JAbIM @O3MYUjeHlieM 08ana Kybuuecxoti xkpusotll, umeem no xpaiinell Mepe decamd
mouek 3-nepezuba. EcThb cobnasH NpoAoRUTE 3TY UEIIOYKY YTBEPKIeHHUEH, ypeny-
YWBad cTeleHpb ANNpOKCHMEPYIOUHX anreGpandecKirX KPUBEIX, OFHAKO, HACKQ/b-
KO HaM M3BeCTHO, AanbHelile pe3yjlbTaTH B 3TOM HanpaBlieHUH OTCYTCTBYIOT.

B Hauare 1990-x r. 3. XKu3 OTKpRUI CIEAYIOLIYIO KPACHBYIO TEOPEMY.

BeiecTBeHHAs NPOCKTHBHAS IPAMAA IOAYYaeTCd H3 0ObMHOM BelllecTBeHHOM
npaMoii fobarneHyeM OAHOM «6eCkOHeYHO yAaneHHOH» TOYKH. JTO pacllipeHHe
apamofi cbnagaeT oueBHAHEIMY ITpeyMylliecTBaMK. Hanpumep, Apo6GHo-MMHeHHanA

$ymama

fey=228 qa-beo,
He ABNSeTCS KOPPEXTHO ompezeneHHol dynkuueli emecrpeHHol nepeMeHHoMH:
opu x=—d fc Mul nanydaeM f(x)=o00. OAHaKO MOKHO BOCCTAHOBHTD f B CTaTyce
KOPPEKTHO OINpejeTeHHOM ¥ ofpaTiMoll QYHKIHH, eC/IH PacCMATPHBATE ee Kak
YHKIHIO H3 BEIMECTBEHHOM NPOSKTHBHOM npanMoil B ceBs (npu 3rom foo)=a/e).

Mycte f(x)—rnagras ofipaTHMan OYHKIKA U3 BeLIeCTBEHHOI NpoeKTHBHOR
npAamMoii B cebq. JIIA KaKAOH TOYKH X MOXKHO HAiTH ApoOHo-nuHeHYI0 GYHKUHIO,
Y KOTCpOii 3Ha9¢HHA B TOUKe X €e caMol, nepBoil MpOH3BOAHOH M BTOpOH mpo-
M3BOAHOM COBIAAAIOT C COOTBETCTBYIOWMMI 3HAeHUsMHU i yHrmuu f. EcTe-
CTBEHHO Ha3BaTh e¢ CONpHKacaomeiica ApobHo-nuHeHHOM dyHKumel. JpobHo-
nuHeliHan GyHKNHA CBePXCONPHKACAETCA ¢ f B TOUKE X, €C/IH ee TpeYbA NpoH3-
BOZHaA B 5TOM TOUKe Takke copmagaer ¢ f/(x). CKONBKO CBepXCOMPUKACAIOIIMXCA
ApobHO-NMHEHEIX PYHKUMH MOKeT HMeTh IPOM3BONbHAA GyHKIHA f? ComacHo
Teopeme JKH3a, HE MeHee YeTHpeX. B TepMuHax ¢yHKuMH f COOTBETCTBYIOUHE
TOYKH ABAIOTCA KOPHAMH YCTPAIIAIOINETO BRIPAKEHHA

£ 3Ly
FOY T2\ )

KOTOpOe HAa3KBaeTCA npousaodnoii Uisapua dynwumun f.

Jlpyroe HanpasaeHue Ang 06o6meHuR TeOpeMH O 4eTHPEX BEPIIHHAX COCTOUT
B 3aMeHe IMafkol KpHBOH Ha MHOTOYTONLHHK, ITY JHCKPETHIAIHIO MOXHO IIPO-
BOJHTE PasHEIMH cniocofaMy, 9T0 MPUBCAUT K PasHBIM pesyiabTaTtaM. ME yroMsa-
HeM TONbKO OfHH U3 HHX, BePOATHO caMblii cTaperii. Jto JeMmma Komw (1813 1),
KOTOpad HIpaeT TAABHYIC POAb B MpHHaexameM KOIIH 3HaAMEHHTOM AoKaza-
TeNbCTBE HKECTKOCTH BHIYKABX MHOTOPPAHHMKOB, ONMMCAHHOM B KUK 24: dns
OaHHBIX 8YX BBINYILLC MHOZOYZONMBHLUKOS, COOMBEMCMaeHHbie CMOPOHBL KOMOPBIX
PasHbl, YUKAUYECKAR NOCAe008QMENALHOCME paA3Hocnell COOMBeMCMEYIOUUX Y2A06
MeHAem 3nax xoma Out uemsipe pasa.,

HaxoHell, BepHeMCA K BepiMHaM. JJaBHO H3BECTHO, YTO TEOpeMa O YEThpeX
BEPIIMHAX BEPHA H ZJI HeBEITYIJIBIX IPOCTHIX 3aMKHYTHX KPHBHX. B. . ApHOABA
BHICKA3a/I CHIIOTesy, 9T0 ee MOXKHO oB06IUTE ellle ciuibHee. UMeHHO, BO3BMEM
oBaJ 1 GyreM ero magxo JehopMHpoBaTh, TO3BOMAA KPUBOM Aaxke caMmomepece-
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KaTbCA. EAMHCTBEHHOE, YTO 3anpeleHo, — 3TO TaKoe CaMOKacaHHe KPHUBOIA, IIpH
KOTOPOM Kacalomuecsa KyCKH HMEIOT OIMHAKOBYIO OpHEHTALHIO, KaK Ha puc. 10.17.

MOXXHO HeJb3A

Puc. 10.17. ITono)xuTeNbHOE U OTPHUIIaTe/IbHOE CaMOKacaHHUe
CornacHo runoTte3e ApHO/IbJA, TeOpEMa O YeTHIpeX BepIIMHAaX BepHa AJid JIIo-

60i1 KPHBOIA, KOTOPYI0 MOXXHO ITOJYYHUTh M3 OBaJIa IIPH ITOMOIIH Takoii AedopMa-
IMM; cM. TpuMep Ha puc. 10.18.

Puc. 10.18. JlomycruMas aedpopmManusa oBajia

HepasHo [O. B. Yekanos u I1. E. [Iymkapp Aoka3any 3Ty FUIOTe3y, MCIOAb3Ys
HJeH COBpeMEHHO# CHMIUVIEKTHYECKOH TOIIOJIOTHH U TeopuH y370B [20].

Brnazgumup Hropesuy 3TbeH XKus Anomed KHezep
ApHoubz, 1937—2010 p. 1954 1862—1930
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IIsamazac Mykxonaaxbas BensamuHo Cerpe
1866—1937 1903—1977
Iurep I'yTpu Teifr Pene Tom
1831—1901 1923—2001

10.6. YnpaxHeHHs

10.1. (a) HapucyiiTe 3BOJIBBEHTH Ky6HYecKoil mapabossl.
(6) HapucyiiTe 3BOJIbBEHTH KPUBOIi, H306paxkeHHO# Ha puc. 10.19.

Puc. 10.19

10.2. Iurronza — 3TO KpHBas, KOTOPYIO BEIY€pYHBaeT TOYKa OKPY>KHOCTH, Ka-
TALelca 6e3 CKOMbXEeHUA N0 TOPU30HTAIbHOM NpAMOii. OIHUIINTE 3BOJIIOTY LHK-
JIOUABI.
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10.3. BoruucAKTe KPMEBH3HY HONYKyOHYeckoli napabonsl B TOUKE BO3BpaTa.

10.4. (a) BripasuTe JAHHY nepHMeTpa H IUIOLIAAEL OBANa Yepe3 ero ONCPHYIO
dynrxuuio.

(6) IapaMeTpu3yeM OBall ¥ YIJIOM ¢, KOTOPHI KacaTenAbHad K ¥ COCTABIAET
€ HEKOTOPEIM (UKCHPOBAHHEIM HAMpaBAeHHEM, U IMYCTh ply) — onopHas $yHK-
A opana. Jlokaxure, 9ro

7{g) = (p(y) sin ¢ + p'(p) cos @, —p(y) cos ¢ + p’(4) sin ).

(B) lMokaxwure, 9T0 paguyc KPUBK3HH B TouKe ¥(¢) pared p”(p)+ p(p).
10.5. Mycts f(x)— rnagkas GyHKIUA ofHOH BelllecTEeHHOM MepeMeHHoMH. Co-

npHKacaomuics MHorowieH (MHorowneH Teitnopa) g,(x) crenmeHM n ana yHK-
uuH f(x) B TOUKE £ — 3TO TAKOH MHOTQWIEH, Y KOTOPOIQ 3HAYEHHA B TOYKE t €10
€aMOro ¥ MEPSHIX N MPOM3BOAHBLIX COBNAAAIOT ¢ COOTBETCTBYIOIMMY 3HAYEHUAMHI
ana f:

n ()] .
&) =3 L= oy,
i=0 h

Myctk n yetHo B f{t) 3 0 Ha HekoTOpoM ukTepBasie I (BO3MOXKHO, HeckoHeY-

HOM). JIOKXHKTe, 9TO ANA MOGHX JBYX PaaIMYHBIX TOYeX @ ¥ b 13 uHTeppana [

rpabHKi CONPHKACAIONIMXCA MHOTOWIEHOB g, (X} ¥ g,(x) He nepecexaroTcs.
3AMEYAHME. JTa TeopeMa OYeHb NoxXoia Ha TeopeMy Teiita—KHeaepa 10.4.
10.6% PaccMOTpHM TPHIOHOMETPHYECKUH MHOMOWIEH

f(x) = ay cos kx+ by, sin kx +ay, cos(k + 1)x+ by, 1 sin(k+1)x +
+...+a, cosnx+b, sinnx,

rae k <n. Jokaxure, 9410 f HMeeT Ha okpyxHocTH {0; 21] mo kpaitHe#t mepe 2k
KOpHei,

YiasaHuE. Ilyers I(f) — nepsoo6pasHas nepuognveckoit dbyHxkuym f ¢ xoH-
cTaHTOM MHTErpHpOBAHNA, BHIOpAaHHOH TakuM obpa3oM, YToGEL cpefHee 3Hadye-
HHe QYHKIMH paBHAAOCH HYmMO, O603HaYHEM depes Z(f) IMCAO NepeMeH 3HaKa
byrxauy f. Torza no Teopeme Ponns Z(f) 2 Z(I(F)). HocaeioBaTenbHO NPUMEHH-
TE 3TO HEPABEHCTBO HECKOIBKO pa3 K uccneAyiite, xax f MeHseTea nog geftcren-
eml,



Jexaua 11

CerMeHTBI OAUHAKOBOM ILIOIIANH

11.1. MMocTaHoBKa BONpoca

OCHOBHaA MEICAE AEKHHH 9 COCTOANA B TOM, YTO TOYKH BO3BPATA Be3Aecyllu:
THNMIHOE OAHONApAMETPHIECKOE CeMECTBO KPHBHEX HMeeT crubalomyio, a 3Ta
orubalomas obHYHO HMEeT TOYKH BO3Bpara. JJaHHaa Nexuus NOoCesLeHa pastopy
YaCcTHOTO CAydad: MH MoApobHO HeelelyeM OAHO KOHKpeTHOe ceMediCTBO IpAMBIX
Ha TIOCKOCTH.

IIycTs ¥ — 3aMKHyTaA BEUTYKIaA MOCKas KpUBad. 3adHKCHpyeM Ydcio t, 0 <
£t £ 1. PaccMOTpUM ceMeiiCTBO OPHEHTHDOBAHHHEIX NPAMEIX, KOTOPEIE AEJIST IUIo-
mags GUrYpHl, OTPAHHYEHHOM KPHBOH ¥, B OTHOIEHMH t : (1 — {) TaK, YTO t-8 ZONA
HaxOAUTCA cneBa, a (1 — t)-4—CNpapa OT NPAMOM, JTO OfHOMAPaMETPHYECKoe
cemMelcTBO NPAMHX HMeeT oribatourylo; oGo3HaduHM ee T,.

Cpa3y ke 0OTMETHM, 9TC KpBHe I, 1 I, _, coBnazgaioT. [loaToMy MOXHO OTpaHH-

YUTHCA paccMOoTpeHreM uHTepana 0 <t < 1/2. Kpussbie I, — OCHOBHBIE OGBEKTH
H3Y9EHMA B 9TOH ASKIUMH.

11.2. TIpumep

HagxeM c npocToro mprmMepa (KoTopbiil, BO3IMOXHO, 3HAKOM HEKOTODHIM CTap-
meKacCHIKaM). PaceMoTpuM ceMeliCTBO NPAMEIX, OTCEKAIOINMX CeTMEHTH QK-
CHpPOBaHHCH IUIOWAZK A OT AAHHOrO YINIA, H ITYCTh [ - orvbaioLas 3Toro ceMeii-
CTEA,

TeOPEMA 11.1. Kpusaa I’ agademen 2unepBonoil.
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JIOKAZATEALCTBO. TIDHMEHHM COXpaHAIOINEe moaas anHetinoe mpeofpaso-
BaHHe, NepeBogAInee AaHHLH yroi B npAMoii. BysieM cIUTaTh, 9T0 CTOPOHH 3TOTO
YIAd ABAAIOTCH KOOPAVHATHHRIMM OCcAMH. JIOCTATOYHO AOKA3aTh TEOPEMY B 3TOM
CayJae.

Iycts f(x}— anddeperuppyeman dpynripst, Kacarenshad k rpaduky y=f(x)
B TouKe (a, f(a}) aanaerca ypasHennem y = f'(a)(x — a) + f(a). InMHH OTPe3KOBE,
oTCeKaeMBIX 3Toit KacaTenbHOM Ha OCAX X U Y, DABHH

-4 u fl@)-of @

PaccMoTpuM rrnepbony y =c/x. /I Hee ANMHHE OTPE3KOB, OTCEKAaeMbIX Ha
ocAxX x ¥ y KacarenabHoil B Touke (@, c/a), pasHH 2a u 2c/a. CrefoBaTeNbHO, IUIO-
WaAk TPEYTOABHIKA, OPPAHHUYCHHOTO KOOPAMHATHRIMHE OCAMH M 2TOH Kacareib-
HOil, paBHa 2¢, T. €. KOHCTaHTe.

TawM o6pa3oM, KacaTenbHEle K THIEpOoie OTCEKAIOT OT KOOPAHHATHOTO «Kpe-
CTa» TPEYTONBHHKM MOCTOAHHON Taomamu. OaHaro dopManbHO 5T0 ITIOKa He TO,
YTO YTEEPHAACTCH B TeopeMe, Jlng sapepiieHns AOKASATENBCTBA BHIGepeM KOH-
CTAHTY ¢ B YPaBHeHUH TulepBoAsl ¥y = ¢/x Tak, ITo6bl IIOWaAb OTCEKAREeMBIX TPe-
YTONBHHKOB paBHAAAcE A. [TonydeHHan runep6ona ecTb kpHeas I' u3 GopMynupos-
KI1 TeOpeMH — orufaioman ceMelcTBa MPAMEIX, OTCEKAlOMX OT KOOPAHHATHRIX
oCeil TpeyroIbHUKY IUIoIAaAH A.

11.3. Orubaioman OTPe3KOB, OTCEKAIOIUX cerMeHThI OJHHAKOBOH ITomazu,
€CTh FeOMETPHYIECKOE MECTO HX CepeHH

Hazpauue 3Toro MyHKTa npeAcTaBaAfeT coboi, coGcTBEHHO roBOpA, HOPMYIIH-
poBxy TeopeMul. TeopeMa yrBepaaaeT, 4To kpuBas I', xacaeTcq OTPe3sKoB, oTceKa-
ICIIMX t-e oy o6Liel WIoIWAagH, B HX CepeiMHax.,

JIOKASATE/NILCTBO TEOPEMBI. [TocMoTpuM Ha puc. 11.1. Tlycre AB u A'B’ — ziBa
6IM3KHX OTPe3Ka M3 Hallere ceMeicTBa, B TyCThb £ — YToJ MEXAY HEMH. [10CKOonb-

A!A

Puc. 11.1. JloKka3aTeAbCTEO TOIC, 9TO orHbamnlias ceMeficTBa OTPE3KOB, OTCEKANOIIHY cer-
MeHTH QAMHAKOBOH IAOMAAH, ECTh PEOMETPHULCKOE MECTO HX cepequH
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Ky 3TH OTPE3KH OTCEKAlOT CerMEeHTH OAWHAKOBOH IUOIIALH, IVIOMAAH CeKTOPOR
AQA’ u BOB’' pasHH, Ho 3TH IIoIaAK pUMepHo (¢ olubkoii nopaaxa %) paBHEL
(1/2)1A0%¢ u (1/2)|BO[2e. CnemoraTensho, |AQ| — |BO[— 0 mpu £ — 0.

B xadecTBe TIPUIOKEHHA 3TOM TeopeMH pelllMM CIERYIOmyIo 3agaqy. Janbt
d8a aaoxcerrsix osana. Cywecmayem AU xop0a 8HEUIHEZO OBARI, KOMOPAR Kaca-
emca eHympeHHezo oeana u derumca moukoll xacanua nonoaam? Cw, puc. 11.2,
HecmoTpsa Ha TpocTOTY GOPMYIHPOBKH PELINTD 3TY 3aAa4y HEMErKC, eC/TH TONEKO
He BOCTIOVIB3OBATHLCA IPHBEEeHHOMH BRIlIE TeopeMoi,

Puc, 11.2. 3aga4a o ABYX oBanax Puc. 11.3. Pemrenye 3aaa4uy o ABYX oBadax

PEWEHVE 3aaa4H. [lycTe | — oTpesok kacarenbHoit ¥ BHYTpeHHel KpuBOH,
OTCEKAKIIHUA OT BHEUIHeH KPUBOM CerMEeHT HauMeHbuIeil micmaay. O0o3HayM
3Ty IWIolajs yepes S, PaceMoTpuM ABa Gamskrx ortpeaxa !’ u 1Y, orcexarompx
OT BHeINHerc OBajia CerMeHTH Iromaznd S, [IycTs A — TOUKa KacaHmd oTpesxa [
C BHYTPEHHHMM OBaJoM, a B 1 C — TOYKK NepecedeHus otpeska l c I/ m I” (puc.
11.3}.

lMockoneky § — MHHUMANEHAA MACIIAAE, oTpe3ku I’ n 17 He cogepskar BHYT-
PeHHHX TOYeK BHYTPeHHero opana. CHeoRaTe/ibHO, TOUKA A memuT Mexay B u C.
Ipu crpemnennn I u 1” x I Toukn B u € crpemsaTes k A. Takum o6pazoM, A ecTb
TOYKA KacaHwAa oTpe3ka [ ¢ ornbaioweit cemeiicTBa OTPE3KOB, OTCEKAIOMHX OT
BHEIIHEro oBaNa CerMeHTH mIowazy S, [lo npupeAeHHOI BRIle TeOpeMe TOUKa A
ASNHT orpesok | nononam.

MOoKHO, KOHEYHO, IOBTOPUTE 3TO PACCYKAEHHE, 3AMeHHB MUHHMANBHYIO IVIC-
mazaL MakcuManbsHoH, Takum 06pasoM, CyIIecTBYIOT N0 KpaifHell Mepe ABE XOPABL,
KacamwiHecs BHyTPEHHETO 0Bana B CBOMX CepeAMHAX.
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11.4. OrcTyiense: BHemHAEe GHIBSIpP/ALI

Mu! ecTecTBEHHBIM 06Pa3oM MOAOIUIM K ONpeAeNeHHIoO UHTepecHol sHHaMH-
qecKkoit CHCTeMEI, KOTOpad HasuiBaeTcd BHEUIHMM (WK ABOMCTBEHHBIM) GUIbAD-
ZOM. B oTnH4YHe OT OOBYHELX 6WIbIPAOB, KOTODEIE O0CY)KAAIOTCA B JIEKITNH 28, BO
BHeIMHKT GMIBApA UrpaloT BHE SIWIbAPAHOrO CTOMA.

[lycth C— miockuit oBan. Ua toukn x, nexameii sHe C, BRIXOAAT ABe Kaca-
TenbHEe K C. BElfepeM Ty M3 HHX, KOTOPaA HAXOAWTCS CIPAEa, €CIH CMOTPETh
M3 TOWIGI X, H OTPA3HM X OTHOCHTEAbLHO TOYKH KAacaHuMA, Mul NONydiM HOBYIO TOY-
Ky ¥, ¥ npeofpazoBaHie, NepeBoidiiee X B y, HASEIBAETCA BHEIIHUM GHALADAOM;
cM. puc. 114.

y
x

Puc. 11.4. BHewHHii 6wibapa

O BHemIHKX SUABAPAAX MOXKHO CKA3aTh MHOTO HHTepecHOro, cM. 0630pH B [37,
81, 86]. MH yCTAHOBHM /HIHE HECKONBKO OCHOBHBIX CBOHCTR 3THX CHCTEM.

TroPEMA 11.2. Jnn mobozo ceana C eneuinee GunsapOnoe npecpazoaanie co-
xpansaemn naowads.

JIOKA3ATEALCTBO. PaccMoTpHM ABe GIK3KHe KacaTeAsHBE K KpHBoil C, erife-
PeEM Ha HHX TOUKH Xy, Xz U X}, X;, B YCTh ¥y, Y2, ¥,, ¥, — WX 0Bpassl 1ioa AeiicTBy-
eM BHemHero GunbApAa (cM. puc. 11.5). BHemHMi1 GUnbapa NepeBOANT YeTHIPEX-

o Fapt
YIOMBHHK X1X2XoX1 B Y1 Y2), )+

Yo h X X2

Y.

Pac. 11.5. BHemHee GunbapaHoe npeofpasopanie coxpaHAeT IUIOMaAk

O603HaYHM TOUKY TIEpeCceueHHs KacaTeNbHEX deped O, a yroAa Mexay HuMH
qepes £. Paccyaad Xak B 0. 11.3, MBI BUANM, YTO ITOMIAAH TPEYTONbHKKOB X Ox;
H yIOy{ PaBHEI C TOYHOCTBIO 0 OMMGKM NopaAaxa 2, M 5TO e BEPHO A Tpe-
YTOJABHHKOB xzox; H yzoyé'. 3HAYHT, ¢ TOYHOCTHIO A0 OMIMOKH TOrO e Nopajka,
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PaBHH TUIOHIaZH YETHPEXYTOJIBHHKOB X1 X,X,X] M Y1¥2Y,Y,. B Npenene npH & — ¢
MEL HOMyYaeM HCKOMOe CBOICTBO COXPaHeHHs TAOINAAH,

BoT eme 0ARH BONPOC O BHeIIHKX Siwnbapaax. [ycTe aaH mwiockuit osan C. Cy-
IecTEYeT U ONMUCAHHBI BOKPYT HEr'o N-yTONLHHK, CTOPOHEI KOTOPOTO TOTKAMK
KacaHHA AenArca nononam? Takoil MHOI'OYTONBHHMK COOTBETCTBYET N-NMeprojnde-
cKoif op6UTe BHeIIHero SWALApAA, OIpefenaeMoro opajioM C.

OTBeT Ha 3TOT BOMPOC NOAOKHTENEH. JeHCTBUTENRHO, PACCMOTPHM OIHCAH-
HBIA R-YTONBHUK MUHIMANBHOH mwiommaae, Torna, paccyAan KaK NpH penteHun
3aja4H M3 I. 11.3, MBI BHAUM, YTO KaXKAAA CTOPOHA 3TOTO MHOTOYTONBHHUKA JeJIHT-
cs1 Touko#t kacaHus c -C nomosmaM. To e paccyxieHKe TOANTCA AN 3RE3AYATHIX
N-YTONBHMKOB; CM. TPH THIA OIMCAHHEIX CEMAYTOIbHMKOB! Ha puc. 11.6.

(>

Puc. 11.6. TpH THIA OMHCEHHBIX CeMUYTOIBHHUKOR

11.5. Yto y orubaromieii ecTs H 2ero y Hee HeT

Orutaromue I', He HMeIOT ABOHHBIX KacaTeNbHBIX M ToUek Nepernta. Je#icTen-
TEJbHO, eCTH KPHBaR HMeeT [BOIHYIO KacaTeNbHy 0 WIH TOUKy neperua, To y Hee
CYIIECTBYIOT JBe ONH3Kue Napa/uleNibHele KacaTenbHeie (cM. puc. 11.7), KoTophe
He MOTYT OTCEKATE OT ¥ CerMeHTH OAMHAKOBOit Inomaau.

Y Y
t T,

Puc. 11.7. Orubatomas He vMeeT ABONHEIX KacaTe/IbHBIX

1Ha camom aene ana moGoro n 2 3 i moSoro r, 1 <r € n/2, PSAHMHO NPOCTOTO € 1, CYIECTBYIOT X0-
1A G d8a OIHCAHHEX N-YTOABHHKA, COBEPLIAIOMUE  0GOPOTOR BOKPYT KPHBOH C, CTOPOHH KOTOPRIX
JeAATCH TOTKAMM KACAHUA NomonaM; oM. [81, 86].



Jlexuma 11, CermenTe OHHAKOBOH TLMOMAAN 181

3aro orubawiyas ceMeiiCTBa OTPE3KOB, OTCEKAIOINHUX CerMeHTH 0AHHaKOBOH
IVIOIIAZH, MOMET MMEeTh TOUKH Bo3ppaTa. Ciedyioman TeopeMa rOBOPHT HaM, KO-
raa uMeHRHO [, MeeT TOIKy BO3BpaTa. Mbl peATonaraeM, 4To y —- oBajl.

TeorEMA 11.3. Ecau cepeduna xopdet AB xpusoil y asasemca moukoti sosepa-
ma ozubawougell cemelicmaa ompeskoe, ONCEKANIYUX ce2MEHMbt OOURAKOEOI NAO-
wady, mo KacamenvHeie K ¥ 8 moukax A u B napanaencHut,

JoKA3ATENBCTBO. IlycTh O — cepeanHa orpeska AB. [lockonbky O — To9Ka
BO3BpaTa oruGaouieil ceMelicTBa OTPE3KOB, OTCEKAIOIMIHX CEerMeHTEI OJUHAKOBOMA
IWIOAMH, CKOPOCTE TOMKM O paBHA HYAI0 M MFHOBEHHOE JBHKeHHE npaMoii AB
eCcTh BpaieHye BokpyT O. Tak kak O — cepefiHa oTpe3ka AB, BEKTOPH CKOPOCTH
ToYeK A B B cHMMeTpHYHB OTHOCHUTEBLHO TORkM O, a 3HA4HT, KacaTelbHbIe K ¥
B TO9KaxX A ¥ B napanie/nbHuL

[IpeAmonoKHM, YTO KacaTeAbHEE K KPHBOR ¥ B TOUKaXx A H B napasienbHsl.
Yre6H onHcaTk NoBegerne orubarwmeit [, ceMelicTBa OTDE3KOE, OTCEKAIOINHX Cer-
MEeHTBI OAMHAKOBOH NACIAAH, HAM HYXHA JOMOIHHTENEHAR HHOPMALHA O KPH-
BH3HE KPHEOiH y B Toukax A M B. [IpeanonoxuM, 4To B TOYKe B aTa KpHBH2Ha
Sompie,

TeoPEMA 11.4. Ozubmowan T, umeem mouxy 803gpamd, 8 komopoll ocmpue
HGNpaenexo & cmopony mouku B.

JOKASATEALCTBO, [locMOTPHM Ha JeBy0 4acTbh pHe. 11.8. 3aeck v, U ¥, —
3T0 KycOuku KpuBoOH y B6AM3M TOwek A M B; O —cepeanHa oTpeska AB; ¥, —
CVIMMeTPUYHEI 06pa3 IYTH ¥, OTHOCHTENLHO TOUKH (.

C.‘C EEI

Puc. 11.8. Touka BoaBpaTa orubaomeit

[MpoeeaeM yepes Touxky O xopay C'D’, Gmaskyio K AB. Tak xax y KpHBoit 1,
KpHBH3HA Gonbille, YeM ¥ ¥, IIOMAL cekTopa AOC’ Gonbire, 4eM TIOWAAE CeK-
Topa BOD’ (oHa paBHa miowagu cexropa BOM, cummerpnysore AOC’), Cneaosa-
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TeNbHO, 0TPe3oK CD, KOTOPHIl ZeANT WIoNaAs, CTPAHMYEHHYIC KPUBOH ¥, B TOM
Me OTHOLIEHUH, YTO M AB, NexuT c¢npasa ot C'D’, Cepeniua oTpeska CD 6miska
K O, Touke nepecedeHns oTpeskoB AB H CD. AHanorautble HabmogeHus BePHHI
B OTHOINEHHY oTpeakoB E'F' u EF. Takum ofpasomM, ornbatomas I, KoTopas Ka-
caeTcq oTpeakoB AB, CD u EF u mpoxoguT yepe3 TOUKy O, AODKHA UMeTh B O
TOUYKY BO3BpaTa € OCTpHeM, HalparAeHHbIM B CTOPOHY TOUKH B (CM, Npapylo 4acTh
pHc. 11.8).

A YTO ecnu KpHBH3HA B TOYKAX A M B omuHaxopa? Jas THIMYHON KpUBOH ¥
3TOTO He MO¥eT Obrth, AeACTBHTENBHO, Mbl NPEAMOAAraeM, YTO BHIOJIHEHE TPH
YCROBUA! OTpe30oK AB aeaunT miaolnaas B OTHOMIEHHH ¢ (1 —t), KacaTeJbHbBIE B TOY-
Kax A 1 B napaniaenbHH, H KpHBH3HEH B TOUKax A 1 B pasHbl. Ho nmapa Toyek A U B
Ha KpUBOH y ofnagaeT AKIb ABYMA CTEIIeHAMH cBOGOAH, TOTOMY OXHAATE, 9TO
A Hee SyAyT BRINOMHATHCA LEJIBIX TPH YCIOBKA, 3TO YKE Yepecdyp.

Oanako ec/aH MO3BOJMMUTE MAPAMETPY ¢ MEHATLCH, Y KPHBOil ¥ MokeT HaltTHCh
xopoa AB, Ha KOHLIAX KOTOpOit KacaTesbHEIe NMAapaAAeNbHEL, 4 KPUBHIHE PAaBHH.
ByaeM HashIBaTh TAKYIO CHTYALHIO CAyYaeM MaOKCUMANLHOZO 8bipoxc0erus. OKaski-
BaeTCH, TOMKM MaKCHMATbHOTO BHIPOXKAEHHUA 00A3aTeNbHO CYIIECTBYIOT.

JIEMMA 11.5. ¥ mobozo osanc y usmeemca Xopdd, Ha KOHYIX KOMOPOLl kacamensb-
HbLE NAPALAENbHDL, @ KPUBLSHBI PABHBL; KONUYECTE0 MaKUX X0pO HEYENTHO.

JIOKASATENBCTBO. ¥ KamoH TOYKHM A KPHBOIH ¥ CyllecTBYeT efHHCTBEHHAS
TaKad «aHTHNOAAJILHAA» TOYKA B, YTO KacaTe/IbHBIE K ¥ B TOYKAaX A M B mapannesns-
Hel. [IpeanonoxuM, 4To B ToUKe A KpHBH3Ha Goibine, yeM B B. ByfieM HenpephiB-
HO ABHMTATh TCUKY A K TOUKe B; IIpH 5TOM aHTHRIOAaALHAA ToUKa GyaeT ABHIaThCsR
K A. [locae Toro Kax TOUKH A H B NOMEHAIOTCA MecTaMH, KDHBH3HA B NEPBOH
Touke GyzeT MeHblIe, YeM BO ETCPOH. 3HATHT, TAe-TO IO A0POre BCTPEYaNoCh mo-
JAIONEHWE, B KOTOPOM KPHBHAHH B 00eHx Toukax Gpvik paBHHL. Bonee Toro, obiee
YHC/IC epeMeH 3HAaKa PA3HOCTH MeXAy KPHBH3HAMH B TOYKaX A K B HedeTHo, 910

H YTBEPHAANOCH.
11.6. CKONBKO HMMeeTcH TOYeK BO3BpaTa?

CKONBKO TOYEK BO3BpaTa KMeeT orufaiomas I',? OTBeT pasiuveH B CIyUaAX
t=1/2ut#1/2.

TeoPEMA 11.6. Yucno mouek eosepama y xpueoil 'y, HEUEMHO U HE MeHbILe

mpext,

JoKasaTEALCTBC. U1 moGoro Hanpap/leHHA CYIECTBYET eAHHCTBEHHAN Heo-
PUEHMUPOBUHKAA NpAMan, NapajleNbHad 3TOMY HallPDaBAeHHIo, KoTopad AeluT
WIoiaAk, O'PAHNYEHHYI0 KpHBOH v, moronam. 3HAUUT, NpH obxoge KpuBoi I,
ee KacaTeNbHas JeflaeT HOBOPOT Ha 180°. Kak Takoe MoweT GurTe? Ipu kaxzoM
NPOXOKACHHH TOYKH BOZBPATA KAacaTeALHOS HANPaB/IeHHe MeHAETCA Ha IPOTHBO-
MONOMXKHOE, M. pHc. 11.9. D1o os3Hakaer, yTo obiee YWHCAO TOUEK BO3BPATa HEYETHO.

1Cp. ¢ Teopemolt MéGuyca, ynomunasineiica s nexiuu 10.
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Puc. 11.9. Touka Bo3BpaTa obpamjaeT HanpasaeHHe

JoKaxeM, YTO YHCAO TOYECK BO3BparTa KpuBo# I'j;, He paBHO eAMHHUe. Pac-
CYIKAAs OT MPOTHBHOI'O, NPEATIOIONKIM, YTO ¥ Hee UMeeTcA eJHHCTBeHHAA TOUKA
BO3BpaTa ¢ BepTHKANbHOI KacaTenbHoH. Toraa xpuBasn 'y, He HMEET APYTHX BEP-
THKAJIbHEIX KacaTeNbHbIX. CeBa OT TOYKH BO3Bpara Majkas Kpusas Iy, ABIKeT-
C HAJIEBO, a CIpaBa OT TOYKH BO3RpaTa — HanpaBo. Ho Takan kpuBas He MOXeT
3aMKHYTECH (cM. pHc, 11.10). Mul momyamny npoTHBOpeyne,

N

d ™\

Puc. 11.10. JlokazaTeabCTEO TOID, ITO YMIO TOUEK BO3BPATA HE MEHBIIE Tpex

Eomu t # 1/2, To AnA KaXKAOre HANpPABACHKA MMEETCH elUHCTBEHHAA OpleH-
MUPOSAHHAR TIPAMAN, KOTOPAA AeNdT IWIOMAAL, OrpaHHYeHHYI0 KpHBOii v, B OT-
HomeHHHN t: (1 —¢t). CregosarensHo, IpU ofixoge KpHBoOIl I, KacaTeabHas Zenaer
noBopoT Ha 360°. OTcioAa cieyeT, YTO YHCAO TOYeK BO3Bpara 4eTHO.

11.7. Bee HA OIHOM PHCYHKE

Ha puc. 11.11 usofipaxeno ceMeifcTBo orubaromux I'; npH £, MeHsTIoIeMcs oT 0
Ao 1/2. lenpbraobpasHaa KpHBad B HEHTpe — 3To Iy 12+

[aBHOE HOBOE HAOMIOAEHME COCTOMT B TOM, YTO TOUKHK BO3BpaTa KpHBHX [,
JIeXKAT Ha HeKOTopolt HOBOY KpHBOH A (MyHXTHpHaA KPHBaA Ha puc. 11.11), xoTo-
pad ecTh reOMeTPHYECKOe MECTO CepeIHH XOPZ ¢ Napaaae/bHbIMK KACATEIBHEIMU
Ha KOHUAX.



184 [nasa 3. Orubarouve H ocoGeHHOCTH

Puc. 11.11. Cemeitctro orubatomux I,

Kpupan A Taxxe HMeeT TOYKH BO3BpaTa! 3TO Te TOYKH, B KOTOPHIX TOYKH
Bo3BpaTa orubaomux I, HapaM# NOARNAIOTCA HIH HCIE3aI0T, U 3TO B TOYHOCTH
TOYKH MAKCHMANBHOrO BLIPOXAEHHA, PacCMOTPEeHHbe B . 11.5.

CKONBKO TOYEK BO3RBPATA MMeeT KpHBaA A? 3aZaBaf 3TOT BOIPOC, MH, Kak
oOBMHO, TIpeANoIaraeM, YTO HAIlM KPURKIE ZOCTATOMHO TUNMHMYHEL B MPOTUBHOM
cydae A MOMET BHIPOAUTLCS Aae B OAHY-eAUHCTBEHHYH) TOUKY — eCHH HCXOA-
HBIH oBasn 6LUI OKPY)KHOCTBIO WIH WUIHIICOM.

TeorEMA 11.7. Yucro mouex go3apama Kpueoil A HEUemHO U HE MEHbIUIE mpeX.

JAOKABATENBCTBO. To, YTO YMCIC TOYEK BO3BPATA HEUCTHO, CAGAYET U3 JIEM-
MH 11.5. MH yTBep¥KAaeM, YTC YHCIO TOYEK BO3BpATd ¥ KPHBOH A He MeHblne,
4eM ¥y KPHBOH Iy, 4 3HAUNMT, o Teopeme 11.6 OHO He MeHbINe TpeX.

yeTs k — uncno Touex BOABpAra KPUBOiA I 1,. Torga IpH A0CTATOUHO MAMBIX £
KpuBada Fy;,_, MMeeT 2k Touek Bo3BpaTa, cM. pHC. 11,11. C Apyro# CTOpOHH, TIpK
ZAOCTaTOYHO MaJIbIX € KpuBad I', magxan. 3HaYMT, IPK M3MEHEeHMH ¢ oT 1/2 —¢
Io £ Bce 2k TOYEK BO3IBPATa ZO/IKHEI MOMAPHO MCYE3HYTE B TOYKAX MAKCHMAaMBHO-
TO BHIPOM/IEHN, T. €, B TOUYKAX BO3BpaTa KpUBOH A, TakuMm ofpasom, A umeeT He
MeHee k ToueK BO3BpaTa, M, MOCKONBKY k 2 3, TeopeMa joKa3aHa.

11.8. MHOrOyTOJBHHKH

KoHe4yHO, BHIMYKIEHI MHOTOYTONBHAK HE ABJAETCA OBAJIOM, HO €TI0 MOXHO ar-
NMPOKCHMHMPOBATD IMIAAKOH CTPOro BRIMYKIOH KPHBOI: MOYTH IMIOCKHE AYTH BAOIb
CTOPOH H KPYTHE NOBOPOTH B BEPITHHAX,
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HauneM ¢ TpeyrofbHHKa. [lapa Toyexk A, B ¢ nmapauleNbHHMH KacaTelbHEI-
MH — 3TO BEPIIMHA TPEYTOIbHHKA M TPOH3BOAbHAA TOYKA NPOTHRONEKALIeH cTo-
PoHH, TeOMeTPHYECKOE MECTO A CePeAHH TAKUX OTPE3KOB AB — 3TO TPEYTOIbHHK,
nogoGHuI McxoAHOMY ¢ xo3ddientom —1/2; cM. puc. 11.12. BepuminHel Tpe-
YTONbHHKA A NEXAT B CepeARHAX CTOPOH HCXOAHOTO TPEYTONLHHKA; CNe0BATE/b-
HO, éce ornfalomute I', HMEIOT TOUKH BO3BpaTa (Jaxce NpH OYeHb MaJIeHBKHX 3Ha-
yeHUAX t). Kpusrie I', cocTarfaeHs W3 AYyT THNepGon: 310 caeayeT us TeopeMs 111

Puc. 11.12. Jina TpeyroasHUKA KPUBaA A ecTh MOMOTETHIHEIH TPeyTOIBHUK

INMocaeaHee yTBep:kAeHHe CIPaBefANBO AN N0GOTo BHITYKIOTO MHOTOYTOIE-
HHKa: orubaowmpe Ty CyTh KYCOUHO IMTaAKHE KPUBLIE, COCTARICHHEIE W3 IYT rHnep-
6os1. OTMETHM, YTO B TOYKAX CONPAKEHHA MEKAY ABYMA Pa3HIHbIMK runepbona-
MU KacaTelbHHe K 9TUM MTep6oiaM cornagaioT. Hanpapaenue runepbon Moxer
OhITE 1160 NIPOTHBOIIOAGHKHEIM (B 3TOM C/IyYae TOYKA CONPAKeHHA BRISALUT KaK
TOYKZ BO3Bparta), 100 OAMHAKOBEIM (B 2TOM C/Iyuae KPHBasA BHIVIAAUT IMAAKOH,
XoTA runepboan, Boobine ropopa, HMEIOT PasHyIo XDHBH3HY).

ByAeM roBOpPHUTE, YTO BEPIIMHA A MHOTOYTONBHHKA (BHIIYKAOTO) npomusgose-
Jcum CTOpoHe a, ecH MPOXOAAIan Yepes A npAMad, NapajieAbHad @, IKUT BHe
MHOTOYTONbHHKA. Kakziag cTopoHa IPOTHRONEKUT eAUHCTECHHOI BepiinHe {MB
npexanonaraeM, YTo MHOMOYTOALHHK HE MMEET Napa/UlelbHEX CTOPOH), HO 0/Ha
BepIIHHA MOXKET NPOTUBOEKATh HECKONBKUM CTOPOHAM (W1 3Ke HH OfHOIA).

Kak M B CIydae TpeyroAbHHKOR, napa Touek A, B ¢ mapanieAbHEIMH KacaTelb-
HEIMH — 3TO BepUIHHA A MHOTOYTOJLHHMKA W Touxa B mpoTHBoJekame# cTopo-
HBI; TEOMETPHYECKOe MECTO CepeuH TaKHX OTPe3KOB AB — 3To oTpe3ok, mapan-
JNeBHBIA CTOPOHE, JEXKALIMH Ha ITOAOBHHHOM PACCTOAHHH 110 TOUKH A. O6BeiHe-
HHe 3THX OTPE3KOB eCTh (BOAIMOMHO, caMollepeceKalouHiicA) MHOTOYTONBHEK A,
¥ 3TO FeOMEeTPHYECKOe MECTO TOYCK BO3BpaTa Beex orvbalomux I",. BeploiHEI MHO-
TOYTONBHHK2 A CYTh TOYKH MaKCHMAaNBHOTO BHIpOXACHHA. Cryyadl mpaBHALHO-
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ro MATHYTGABHHEKA H3oGpaxeH Ha puc. 11.13. 3xeck kpuBas A — caMoIepeceKaio-
pmiica 3peaaqyaThii TATHYTONBHUK; Ha pHC. 11.13 oH u3obpakeH nyHKTHpoM. leo-
MeTPUTIEeCcKHe MeCTa APYTHX TOYEK CONPKEHHA THNepOo, COCTAaBIAIOMMY KPH-
Beie [, TalKe H3o6paxceHH NYHKTHPOM. YBenndeHHoe H3o6pakeHHe LeHTpank-
Hoif yacTH puc. 11.13 npegerapneHo Ha puc. 11.14.

Puc. 11,14, HedrpansHas wacts puc, 11.13
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MBI 3aKOHYHM 5TY JeKIMIC 3aMedaHHeM o JI0GoNLITHON pasHune Mexay JeT-
HO- U HEYeTHOYTONbHHKAMH. JUIsl n-YTOIBHHKA ¢ HEeYETHBIM n, G/IM3KOTO K Ipa-
BUABLHOMY, orubatomasn Iy /, OTPeIKOB, ZeTANX IIOMAAE NOTIOAaM, HMEET 1 TOYEK
BO3BPATA K MOX0KA HAa MPABWILHYIO 3Be3Ay C n AydaMu. [IpaBWwIbHEIA n-yrois-
HHUK C YETHHIM N LEHTPAJbHO CHMMETPHYEH, M KpuBad I/, BHIPOXKAAeTCcA B TOU-
Ky — LIEHTP MHOTOYToIbHHMKa. HeGonbIinM BOBMYILIEHHEM MBI TTOAYHAEM «4eCT-
HYIO» KPHBYIO [ /5, MMEIOIIYIO MEHEE YeM N TOYEK BO3BpaTa (4HC/I0 TOYEK BO3Bpa-
Ta HEYeTHO Mo TeopeMe 11.6). Hanpumep, A1 9€THIPEXYTONbHAKA 3TO «TPEYTOMb-
HHK», COCTABACHHHH U3 TpexX AyT rHmepBoN, ¢ TOUKAME BO3BPATA B BepIIMHAX
(#a puc. 11.15 usoOpaskeHoO ceMeicTBC KPHBRIX I, A/ THIMYHOTG YeTHPEXYTONb-
HHKa).

Pue. 11.15. Orubamonne T, Ans 9eTHpeXyroasHUKA

11.9. ¥YnopamHeHHA

11.1. Aan oBan. [lokaxure, 9TO CYIIECTEYeT NMpAMad, AeJsulad MonolaM ero
MIOANSL K HEPIMETD,

11.2. PaccMOTPHM B NPOCTPAHCTEE /Ba BAMKEHHBIX BRITYKIBIX TeAa C MaAKH-
MU rparvamu (oBanoufa). JoxaxHTe, YTC CYIISCTBYIOT MO KpaiiHeil Mepe ABe
IIOCKOCTH, KacaTelbHble K BHYTPEHHEMY Teay, JUIS KOTOPBIX TOYKA KaCAHHA ABMA-
eTcq HeHTPOM MACC MepeceveHRA 3TOH MIOCKOCTH ¢ BHENIHHAM TENIOM.

YKA3AHUE. PacCMOTPHTE IMOCKOCTD, OTCEKAIOHIYI0 MAKCHMANBHBIN 06beM.

11.3. Jau opan y. JokaxuTe, 9TO HA y CYNIECTBYIOT MO KpaliHel Mepe TpH
Iapsi TOYEK, B KOTODHIX KacaTe/bHBE Napa/ie/bHbl, 8 KpHBU3HE! PABHBL.

Yra3aHHE. [NTokaxmre, 9TO YHCIO TaKHX Nap HedeTHo. [lokaxure, ¥To B Tep-
MHHax ottoproii GYHKIMH p{a) Hac HHTepecyloT Te &, A KOTOPBIX

pla)+p"(a}-plat+m)~p“latn)=0.
3arem paccyxpalite kax 8 m. 10.3.
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11.4. Mromecmeo UeHMpPanRbKOL clmMMempuu 0BaTa — 310 ornbatomas cemeit-
CTBa XOpA, COeAMHAIOUWINX Naph! ToYeK, B KOTOPBIX KacaTelbHbie K OBaJy napai-
AeJBHBE cM, [46].

(a) Jlokaxwure, 9TO MHOMECTBO HEHTPANEHON CUMMETPHH TUIHYHOrO OBANa
He uMeer ToueK neperuba u ABOHHEIX xacaTeNsHEIX, HO UMeeT HedeTHOe (H He
MeHblllee Tpex) YHCI0 ToHeK BO3BpaTa.

(6) PaccMOTpHM XOpay A; A,, COEAHHAIOMYIO ABE TOUKHK OBaja, B KOTOPHIX Ka-
caTeNbHble napaatenbHu. I1yeTh ky U k; — KPHBMZHE! OBalla B TOYKaX A; H Aj.
JokaxuTe, YTO TOUKA KACAHHA ¢ MHOMECTEOM LeHTPATBHOH CHMMETPHH AETHT
Xopay A, A; B OTHOWIEHHUH kj : k.

(8) TTOK&)KATe, YTC TOYKH BO3BPATA MHOXKECTBA LIEHTPaNbHOH CHMMETDHH CO-
OTBETCTBYIOT ciy4alo k, =k,

(r} JoxakuTe, 4TO €C/IK OBAJ HMeeT MOCTOAHHYIO ITHPHHY, TO MHOMECTBO LieH-
TPAILHOH CHMMETPHH COBMAAAET C €ro 3BONIOTOIH.

11.5. TlokaxKTe, 4TO ANA YeTHPEXYTOABHHUKA, OTIIMYHOTO OT Iapaiiejorpam-
Ma, BCe KpuBHIe I'; HMEIOT TOYKHA BO3BpaTa.

11.6. (a) CxonbKO NpAMEBIX, NPOXOAALIMX Yepe3 OAHY TOUKY, MOTYT AeNHTh IUIO-
aAbk RZAHHOTO TPEYTOALHUKA [TOTonam?

(6) Tor xe BompoC ANA YeTHPEXYTONBHUKA 6e3 MapaeNsHEX CTOPOH.

11.7. TlycTs P — BLITYKIBIH N-yTOABHHAK €3 NapaUiebHEX CTOPOH. JlokaxuTe,
YTO eC/IH 1t YETHO, 1O COOTEETCTBHE CIMOPOHA — NPOMUGONENAAR SEPIIUHA HE
E3aHMHO OZHO3HAYHO.



Jexiua 12
O MJI0CKNX KPHUBBIX

12.1. /IpoiiHEIe TOMKH, ABOIHEIE KacaTeAbHEIe H TOYKY Nepernéa

TpeAMeTOM ITOR AEKUHH ABIAIOTCH aJXHMe IVIOCKHE KPHBHIE — TaKHE, KaK
Ha pic, 12,1, Toyky caMonepeceYeHns KPHBOH HA3HIBAKOTCA ee J8oliHbIMY MovKa-
Mu; ¥ KpHBO# Ha puc. 12,1 ux Tpm.

Puc. 12.1. [Inockaa xpHBas

Heolinan kacameabran — 9T MpAMag, KOTOpad KacaeTcA KPHBOH B JIBYX pas-
JIMYHLIX TOYKAX. MEI pazmuaaeM sHettHue M eHympeHHue BOHHBIE KacaTeNbHEIe:
B TIepBOM CJTydae ABd MaJeHBKMX KYCOYKa KPHBOH, ColepKalIux TOUKK KacaHHd,
NekaT TIo OAHY CTOPOHY OT KACATENbHOM, 2 BO BTOPOM — 110 pasHHe CTOPOHB! (CM.
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puc. 12.2). MoxeT GHITE, € X04Y 5TO He 0YeBHAHO, HO KpUBad Ha puc. 12.1 umeeT
BOCEMb BHEIIHHX M YeThipe BHYTPEHHHE ABOHHEE KacaTe/AbHEE,

N S

YN N

Puc. 12.2. Jlpa BHAa ABOHHEIX KacaTEABHBIX

Hac Taiore 6yAyT MHTepecoBaTh mouku nepezuba. 3ajafum Ha KpHBoit opueH-
Taun, IIpH ABMXKeHHH BAOJAL KPHBOI MEI Bee BpeMA MOBOPAYMBacM G0 HaneBo,
mi6o Hanpaeo. TodKH nepernGa — 3TO Te TOYKH, B KOTOPHIX Hampas/JIeHHe NOBO-
PpOTa MeHAETCA Ha ITPOTHBOIIONMKHOE, «JIeBHe» U «IpaBble» YYaCTKH KPHBOH Ie-
peMexaoTeA, Io3ToMY obllee YHCI0 ToYeK Neperuba 3aMKHYTOH KpUBOiT HeTHO.
Kpupag Ha puc, 12.1 HMeeT IBe TOUKH epervoa.

Hac uHTepecyloT TUNHYHEE CBOHCTBA KPHUBLIX, KOTOPHIE COXPAHAIOTCA TIPH Ma-
JIHX BOSMYIIeHUsX. HampHMep, KpHBasd MOMKET NMPOXOAUTH YEPE3 OfHY M TY ke
TOYKY TPHKABI, HO 9TO ABJCHHE He TUMIMYHO: Majioe BO3MYINEHHE IIpeRpatlaer
TPoiiHyI0 TOUKY B TP ABOMHBIX (cM. pHC. 12.3). TOUHO TaK ke W ABOHHAS KACATeNb-
Had MOXKeT KacaThCHd KPMBOH B TPETHH pas, HO 3TO ABJICHHE TaloKe He THIIHYHO

{cm. puc. 12.4).

Puc. 12.3. TpoiiHaa Touka ponafaeT NPH MATOM BOIMYLIEHHH

\ / . o/
/N / N\ 7N\ 7\

Puc. 12.4. TpoiiHan KacaTenbHad MPONAJAET IPH MAAOM BOSMYIEHHH

ECTb ellle MHOTO APYTHX HETHITHYHHIX SBIEHHI, KOTOPbiE Mbl HCKAIOUAEM H3
PacCMOTPEeHUs, HAPHMep ABOMHAA KacarefabHad, TPOXOAANIan Yeped ABOHHYW0
TOYKY, CAMOKacaHHe KPHEOii H T. . MBI Bcerha nmpegnofaraeM, YTo HAIIH KPHEHE
HAXOAATCA B OBLIeM MONOKEeHHH,

12.2. Pucyem sakopiouku: $popmyra Gabpuuryca-Beeppe

[Mycts T, B T_ ~ 4HCAO BHEIIHHEX H BHYTPEHHUX ABOMHEIX KacaTelbHuIX THAA-
Koil 3aMKHyTOH KpuBoil, I — (MeTHOE) UHCIO ee ToueK neperuba, a D — qucto
ABOMHBIX TOYEK. ITH UKCI2 He HE3ABHUCHMBL OHH YAOBJIETBOPAIOT YHHBEPCANBHO-
MY COOTHOLICHHIO, KOTOPOE OIUCAHO B Cjieayionieil Tecpeme,
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TeopEMA 12.1. Hnra aradkoti samirymotl kpusoil 00uiez0 NOAOHEHIA GbNOAHA-
enicR paseHcmao

T,-T.-3I=D. (12.1)
Hanpumep, aaa kpuboii Ha puc. 12.5 umeem T, =5, T_=2,1=2, D=2.

Pue. 12.5. [Ipumep x popmyne Pabpuuuyca-Breppe: T, =5, T_=2,[=2,D=2

®opmyna (12.1) 6una OTKpHTa ZATCKMM MaTeMaTrkoM dabpunuycoM-Breppe
B 1962 rogy; em. [40]. PucoBaHMe 3aKOPIOYEK — ECTECTBEHHOE JJIA YeNOBEKA 3aHd-
THe, KOTOpoe 050XKaloT MHANKOHH AeTeil BO BceM MMpe, H 3TOT 3aMeyaTelbHBH
pe3ysIbTaT BIoJIHe MOT GLITH OOHAPY)KEeH 3HAYHTENIbHO paHbLIe!

JOKA3ZATEABCTBO. 3aJajUM HA KPHBOH OPHEHTALHIO ¥ PACCMOTDHM IONOMKH-
TeABHYIO HONYKACATeNABHYIO X Hell B Touke x. Hueno N Todek nepeceueHus sTol
roAykacaTelbHoOl ¢ KPHROM 3aBUCHT OT TouKH. [IpH ABMMKEHHMH TOYKH X BAOAB
KPHBOI1 5TC YHCIO MeHAeTCA, a NIPH BO3RPAINEHNHE B HAYANBHOE NONOXKEeHHE TIPH-
HWMAET HCXOTHOE 3HaYeHHE.

B xaxue MOMeHTH MeHAETCA BeAHuMHa N? Koraa x npoxoAuT depes qBoiHyw
TouKy, N yMeHbIIaeTcd Ha efuEnLy. [TockoApKY Kakaan ABOMHAA TOYKA NMPOXO-
AWATCA ABAKABL, 061l BKAaA ABOHHEIX TOUEK B NpUpaIleHKe BeIMYHHb. N paBeH
—2D. Koraa x mpoxoAWT Yepes TOUKY nepern6a, N Tarxe yMeHbIIACTCA Ha eAHHH-
y; crefoBaTeTbHO, obLUMil Brnag Toyek neperuba paseH —I (cM. puc. 12.6).

Puc. 12.6. [Ira cayvas, Korjia MeHAeTCH BeIHIRHA N
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JeoitHaa kacaTenbHasd BHOCHT B NpHUpallleHHMe BIUIaA +2 B 3aBHCHMOCTH OT
TOro, BHENIHAS OHA MIH BHyTpeHHAA. TouHee, cAeAyeT paCCMOTPETh MIECTh CAy-
YaeB, 3aBHCAIMX OT OPHEHTALHM, KaK NOKa3aHo Ha puc. 12.7. Vx ofumii Braaa
B M3BMeHeHHe BeIUdMHb N pasen 27T, +4T — 2T’ —4T".

Cer it
CCeJ I

TaxuMm 06pazom,
2T, +4T/ — 2T/ —4T" 2D -1 =0. (12.2)

Tenepb H3MEHMM OPHEHTAIMIO KPHBOIA HA IPOTHBORMIOKHYIO. Yuena Ty u T mo-
MEHSIIOTCA MEeCTAMM, A OCTajIbHEIE BEIWMHHE, Brogamue B dopmyny (12.2), ocra-
HyTca Ges HameHeHuH. CrieioBaTeNBHO,

2T, + 4T —2T' —4T" 2D -1 =0. (12.3)

OcTaercs cnoxuTh paBencTEa (12.2) u (12.3) ¥ nmogenuTh peyabraTr Ha 4. Mu
NOMY4YHNM PaBCHCTBO

' " s ' ” s 17
T +T, +T ' -T.-T/-T. —D—EI =0,
KOTOpOe coBnagaet ¢ (12.1).

CootHourensie (12.1) ecTh HeoGxOANMOE YUIOBHE AAH TOrO, YTOGH CYILECTBO-
Bajia 3aMKHYTas MIOCKasA KpuBasg ¢ T, BHEIMHUMH ABONHLIMH KacaTenbHeIMH, T_
BHYTPEHHHMH ABOMHEIMU KacaTejlbHHMH, [ TouxaMu nmeperuba u D apoitHemMuM
TOUKAMH, fABAAETCA AM OHO TAKXKe M JOCTATOYHHM? YacTHYHHI OTBET Ha ITOT
BOIpOC CM. B ynpaxHenuu 12.5.

Q6o6merue dopmyns: Pabpuuuyca-Breppe (12.1), npunagnexamee BeitHepy
(cm. [92]), xacaeTcss 3aMKHYTEIX KPHBEIX Ha chepe. PasyMeeTcs, B 3ToM Clydae
OA, «IIPAMEIMM» IIOHUMAIOTCA Gonplune oKpyykHOCTH, OGolmeHHan dopMmyna co-
JepKUT ellle OAWH HHTPERHEHT — THUCI0 A AP AHTHITOARNBHBIX TOUEK Ha KPHBOH.
dopumyna BeiiHepa yTBepIKAALT, ITO

T,-T.—i1=D-aA (12.4)



Jlekuusa 12, O IMAGCKUX KPUBRIX 193

Ecnn KpHBaa HENHKOM JIEKHT B HEKOTOPOH nmoaycdepe, OHA HE COAEPIKMT aHTH-
mogansHex ToveK. [omycdepy BMecTe ¢ KpHBOI MOXKHO LEHTPANBHO CIIPOSKTHPO-
BaTE Ha IVIOCKOCTE, K TorAa dopMyna (12.4) coemager c (12.1).

3AMEYAHME 12.2. YuraTemo, 3HAKOMOMY ¢ anreGpaHueckoil reomeTpHeii, co-
orHoweHue (12.1) HamoMHHT gopmyrst [Liokkepa. 3t GOPMYIB! OTHOCATCA K al-
reGpanyecKnM KPUBEIM Ha IIPOEKTHBHOMH IIOCKOCTH; BCE PacCMATPHBAETCA € KOM-
NeKcHBIMH KoadduupneHTamu, Kak u paree, mycts T, D, I 1 C — aucao ABOHHBIX
KacaTelbHBIX, ABOHHBIX TodeK, TodeK Nepernba U Touex BozepaTa kpHBoH (npw
paboTe ¢ KOMITIEKCHBIMH 9HC/AaMK HAKAKHX 3HaKOB He BO3HHKAET).

B dopmyarl [lmokKkepa BXOAAT €l ABa HHCAA: KOJMYECTBO NepecedeHUi KpH-
Boit ¢ npaMoit o6imero HonoxeHna (CTenedb KPHBOM) N M KOMHYECTBO KacaTelb-
HEIX K KPHBOH, Ipoxoadipx depes ToUKy obimero nonoxenna (knace kpusol) N*,
Yncao N ecThb cTeneHb NOAMHOMHANBHOC YPABHEHHA, 3aA310IETO KPHBYIO, A UHC-
A0 N* — creneHb NOTWHOMHAABHOTO YPABHEHHS, 3aJal0liero NpoeKTHBHO ABOH-
CTBeHHYK> KPHEYI0. Hampumep, mia uiHnca uMeeM N =N*=2,

Popmynn [Lmcxkepa TAKOBEL:

N*=N(N-1)-2D—-3C, N=N*(N*—1)—2T-3I

3N(N-2)=1I14+6D+8C, 3N'(N*-2)=C+6T+8l.

GopMyns! B3 Kaxk Ao Hapel MepexoAsaT APYT B APYTra IPH NPOeKTHBHOH ABONCTBEH-
HOCTH, OIHCAHHOMH B JIEKIHH 8.

Hanpemep, ans magkoii kpHeo# creneHn N =4 umeem C =D =0, a 3HAYKT,
N*=12, =24 u T = 28; sror $axr SyfeT UMETh NPUHUKIHATIBHOE 3HAYECHHE
B JeKI[HH 24.

OTMeTHM pasHHLY MeXZY aarefpanuyecKUMH KPUBBIMH H TAAKKMU KPHUBH-
MH — «3aKOPIOYKaAMHU» K3 TOH jlekuuy. AnreGpandeckie KPHUBLIE — 3TO WeCTKHe
OOLEKTH, 3ABUCAIINE OT KOHEYHOT'O YKC/IA TRpaMeTPoB — k03hGHIHUEHTOB OTH-
HOMHAIBHBIX ypaBHeHuH, HallpoTHE, mMaaxiue KpHBbIe YPEe3BBMANHO «MATKHA» H
ropasfio Jierdie ToAAaloTed Aedopmaiyn. OfHO U3 NpoABNeHHI 3Toll rrbKOCTH

Oyaer oficymaaTeCA B 1. 12.4,

12.3. 3axoprouKy c TOUKAMH Bo3BpaTa: dopMyna PeppaHa

Emre ogHa, OTHOCHTEABHO HEJABHO OTKPhITadA GopMyzia A9 KPHBHIX ¢ TOIKAMH
BO3BpATa NpHHAAIEKUT 3. Peppay [41]. PaccMOTpHM ILIOCKYIC KPHBYIO C 4eT-
HEIM YHCAOM TOYEK BO3BPATa H NOKPACHM IIaAKHE AYTH MEXAY TOYKaMK BO3Bpa-
Ta noiflepeMeHHO B XpacHEI 1 ckHuil nper. [punmoeM sHaKU ABOMHBIM TOUKAM:
GyaeM CHHTATH, 4TO ABOITHAA TOUKA NTOMOKHTENLHA, C/H OHA ABAAETCA Ilepeceye-
HHeM IBYX IyT OAMHAKOBOTO LBETa, ¥ OTPHLATEAbHOH, eCH OHAa gBIAETCH epe-
ceyeHHeM ABYX AyT pasHoro nseTa. O603Ha4MM depes Dy YHCI0 MOA0KUTENABHBIX
H OTPHIATENELHBIX ZBOHHBIX TOYEK.

7 3ax. 3647
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Kpowme TOro, MBI IEPECTIPEACTHM 3HAKH ABOHHBIX KACATEABHEIX, JIBoHHAA Ka-
caTelkbHAay HMeeT TPH BAKHEX aTpulyTa: OANHAKOBEL WIH NPOTHEOIIOIOKHE! OpH-
eHTalUK ABYX AYT BOAM3H TOYeK KAcaHUd; MO OZHY WIH MO Pa3sHbBie CTOPOHE! OT
KacaTenbHOIH JIeKaT 3TH AVTH; B OAHHAKOBbIH WIN pa3HBIi LIBET NOKpaNIeHE! AYTH.
OnpeaeneHne 3HaKa ABOHHOH KacaTelILHOH MOKasaHe Ha puc, 12.8,

7N N TN T

7~ S N N T

\ / ‘\‘-. ("4’ N
R 7N

\ / _ \‘-. -"( +

T~ PR

Puc. 12.8. 3HaKH JeofHHX KacaTelbHHX

[ycre T, (cooTBeTcTBeHHO T_) - YUCTO MONOKUTENBHBIX (COOTBETCTBEHHO
OTPHLATEALHHX) ABOHHEIX KacaTeNbHAIX.

[ocne 3THX NPUTOTOBACHMI MH MOXeM cGOPMYIHpOBaT: NPHHAAMEKANIee
deppany obobmenme dopmynn Pabpuimnyca-Breppe Ha KPHBBIE ¢ TOYKAMM BO3-
Bpara.

TrOPEMA 12.3. s nrockotl kpueoil 06lie20 NOAOHEHUR ¢ MOUKAMY 8036pama
ELINOARAEMCA PAGEHTINGO

T,~T.-%I=D,~D_-3C. (12.5)
Teopemy PeppaHa MH ZOKA3HBaTh He 6yAeM: HAM HEH3BECTHO CTOJIb XKE TPOC-
TOE OKAZaTENbCTRO 3TOTO PE3yAbTaTa, KaK B oIyyae popmystsl Gabpuiuyca-Brep-
pe (OAHAKO MBI IPH3LIBAEM TITTATEA TIOUCKATE TAKOE AOKAZATENLCTRO, CM. YIIPaK-
HeHue 12.8). inmoctpanus k opmyie (12.5) npupedeHa Ha prc. 12.9; 1nd nepeoit
KPHEOH UMeeM
T+=4J T—=3, I=6: D+=0, D1=1’ sz’

a And BTOpOH

T,=2, T =0, I=4 D,=1, D,=0, C=2.
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008

Puc. 12.9. Wnmoctpauns k dopmyne PeppaHa

3AMEYAHME 12.4. [IpoeKTHBHaA ABOHCTBEHHOCTh MEHAET MeCTaMH dUCia, BXo-
nsmpe B popMyinal Pabpunmyca-Breppe u deppana; koanzecTso ABOHUHBIX Kaca-
TENLHEIX K TOUEK TTeperufa KPUBo paBHO COOTBETCTBEHHO KONHYECTBY ABOHHEIX
TOYeK M TOUEK BO3BpaTa ABolicTBeHHOH KpHBOii; cM. puc. 8.7 u 8.8.

12.4. Yncio BpaeHus U TeopeMa YHTHH

Yucno spaiyerus 3aMKHYTOH IIaZIKOM KPHBOM paBHO NOAHOMY 4HCAy ofopo-
TOB, COBepIllaeMBIX KacaTeNbHBIM BeKTOpoM mpH obxoae kpupoi. Ecnu xkpupas
OpHeHTHpPOoBaHa, TO YHCIC BpallleHHsa MMeeT 3HaK; B MPOTHBHOM C/Iy4ae 3TO HeoT-
PHEATeAbHOE 1eNoe YHCIC. HanprMmep, IMcAa BpalieHHA KPUBEIX, H306paKeHHBIX
Ha puc. 12,10, papHE 1 B 3 COOCTBETCTBEHHO.

RS

Puc. 12,10, KpuBele ¢ uncnamy Bpamesya 1w 3
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EyzeM HenpeprBHO Ae¢OpMHPOBATE MAaJKYI0 KPUBYIO, HE 3alpellan CaMoKa-
CcaHMA ¥ KpaTHBIE CaMoNepeceue s, Kak Ha puc. 12.11. TIpH taxoit zedpopMaupu’
YHCIO BpallleHHA He MeHAeTA. efCTBUTENbHO, MAOE BOSMYIIIEHHE KPUBOH BH-
3BIBAET MAJI0OE BO3MYINEHHE YHIA BPAIIeHAA; TaK KaK 3T0 YHCAC LIENI0e, OHO AOIK-
HO OCTABaThCA MOCTOAHHEIM.,

R XK=

Puc. 12,11 HenpeprieHan AedopMania MagKoi KpHeoi

O6paTHOe YTEepKACHHE — 3T0 TeopeMa YHTHH.

TEOPEMA 12.5. Ecau dae anadxte aamiHyrste Kpuabie LMeEIOM 00UHAKOBOE YLLC-
RO @PAUEHURA, MO UX MONCHO HenpepoisHo npodegopmuposame dpye e opyaa.

Hampymep, KaK YHTATeNb, BEPOATHO, YIKEe 3aMEeTH/, JIEBYI0O KPHBYIO Ha DHC.
12,10 MoxuO 1poiedbOpPMHEPOBATE B OKPYKHOCTD.

MBI goKaXKeM TeopeMy YUTHH A5 APYTOro KAacca KPHBLIX, 4 HMEHHO A QrtH-
Hbix Kpuestx. JTMHHAaA KpHBasd — aTo [MajKad IVocKas KpHBaA, KoTopas BHe HEKO-
TOpPOro AMCKa COBNaAaeT ¢ FOPH3OHTANBHOH Ocklo, cM. puc. 12.12. Hamm BRIGOp
Oo6BACHACTCA TeM, YTO paboTaTh ¢ ANMHHEIMY KPHBRIMM HeMHOTO npotie.

Puc. 12.12. inMHKaA KpUBas

JOKASATEALCTBO TEOPEMBI YMTHH ANA AAMHHBIX KPUBBIX. J/IMHHEE KpH-
BHIE OPHEHTHPOBAHBI C/IEBA HanmpaBo. MogenbHEIL npHMep ANHHHOH KDHBOI C
YUCIIOM BPAIMEHMS N — 3TO FOPU3OHTANBHAS NPAMas ¢ || MocaeA0BaTeNbHEIMK
3aBHTKAMH, HAMPABACHHBIMK MO HAK TPOTHB 9acOBOM CTPENKH B 32BHCHMOCTH
OT 3HaKa n; cM. puc. 12.13. Mbl XOTHM AOKA3ATh, YTO AMHHHYKO KPHBYIO € YHCIIOM
BpaIieHHA N1 MOXKHO AeGOpPMHPOBATh B OZHY M3 3THX MOAENbHBIX KPHBEHIX,

1CneunansHbli TEPMIH AN Hee — PezyARPRAS ZOMOTONLA,
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Puc. 12.13. MogenbHHe ATHHHEE KPHBBIE

Ha puc. 12.14 nora3aHa gedopManis, koropas goGapnageT (FIK yCTDaHsIET) Ha-
DY 3aBHTKOB TIPOTHBOTIONOXKHOI opHeHTalui. Vcmonbays aToT IpHeM, ME BCEraa
MoieM A06aBHTE K JaHHOH KPUBGH |n| TAKMX AP ¥ NONYIUTE KPUBYIO € HY/IEBbIM
YHCIOM BpaleHHA, 38 KOTOPOoii CIeYIOT t 3aBUTKOB, CleJOBaTeIbHO, JOCTATOHHO
ZOKA3aThb, YTO AIMHHYIO KPHMBYIO ¥ C HYIEBHM YUCAOM BpalleHNs MOXHO Aedop-
MHPOBATE B TOPHIOHTANBHYIO OCh.

_Q@lﬁl%

Puc. 12.14. lobaBneHue win yerpaHeHHe napel MPOTHBONOIOKHLIX 3aBUTKOB
[IycTh HalDa KpUBas HMEET NapaMeTpur3auuio y(t). PaccMoTpum yroa a(t), Ko-
TOpEIi MONOXHUTENEHH KacaTelbHHI BEKTOP K Y{t) cOCTARNAET ¢ FOPHACHTANb-

HbM HanpaeaeHneM, Ipaduk ¢yExmu at) Moxer BHMAAETE NPHMEPHO KaK Ha
puc. 1215,

SN

Puc. 12.15. Fpadux dynxumu alt)
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Ha camoM Aene yron a(t) onpegesieH JTHIIb ¢ TOYHOCTBIO A0 KpaTHOrO 277, MEl
BrIGHpaemM 3HaYeHUe at) = ( Ha JIeBOH rOPH3CHTAIBHON JacTH KPHBOH U NPOROA-
3KaeM @ 10 HeNPEPHBHOCTH A0 «9eCTHOH» QYHKUMH OT t. [TOCKWIEKY THCAO Bpa-
IeHHA KPHBOH DABHO HYNW, HA TIpaBoli ropH3oHTANBHOM YacTH KpUBOil Takke
uMeeMm alt)=0.

[pmxkmen 3TOT rpadmk K rOpH3oHTANBHO ocl: nomcxuM ot} =sa(t), rae
s MenfeTca oT 1 go 0. J14 Ka)KAOTo 3HAYCHHA § CYIIECTBYeT €MHCTBEHHAR KpH-
Baf ¥,, HaTIpamJIeHHe KOTOPOH B Touxe ¥,(t) ecth o, (t). B uacTHOCTH, ay(t)=0;
CeAOBATENLHO, Yo — FOPH3OHTAILHAR OCh.

Kak BRIIAAAT KpHBHE y,? Kakgad M3 HAX HauMHAeTCA KaK MOpPH30HTANGLHAA
OCh M 3aKaHYHBAETCA TOXe KaK FOpH3OHTAABHAT MpAMast, MOCKOABKY a(t)=0 ans
AOCTaTOYHO OONBIDHX [t|. EAMHCTBEHHAS TPYAHOCTE B TOM, YTO NIPABLIT KOHEI] KPH-
BOH ¥, MOJKET JIe3KaTh Ha Jpyro# BuicoTe; ¢M. prc. 12.16. CripaBHThCA ¢ Hell MOMHO,
MIAJKO MTOAKOPPEKTHPOBAE 1IPABYI0 MOPH3OHTANLHYIO 9acTh KpHBO# (CM. TOT Xe
PHCYHOK), H B HTOTe MH NVIydaeM AAUHHYK KDHEYIO ¥,.

Puc. 12.16. IToanpagageM BEICOTY NPABOTo KOHNE KPHBOH

ViTak, Mbl HOCTPOMNH HENpPEPEIBHOE CeMefiCTBO /UIMHHEIX KPUBHIX ¥, TPHYeM
Y =Y}, 4 Yo — FOPHEOHTANBHAA OCh. ITO U eCTh HekoMas dedopMariys.

YnoMAHEeM TaloKe BapHaHT TeopeMEl YHTHH 474 KPUBHIX Ha cdepe. B arom ciy-
qae pesynpraT GOPMYANDYETC Haxe NPOLe, 1eM Ha IIocKocTH. [NagKas 3aMKHY-
Tas chepudeckas kpuBad OGIETD MOACKEHUA MMeeT e/INHCTREHHKME HHBAPHAHT,
HpHHUMAONKI 3HaYeHHq 0 WK 1; 9eTHOCTh KOMHUECTBA ABOHHBIX TOUEK.

TEOPEMA 12.6. Hse 2nadkue cepuueckue kpusbie 06ujez0 NOAONCEHUA MONCHO
Henpepeiaro debopmuposams dpyz 8 Opyza mozda u MoALKoO mozoda, ko20a Konuye-
cmao Q8oLHLIX MOYEK Y 3MILX KPUSLEC LiMeem 00UHAKOBYIO UCTHOCb.

HAEPOCOK JOKA3ATEJABCTBA., T0, YTO KOMHYECTBO ABOHHBIX TOMEK HE MeHS-
€TCA IPHM THNMYHOH AedopManyi, ACHO W3 puc. 12.11,

IMokaxewM, YTO ABE KPHUBBIE ¢ OJHHAKOBOH YETHOCTHIO YUCTA ABORHBIX TOUYEK
MOXKHO AedopMUpoBaTh ApYT B Apyra. [Ipu yaanenvn oaHoil Touxku cdepa mpe-
BpaniaeTcd B ITOCKOCTE. [IpH 5TOM Mel NoJIV4aeM MA0CKYIO KPHBYIO, KOTOPYIO IO
TeopeMe YUTHH MOKHO AedopMHUPOBATE B OFHY H3 MOJeABHEIX KPHUBLIX, H306pa-



Jexuma 12. O MAOCKHX KPUBEIX 199

KEHHHIX Ha pHc. 12.13 (TouHee, B 3aMBIKAHNE TAKOH KPHBOiA). JNg 3THX KPUBLIX
KO/IM9eCTBO ABOHHEIX TOUEK HA efMHULY MeHBIIe YHCAA Bpamenns, OCTaeTed 1o-
Ka3aTh, 9T Ha cdepe MOAeNbHbIE KPHEBIE C YHCIAMH BPAIEHHS, OTTUYATOMIAMU-

¢ Ha 2, MoxHO JedopMupoBaTe ApyT B Apyra, Takag nedopmauuna (g uncen
ppamenns 0 ¥ 2) noxasaHa Ha puc. 12.17.

Puc, 12.17, Jedopmanmusa cdepruyueckoi KpHBOi

3AMEYAHUE 12.7. Teopema YuTHH HMeeT fanexue 06001IeHHA, B KOTOPEIX OK-
PYRHOCTE M TUIOCKOCTB 3aMEHAIOTCH HA NPOM3BOALHBIE riafkie MHOrooOpasus,
310 HanpaB/eHHE HCCefoBaHHEl H3BeCTHO Kak Teopua CMeiina—Xupua. OgHuM
H3 Haubo/Nee MOpPazuTENbHBIX PE3YAETATOR B aTOM 06/acTH ABAAETCA BHEOpPaYH-
BaHue chepbl — gedopmanua cheprl B TPEXMEPHOM NPOCTPAHCTRE B KJIacce MIaj-
KMX, HO, BOBMOXXHO, CAMOMEPECeKaIIHXCA [IOBEPXHOCTEH, KOTOpas NPHEOAHT K
Tol e chepe, HO BEIBEPHYTOH HAN3HAHKY. VI3BeCTHO HECKONEKO ABHEIX KOHCTPYK-
LM Takoro BEHIBOPAYHBAHUA, OFHA M3 HUX, IpHHAANexaad Y. TEpcToHy, mpoge-
MOHCTPHpPORAHA B dHnbMe «Outside in» («HansHauky») [63], KOTOPHII ME peKo-
MeHAyeM YKTaTeNmio!.

12.5. KomGunaTopHsie dopMyasl A 9uciAa BpalieHNA
Yro6Hl HAMTH YHCAO BPallleHAA 3aMKHYTO#H WIH JTMHHOM KpUBOH, MOMXKHO Npo-
cTo 06OTH KPUBYIO H NOCIMTATH IIOHOE KWINYECTBO COBEPIICHHEIX 060POTOB,

!B Gonee nosanem diwmbMe «Optiverser NMPeACTARIEHO ADYTOE BHBOPAaYHBAHHE ChEpH, OCHOBAH-
HOE HA MHHMMH3AIMM SHEPrHH YIPYTOro H3riba HOBEPXHOCTEH B [POCTPaHCTRe,
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OAHAKD €CTh M JIYYIIHE CNOCOOBI COCYUTATH OG0POTH TaK, YTOOHI He 3aKPYILUIach
FONOBA, H B 2TOM IIYHKTE MBI OGCYANM HEeKOTOPHEe H3 HHX,

Ilepras $opmyna npeacrasaeHa Ha puc. 12.18. Ona Gonee WAk MEHee OUeBUA-
Ha. YToBH COCYMTATh HHCIIO MOIHBIX OB0POTOB, ZOCTATOYHO NTOCYMTATh, CKOMILKO
pas KacaTelbHad K KPHBOM OKA3HBAeTCH IOPHAOHTANBHOM. BO3MOMHEI YeTHIpe
cydad, KOTophle MOKa3aHbl Ha pHc. 12.18. [lepBre ABa BHOCAT BKIaf BO Bpalie-
HH€ B IOIOXUTEILHOM HaNpaBleHAH {IIPOTHUB YacoBOli CTPENIKH), 8 BTOPhIE ABa —
B OTPHEATENEHOM HaNpPaBAeHHU, JTO ZOKA3EIBAET UCKOMYIO HOpMYIy.

w= \_" + /\ - X - /"\
Puc. 12.18. dopMyna Als UHCTA BpameHHA

Apyraa dopmMyna Aaa YMCKa BpalteHud Oblia NpefAoKeHa YWTHH B TO e
CTaThbe, TAE OH JOKAa3an TeopeMy, oOCy:KAaBIIyIOCA B MpeAbAyileM myHKTe. CHa-
4ajia ONMHUIIEM ee AJIA cAydad AJHHHHIX KpUBbX. ByZeM obXogWTe KPHBYIO B Ha-
TpaBlIeHHN CleBa HANpaso. Kaxayio AROHHYIO TOUKY MH TIPOXOAHM ABAXKZIH; IIPH
5TOM BO3MOXHEI JIBa ¢yuas, HiobpaweHnse na puc, 12,19, Hazorem ABoiiHYIO

+ 2 — 1
Puic. 12.19. 3naxH ABOHHBIX TOMEK

TOUKY NNEPBOr'd THIIa NOIOKHTEALHOH, a BTOPOro — omnua’renbnoﬁ. HYCTB D—
YHCAO TTOAKHTEABHHX H OTPHIATCABRHBIX ABOHHEIX TOYEK Ha KpHBOﬁ. (I)opM)U!a
AMA YHCAA BpALIEHHA MMEET BHA

w = D+ _'D_o (12-6)

JOKASATEALCTBC ¢oPMyAbl (12,6), EciM Hama XpHBasg — OfHA M3 MOASIL-
HBIX KPUBEIX, IIPeACTABNEHHEIX HA pHuc, 1213, dopmyna ogeBHAHO BepHA, TTOCKONS-
Ky KAXKAYIC KPUBYHO MOXHO AedopMUPOBATE B MOAENBHYH, JOCTATOUHO IOKA3ATD,
yro pasHocTek D, — D_ He MeHAeTcd pH gedopMariiax.

Ipu AedopMariu o6mero Bria BO3MOMHE JBa «0COGeHHEIX» COBRTHA, H306-
PAaXEeHHRX Ha puc. 12.1L INepeoe M3 HUX AoCaraseT (MAH YCTPAaHAET) apy ABOH-
HEIX Todex MPOTHBOINMOAMKHOIO 3HAKa, A 3HAYIMT, He MeHAeT pasHocth D, —D_;
BTOPOE He MeHSEeT HH YHCA0, HH 3HAKK ABOMHEIX Todex. DTO AoKasbiBaeT GopMy-
ay (12.6).

Jina 3aMKHYTOH OpHUeHTHPOBaHHOH KpuBoil ¥ Gopmyny (12.6) Hazo Moxudu-
IHpPOBATE CAeAYIOINM 06pazoM, Bo-niepBrIX, YTOOH NPHUNKNCATE 3HAKMA ABOMHEIM
TOYKAM, HYCHO BHIGpaTE HA ¥ HAYaABHYK) TOIKY X.
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[IycTe ¥ — TOUKA, He Aemxalllad Ha KpuBoi y. O6o3HayuM wepes r(y) Uucio
of0POTOB KPHBOiT OTHOCUTENBHO TOYKH Y, KOTOPOE MOKA3BIBAeT, CKOMIBKO Pad KpH-
Bad y obXoAuT BokpyT ¥ {cM. 1. 6.4). UHBIMU CoBamH, r{y) — 3TO YMCIO MONIHBIX
060pOTOB, COBEPIMAEMBIX PaAUYC-BEKTOPOM VX, KOTAA TOYKA X NpoGeraer BCIO
KpPHEBYIO, CM,, Hanpumep, pHe. 12.20, Ha KOTOPOM KaXkAoH KOMIOHEHTe JOoTojHe-
HHA KPHBOIL IPpHIHCAHO COOTBETCTRYIOUee IHCNO 060POTOB.

e >0 >

Pruc. 12.20. Yncno oG0pOTOE OTHOCHTENBHO TOMKH

Koraa Touxa y nepexOAuT Ha APYTYIO CTOPOHY KpUBOii, 3HaueHMe r{y) HaMeHA-
eTcH Ha eAHHUNY, KAK [10Ka3aHo Ha puc. 12.21. Ecau y NexuT Ha KpHBoH (HO He
ABNAeTCA ABOIHON TouKoit), uncao ofoporoe r(y) onpejenaeTcsa KaK NOAyLenoe
YHC/I0, paBHOE CpeAHEeMY ABYX 3HaYeHWi, MoAyJIaeMbiX MaILIM CABHTOM TOUKH Y

B K&KAYIO CTOPOHY OT KDHMEBOH.
r+1 r

Puc. 12.21. Kax uncno o6opoToB MeHAeTed IpH NepecedeHHH KPHBOH

dopmMyAa ANA YNCAA BPAIICHHA 3aMKHYTOH KDHUBOH NMeeT BUA
w=D_—D_+42r(x). (12.7)

Eme opuH cnocob HalfTH YMCIo BpalleHKs W OpHeHTHpOBaHHOM kpHBoit co-
CTOMT B TOM, YTOOBl Pa3pellMTh KaKAYI0 JBOHHYIO TOMKY TaK, Kak ITOKa3aHo Ha
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pHc. 12.22. TTocne 2TOTo HaIa KPHBAA PACIaAeTcs B Habop NPOCTEIX KPHBHIX, HEKO-
TOpEIE U3 KOTOPBIX OPHEHTHPORAHH N0 YaCOBON CTPejike, 3 HEKOTOPHE NIPOTHB.
IMyeTs I, ~—9UCAC MPOCTHX KPUBLIX COOTBETCTBYIOWEl OpHEeHTaLMH.

Puc. 12.22, Pazpellienue JBoiiHOR TOYKH

TeorEMA 12.8. Hmeem mecmo pasencrnao w =1, —I_ (cm. pue. 12.23).

Y-

Pue. 12.23. BrMucIeHHE YHCIa BPAUIEHYA DM TOMOIIH pajperueHust kpusoit

JIOKABATEARCTEO. ByaeM o6XOIUTE KPHEYIO ¥, HAYMHAA ¢ Kakoi-HUGyaE ABoit-
Ho# ToUKH, ckaeM x. K MOMeHTy nepBoro RO3BpallleHHA B X MH 06ofiaeM HekoTo-
DYIO 3aMKHYTYIO KpPMBYIO (C YIVIOBO# TOUKOi) v,; MycTh @) — NOMHEIA 060pOT ee
KACATENBHOTO BEKTOPA. AHANOTHYHLIM 06DA30M, APOAOIKAA ABHKEHKHE N0 ¥ 40
BTOPOTO BG3BPALIeHHA B X, MH 060lAeM APYTYIO KPHBYIO ¥4 OYCTH 0y — TOMHHH
06OpOT ee KacaTeNLHOTO BeKTopa. FICHO, YTO IIONHHI 060pOT KaCaTeALHOrO BEKTO-
pa K KpHBOH v paseH a, + ;. Paspelnan ZB0HHYI0 TOYKY X TAK, KaK MOKa3aHo Ha
puc. 12,22, MEI craaxdeaeM obe KpuBble, A00ABAAA OAHO M TO JXKe YHCAO (CKakeM,
71/2) K a; ¥ BHYHTAas eTo U3 ¢,. Takum o6pasoM, YHCAO BpauieHHA KpuBoii ¥ ecTh
CyMMa 9Hcen BpalieHHs CKPYTIeHHBIX KPUBHIX ¥ H 4. [IpuMeHad aTo paccyxge-
HHe K Kaxaoit ABoitHoli ToYKe, MEI TOMyYaeM KCKOMBIH pesyakTar.
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3AMEYAHME 12.9. Tema 3Toi1 JIeKIIUHM TECHO CBfi3aHa C Teopueil y3ioB (ee u3-
NoxeHus cM. B [21, 75]). Popmynsl Pabpunuyca-boeppe (12.1) u Peppana (12.5)
HMEIOT eCTeCTBEHHbIE HHTEpIpeTali B TepMUHaX K03GHUIIMEHTOB camMmo3allen-
JIEHHsI, YTO BHI3BAJIO HeAABHMII MHTEpEC K 3THM pe3yabTaTaM. KoMOHHaTOpHBIE
$opMyIIBl A1 yKicesT BpalieHus U3 I1. 12.5 moxoxku Ha HeKoTophie GpOpMYIIbl I
HHBapHaHTOB y3JI0B KOHEYHOTO MOPsi/IKa U3 COBPEMEHHOMH TEOPUH Y3JIOB.

OMmaHy1s PeppaH IOnuyc Iniokkep Xaccep YUTHH
p- 1969 1801—1868 1907—1989

12.6. YnpakHeHUA

12.1. JlokaxxuTe, YTO AOIMOJIHEHHE K 3aMKHYTOM IUIOCKOH KpHUBOM ZOITyCKaeT
MIaXMaTHYI0 pacKpacKy (IpH KOTOpO#l cocefHre 06JIaCTH OKpallleHH B pasHbIe
1BEeTAa).

12.2. JlokaxuTe, YTO YMCJIO TOYEK NepecedyeHUs AByX 3aMKHYTHIX KPUBBIX YeT-
HO.

12.3. PacCMOTPHM /iBe IUIOCKHE KPUBBIE (KaK OGBIYHO, B OOIEM ITOJIOXKEHHH).
O603Ha4YKM 4epe3 t, ¥ t_ YHCIO UX BHENIHUX U BHYTPEHHHUX OOIIMX KacaTebHBIX,
M IMycTh d — YUCIIO MX TOYeK NepeceyeHus (TakuM o6pa3oM, HaC He HHTEPECYIOT
JBOIMHEIE KacaTe/IbHbIe WM ABOIHBIE TOUYKH KaXKJ0M KpUBOIi B OTAeIbHOCTH). [To-
KaXkuTe, uTo t, =t_+d.

12.4. Hapucyiite KpuBbie, JJIs1 KOTOPBIX

@7T,=2T. =0,I=2D=1;

©)T,=3,T.=0,I=2,D=2;

®T,=4,T_=2,I=0,D=2.

12.5% (a) Ecnmu I — nenoe nonoxurenbHoe yucio u T, — T_—1/2=D, To cyme-
CTBYeT KpHBas C COOTBETCTBYIOLIUM KOJUIECTBOM JBOHHBIX KacaTeJIbHBIX, TOUEK
nepernba ¥ IBOMHEIX TOYEK.

(6) EcmI=0,T0 T_4etHou T_<(2D+1)(D —1).

(B) Eom T_ vetho u T_ < D(D — 1), To cymecTByeT KpuBas 6e3 Touek neperuba
C COOTBETCTBYIOIIMM KOJIMYECTBOM JBOHHBIX KacaTeIbHBIX U IBOMHBIX TOYEK.
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Puc. 12.24. Kpysan ¢ ToukaM# BOIBPATa

L

Piuc. 12.25. O6obnieHEbe ABOMHEE KacATeNbHEIE

12.6. PaccMOTpHM KpUBYIO ¢ TOUKAMHM BO3BpaTa, Kak Ha pHc. 12.24, i pacuid-
PHM noHsATHe ERoliHO KacaTenbHO Tak, YTOOE OHO OXBATHIBAIO NPAMELE, Kaca-
OMHEeCs KpUBOH B TOYKE EO3BpaTa; cM. puc. 12.25. [Tyctk C — YHCIO TOYEK BO3-
Bpara. JJoKaXHTe, YTO

T,—T_—3I=D+C.

YKA3SAHME. CKpYrAWTe TOYKA BO3BPATA, NOAYYHE B3aMEH KaKAOH B3 HHX ABe
Togxu neperuba; cM. puc. 12.26.

—

Puc. 12.26. CkpynieHHe TOUKY BO3BpaTa

12.7* Hoxaxure dopmyny Beftmepa (12.4),

12.8* Hokaxure popmyny deppana (12.5).

12.9. Joxaxwre dopmyay (12.7).

YxasaHME. [lpoBepbTe, 9To mpapad 49acTb GopMynst (12.7) He 3aBHCHT OT BH-
Hopa TOUKM X; cM. puc. 12.27.

12.10. Jokaxwure, 9T0 YncAo obopotos r(y) Kpupoli oTHOCHTENBHO TOYKH Y
MOXCHO BBITMCJMTD CIEAYIOIMM o6pasoM. ECin paspeiruTs Bee ABOMHEIE TOUKH
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2 1
A I
r+2 r41 r+2 r+1
X. _ _x _
i 1 T2
r+1 r r+1 r
re=r+3 r()=r+1

Puc. 12.27. CMeHa oTMedeHHON TOMKKH

TaK, KAK MOKA3aHO HA pUc. 12.22, TOYKA y OKaXeTCA B OKPYKEHHH HECKOMbKHX
KPHBLIX, ODHEHTHPOBAHHEIX 110 H POTHE YacoBoit crpenki. Toraa r(y) ecTs yrc-
JIO IOCHIeAHMX MHHYC THCIIO TIEPBEIX.

12.11. MNokaxuTe, 9T0 YUCIO BPALNEHHA 3AMKHYTOH KpHBOH He Gonee YeM Ha
eZUHHALY TPeBOCXOAUT YHCIO ee ABOMHBIX TOYEK H HMeeT NPOTHBOTIONOKHYIO YeT-
HOCTb.

12.12. Iycrs 3aMKHYTaA KpHBag UMeEeT N ABOHHBIX TOUEK, ITOMEeTeHHbIX YHC-
maMu oT 1 Ao n. ByaeM 06XOAKTE KPHBYIO M 3aIHCHIBATL HOMepa ABOIHHIX TOUEK
B TOM NIODAAKE, B KOTOPOM OHH HaM BCTPeTATCH. MBI NOAYIHM DHKIMYECKYIO ITO-
CNeAOBATENPHOCTD, B KOTOPOH KayKaoe U3 yHucen 1,2, ..., n BCTPeYaeT s J[BAKIBL
Joxaxure, yTo A8 mo60ro [ MeXay AByMA BXOXASHUAMU CHMBOJA | B 3Toif ocse-
JOBATERLHOCTH COTEPHUTCA HeTHOR YUCIO CHMBO/IOR (3Ta TeopeMa NPHHaAMeHT
Tayccy). '

YKASAHHME. Paspennire i-1o ABOITHYIO TOUKY TaK, KaK ITOKa3aHO Ha prc. 12,22,
M BOCTIOVIB3yHTECh TeM HaKTOM, YTO NMONYYCHHHE ABE KPUBHE TIEPECeKaloTca YeT-
HOE YHCIO pas.

12.13. B neBoi gacTh pHc. 12,28 n306pajkeH AMCK, BIOXKEHHEIH B IUTOCKOCT,
a B NpaBo YacTH — nozpyweHHbil AUCK, nepekpriBalouitca caM c coboit. Takoe
HOrpy:KeHUe eCTh riajxoe oToGpaKeHHe AUCKA B IUIGCKOCTE, JIOKAABHO ABJIAIOME-

Prc. 12.28. BrosKeHHBIN 1 NOrPykeHHEE AHCKH
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ecd BAOKeHHeM. I'paHHla BAOKEHHOTO AHCKA eCTh ITPOCTad 3aMKHyTana KPHBad;
rPAHHULA TIOTPYKEHHOrO AMCKA MOXKET MMETD ropasaoe Gonee croxHyio Gopmy.

(a) fiengerca Av KpKBaA, n3obpaxeHHad Ha puc, 12.29, rpaHuneit HekoToOpOTO
TIOTPYKEHHOr'0 JUCKa?

Puc. 12,29, OrpaHu4HBAeT AU 5T KPUBas MOrPY:XKeHHBIR AHCK?
(6) Aoxaxmure, 9TO TPaHHLA [IOIPYKEHHOTO AHCKA MMeeT YHCIC BpalleHns 1,

(B} MoxaxxuTe, 4TO KpuBas, H306pakeHHaa Ha pHc. 12.30, AsAgeTcd rpaHuLeit
ZABYX pasMHIHBIX MOrPYXEHHBIX ANCKOB.

Puc. 12.30. Ota KpHBas orpaHHYHEAET ABA MOTPYKEHHBIX AHCKA
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Jexuus 13
TeomeTpuns mucra Gymaru

13.1. PazsepThIBaOIIHeca NOBEPXHOCTH: MOBEPXHOCTH, CASNIAHHEIE

N3 Jaucra Oymaru

Bo3eMHTe B pyKU JHCT GyMaru H, He CMHHaf, H30THUTE ero. ¥ Bac B pyKax
OKAKETCA KYCOUYEK TOBEPXHOCTH, POpMa KOTOPOrO 3aBHCHT OT TOTO, KaK BEI H30-
rHere auct, OBPA3NLI HOBEPXHOCTEH, KOTOPHE MOTYT HOMAYIHTHCH, [TOKA3AHEL Ha
puc. 13.1.

Prc. 13.1 [ToBepXHOCTH H3 JHCTA ByMaru
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OnHaKo JaneKo He BCAKAs MOBEPXHOCTH MOMXeT GHITh MpefcTaBNeHa KaK H30-
PHYTHIi GyMaXKHBIH HcT. HanpuMep, 06eH3BeCcTHO, 9TO GyMaXHOMY JIMCTY Heflb-
31 NpKAATh cheprdecKyio GOpMy: eCIH NpMKaTh AMCT OyMard K rrobycy, Ha au-
cTe n0a3aTeNnsHO NoARATCA ckaagiu. Jlucr Gymaru MoXKHO, He CMHUHAs, CBEPHYTD
B Tpyfouky WK B GYHTHK, HO HeNb3dA, H3GerHyE CKIAJ0K, CBePHYTE €r0 BIEeTBEPO
KaK HocoBoil wratok (puc. 13.2).

/

JA JA HET

Puc. 13.2, LHnnueAp ¥ KOHYC, HO HE IAATOK

B reoMeTpHH MOBEPXHOCTH, KOTOPHE MO)KHO NPEACTABHTE B BHAE H3OTHYTOTO
Jvcra Gymary, HaseIBalOTCA pa3sepmbieaiowjumucs. ML gaxe He OyAeM NLITaTh-
cq Aark Bofee CTpOroe onpeneneHHe, HO YKaXeM Ha Aepa $H3HYecKMX cBoOiicTBa,
KOTOpEIE HeoOXOAMMBI A4 HAHIMX reoMeTpHYecKHX Heneli: 6yMara HeoKHMaeMa
M HepacTA)KHMa, B NpH 5ToM oHa abcomoTHo rubkag. Ilepsoe o3HawaeT, 9TO Ha-
PHCOBAHHAA Ha JIFCTE JMHHA MOXKET TIPH H3rHOaHNH H3MEHHTE CBOIO GopMy, Ho
COXpaHAET CBOIO JJIMHY. BTOpOe 03HaYaeT, YTO HUKAKUX APYTHX OrpaHNYeHKH Ha
Xapakrep KaruGanuA He cymmecTeyer, Hakouen, narnbanne Gea ckaalok 03HavdaeT,
YTO NOBEPXHOCTb OCTAETCH MMAAKOMN, YTO B CBOIO OYEPeAb 3HA4HT, YTO B KauAoH
TOYKE MOBEPXHOCTH MMEETCS KacaTebHas IWIOCKOCTb,

Tot ¢axT, 4To He BCe MOBEPXHOCTHU ABAAIOTCA Pa3BEePTHBAIOIMIHMHCH, BbITEKA-
eT 13 npocTeiillero cBOHCTRA pa3RePTHBAIOIHXCA NOoBepXHOCTel (3T0 cBolicTRO,
KaK M MpoYHe OCHOBHHIE Pesy/AbTaThl 3Tol TeopiH, 6bino gokazaHo Jiinepom).

13.2. Beaxan pa3BepTHIBAIOWIANACA IOBEPXHOCTE ABRIETCA AUHeldaTol

DTO 03HAYAET, YTO Yeped KKAYI0 TOUKY Pa3BepTHEBAIOMECA MOBEPXHOCTH IIpo-
XOAUT OTPE3OK, COTEPKAMMHICA B MOBEPXHOCTH, /A KOTOPOrQ 3Ta TOYKa — BHYT-
pennsas. HedopMansHo MOXHO CKA3aTh, UTO K H3OFHYTOMY JIMCTY OyMart MOKHO
B moBoH TOUKe A NPANOKWTD CITHLY TaK, YTOOEl OHa MpHIEraia K SyMare 1o Leao-
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My oTpeaKy (pwc, 13.3). Mul He OyzieM AOKa3HBAaTE 9TOT $aKT (Te JOKA3ATENECTEA,
KOTOpEle MBI 3HAEM, ONEPHPYIOT ¢ GOPMyTaMH, 3 He PeOMETPUYECKUMH KApTHH-
KaMM) 1 OyseM cIUTaTh ero SKCnepHMEHTAALHEIM, HO HEQCTIOPHMEIM CBOHCTBOM
PasBePTHBAIOIHXCA TIOBEPXHOCTEH.

Pue. 13.3. TIoBepxHOCTE 3aMeTaeTCH EPSMBIMH

Ecny kaxkad-Hu6GYAb TOUKA pa3BepTHIBAOUIEHCA TOBEPXHOCTH ABIAETCA BHYT-
PeHHelt Toyko ABYX HEKOMMHHEEAPHHIX OOPAsYIOUHX, TO Lie/IBIH KyCOK BORH3H 2Toil
TOYKH ABAAeTCH TockuM (puc. 13.4). Tawoi orygali Mel 6yeM HCKIOYaTE U3
pacCMOTPeHHA, T. €. MBL peAmonaraeM, 9To HUKAKOH, Jake caMpiii MaAeHBKUH,
KYCOK Hallelf TOBepXHOCTH He ABAAETCA KYCKOM ILNOCKOCTH, 3 3TOro npeanono-
SKeHUR CNIEAYeT, 9TO JNIA KAXKAOH TOUKH MOBEPXHOCTH CYIIeCTBYET eAHHCTBEHHA
NpAMAsA HAa NOBEPXHOCTH, MPOXOAAILAR Yepes 3TY TOYKY.

Mzui fomicHEL A06aBHTE, YTO HUKaKo HacroAiquii et ByMaru He 6nisaeT Gec-
KOHeuMbIM. 3Ha4YMT, ¥ HallMX NMOBEPXHOCTEH ecThb rpaHMusl. Kaxaada Touka no-
BePXHOCTH NPUHANIENKNT €IHHCTECHHOMY OTpPe3Ky, KOTOPBbIH HAauyHHAaeTcd W 3a-
KAHYMBAETCA Ha IpaHMpe. DTH OTpe3ky o6PasyloT HeNpepHBHOEe ceMeHCTBO, 3a-
MeTalollee BClo MoBepXHOCTh! (pHe, 13.5),

13.3. He ToupKO criMuia, HO H JHHelka

JunetdaTEIX HOBEPXHOCTEH MHOTO; BCAKAA NIPAMAN, ABHKYILAACA B TIPOCTPaH-
CTBe KaK YTOJHO, 3aMeTaeT JUHEHYAaTYIO NOBEPXHOCTh, HeKOTODHEe AMHeHgaTse
NOBEPXHOCTH XOPONIO M3BECTHH (B JeKOHHK 16 Mbl nogpobHo obeyaumM ceoiicTea
ABYX U3 HKX: CAHOTIOAOCTHOrO I'HMnepGononza M runepboArdecKoro napabomon-
Aa). Tenepk MK MOXEM YTBEDHJATD, UTO Pa3BePTHERAIOLIHECT NOBEPXHOCTH BCTpe-
9aIOTCA ropasfo pexe, YeM JuHeiiuaThie. B 4acTHOCTH, ABAXAM JTHHEHYATHIE NO-

1Oy HaspBarOTCA 06PAZYIOULMU TIOBEPXHOCTIL.
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Puc. 13.4. [Tnockuil y4acToK pasBepThiBaiolieiica NoBepXHOCTH

Puc. 13.5. CemelicTBo ofipasyiomux

BEPXHOCTH K3 IEKITUH 16 He ABAAIOTCA pa3BePTHBAIIUMHUCA (ITO MOXHO BUAETH
yme K¥3 CBOUCTE Pa3BepTHIBAKUIMXCH MOBEPXHOCTeH, mepeuncaeHHsX B 1. 13.2).
Mk! cobrupaeMesa chOpMyIHPOBATE ellie OFHH SKCIlePHMeHTaNnbHEIH (akT, Xapax-
TEPHIYIOIHH pasTHIne MeXAY JIHHEHIATHMH H Pa3BepTHBAICIIHMHCA TOBEPXHO-
CTAMH.

BoapmeM MPOUIBONBHYIO NUHEHUYATYIO NOBEPXHOCTE §, NpAMylo | Ha S U Ka-
caTefIBHYIO TEIOCKOCTE Ty K § B HeKkoTopoil Touke A npamoii . 3Ta 1wIocKocTbh
Gyaer copepxars I, HO Boo6uie ropops, maockocTH Ty GyAyT pasnv4HbIMM A
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pasMMYHBLIX TOUek A €l, To ecTh mnockocTs T, GyzeT BpalaThea BOKpYT I, korza
MEI OyAeM ABATAThL ToYKy A Baons . Hanpumep, ecii § — OAHOMONOCTHEIM rHIep-
Bonona (cM. puc. 13.6), To T, GyaeT coaepiaThb, IOMKMO [, IPAMYIO K3 BTOPOroO

Puc, 13.6. KacaTexbHEe INOCKOCTH BPAUIAICTCA BOKDPYT ofpasyioweii

cemeticTpa obpasyomux {cM. JTekiHIo 16), Tak 9TO 3TH IIOCKOCTH ByayT pasiny-
HBI JUIA pasiuIHLIX ToueK A. [Toka Touka A ABmxeTca mo npamMoit [, wiockocts Ty
ZenaeT IOYTH NoM-oGopoTta BOKpyT {. Takue BellM, oAHAKO, HUKOTAA He TIPOHCXO-
ZAT Ha pasBepThiBalolieiica TOBEPXHOCTH:

Bee xacanennHbie nAOCKOCMU K paasepmatearotyelica nosepxHocmu S 8 mouxax
npamoti, rexcaweil Ha amoil nogepxHocmu, cosnadarom. JApyeumMu crosamu, K pas-
gepmutaaouieiics NOBEPXHOCINU MOXCHO NPLUIONUNTL He MOALKO (OOHOMEPHYI0) Criit-
iy, Ho u (daymepnyro) nuneiixy (puc. 13.7).

3ToT KpuTepHH (KOTOPBIH MEI TaloKe HE AOKA3HIBAacM) JaeT He TOAbKO Heob-
XOZUMOe, HO B AOCTATOYHOE YCIOBME, YToOLI MOBEPXHOCTL GhLIa pazRepTHBAIo-
mekicd.

13.4. Nagaiire mpopomkum ofpazyioiue

NocmoTpyM BHOBE Ha puc. 13,5, Tak kak Hama MOBEPXHOCTh § He GeckoHey-
Ha (Kak JIHCTOK OyMaru Moxer ObTh GecKOHeYHEIM?!), mpAMEIe Ha S Talke He
OecKOHEYHBl: OHM HAYMHAIOTCA M KOHYAIOTCH HAa MPAHHLE MMOBEPXHOCTH, JaBaiire
POANNIM ¥TH NpsMEle B 000UX BOZMOXHBIX HAapaeieHuaX, Yo ke npousoiaer?
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Puc. 13.7. KacarenbHue TUIOCKOCTH BAOAb 00pasyiowe coBnagaoT

ITOT BONPOC HA MepPEbIif BaDNAA KaxeTcd GezobuaHEIM. Jasaifte mpopiumM mps-
MHe, TIOKasaHHble Ha puc. 13.5, BBepX, B HANPABJEHHH, IAe OHHM PAcXoAsTca. Mel
YBUJIHIM, YTO HE IIPOHCXOAMT HAYEro HeofEYHOTO; TIOBEPXHOCTE ByAeT pacTH, cTa-
HOBACE BCE MEHEEe U MeHee HCKPHBACHHOH, Bee follee HOXOAH HA IHOCKOCTD (PHE.
13.8).

Puc. 13.8. TpopomkaeM ofpasyicmue BBEPX
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Puc. 13.9. [IpogomiaeM obpasyromuye BHH3

Ho uro ecny MBI HaUHEM NMPOAOIKATE THHHH B NPOTHEONIOJIOKHOM Halparie-
HuH (puc. 13.9)7 Yurarens AWDKEH OCTAHOBHTECA 3AECH M IOAYMATh HaZ 3TUM Bo-
nipocoM. TIpaMebie cxogares, HO B o6iem crydae He MIPUXOIST B OAHY TOUKY; MOXK-
HO NpeANcNaraTh, YTO OHHU [ONApHO cKpewHBaomuecs. MoxHO 0XHAATH, 9TO
OHHM CHayaja CXGAATCS, a MOTOM PacxodaTces, o6pasys NOBEPXHOCTD, MOXOMKYIO Ha
runepbOIOKa, TONBKC BOT THIIEPOOION — He Da3BepTHBAKINAACA HOBEPXHOCTS,
TAK 9TO ¥ 3TC ManobepoaTHO. He Tak IpoCTo JloragaTnes, vyroe e nponsolifer!
A npousoiffieT BOT YTO:

Hoaepxuocms re Gydem 2nadxoil — y nee Gydent «pebpo eoszspama». Imo makan
Kpueas, Unio ceueHile NOSePXHOCHL ILIOCKOCTTLI0, neprenduxyasnproll smotl kpusotl,
abtznadum kak neaykybuueckas napatona (puc. 13.10). Boree mozo, ece o6pazyio-
ujite nosepxrocmu S Gydym xacameca amotl kpueoil.

Puc. 13.10. Pebpo BosBpaTa
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13.5. Otkyga Gepetca pebpo BozppaTa?

Japaifre nonpoGyeM ecid He SOKA3aTh YTBEPXKACHHL, TO XOTA Bk 06BACHUTS,
moveMy Tak nolydaercs. Hapucosas NpofomXeHHA OpAMBIX ¢ pHc. 13.5 (cM. pHe.
13.11), BH cMoXeTe ysUzeTs pebpo Bo3epaTa Ha prC, 13,11 co6CTBEHHBMMM r1a3a-
mu!

Puic. 13.11. Orubalonian o6pasyommx

OpHako e 3T0 He odeHb yBegurentHo. MzobpaxeHne runepBonorga (pHc.
13.12) BHIFAAANT TOUHO TAK Xe: HMMEeTCA KpHBaA Ha pHucyHKe (fokxoBaa rumepbo-
712), KOTOPOMH, Ha BRMIAK, KACAKOTCH BLe IpAMEe Ha rHneplonouse,

Prc. 13.12. KacaTenbHasds IWIOCKOCTE K HAEpOONOMAY NMepReHAHKYNAPHA IVICCKOCTH PH-
CYHKA
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Mbl rOROPHM «HA B3MNAA», MOTCMY YTO NPAMEBIE, KOTOPHE MBI BHAHM Ha pH-
CYHKe — npoexytit IPAMBX Ha [I0BEPXHOCTH Ha IUIOCKYIO CTPaHuLy kHUrd. Hrxa-
KOT0 KacaHHA Ha MOBEPXHOCTH HE [IPOHCXOANT: MPOCTO KacaTeNbHHIE ILIOCKOCTH
K ranepBononsy B TOUKAX, COOTBETCTBYIOIINX HOKOBOH rHnepbone, nepneHaHKy-
JEIpHBl HAllEMY PHCYHKY, a WX HPOEKLHMH — npaMblie., Ho 3TO HEBO3ZMOXHO AIA
pasBepTHIBaCHIRHCA IOBEPXHOCTH H3-3a cBOlicTRa, cdopMynKpoBalHOro B 1II. 13.3.
JleHcTBUTENABHO, KacaTellbHAs IIOCKOCTE K IIOBEPXHOCTH B TOUKAX Halme nps-
MOH, He NpHHaAASKALMX IpeAncraraeMoMy pelpy BO3BpaTa, He meplieHgHKYIRp-
Ha IIOCKOCTH pHCYHKA, Ho KacaTe/lbHasa TIOCKOCTh OAHA H Ta e AJA BCEX TONEeK
npAMOiE (MBI ke MOXeM OPUAMKHTE K TIOBEPXHOCTH JTAHEeHKY!), 3HAYHT, OHA He
NeprIeHAXKYNAPHa KAPTHHKE B TOYKaX KacaHug pebpa,

Wrax, kacaTeNsHas IMOCKOCTh BHICAAANAT KaK Ha pHc. 13.13, ¥TO MOKA3LIBAET,
yTo pefpo Bo3BpaTa AeHCTEHTEABHO KacaeTCA NPAMBIX HA TOBEPXHOCTH.

Pue. 13.13. KacarelbHan NAOCKOCTE K pa3sBEPTHBAIOILEHCR TTOBEPXHOCTH He NepNeHIHKY-
JIAPHA [UIOCKOCTH pHEyHKa

13.6. OGparHas KOHCTPYKIHA: OT peGpa BO3BpaTa
K pasBepThIBalolleiica IOBePXHOCTH

Tax Kax Halla NOBEPXHOCTb COCTOHT U3 TIPAMBIX, KACAIOMKXCA pefpa BO3BpaTa,
MBI MOXKeM MOCMOTPETh Ha HAIDY KOHCTPYKUMIO C APYTOH cTopoHHl. JlaBaiiTe Hay-
HeM ¢ NPOCTPAHCTBEHHOH KpHBOH (He MMelolleH IDIOCKHX y4acTKOB). BosbMeM
BCE KacaTe/bHble IPAMEIE K Hapmell KPHBOH: OHH 3aMeTAlT TOBEPXHOCTD. JTa I10-
BEPXHOCTb — Pa3BEPTHEAIONIAACA, 4 HCXOAHAA KpHBasg — ee pefpo Bosspara. 3a-
MEYaTeNALHO, UTO NPOM3BOJABHAA He HMEIOIWAs IIOCKHX YYACTKOB pasBepTHIBAIO-
IDasAcH NOBEPXHOCTh MOKET GBITh MOMy4eHa TaKHM 06pazomM.
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BripodeM, HMeIOTCH ABa HCKIIOYeHUA. [T0BEPXHOCTE MOKeT BBITh YltuHOpLte-
CKoii, YTO 03HAYAEeT, YTO BCE NpAMBIE Ha Hell apaJNeNbHEl APYT APYTY; ¥ TaKoH
NOBEPXHOCTH HeT pe6pa Bo3BpaTa (MOMKHO CKa3aTh, 9T0 peOpo Bo3BpaTa ybexano
Ha OeckoHeunocmas), Y elle oHa MoxeT ORITh KOHUYECKOIl, 9TC 3HAYHT, YTO BCE
npsAMBle Ha Hell TPOXOAAT depes OAHY TOUKY (B 3TOM CAy9ae MOMHO CKa3aTs, 9TO
pe6po BO3BpaTa CXAOTMHYAOCH 8 mouky). OAHAKO Xe «obUIHit», CAYHaifHO N3OTHY-
THIH JTUCT 6YMard BCerJa COCTOHT M3 KACATEe/BHEIX NPAMEIX K HeBHAUMOMY pebpy
po3Bpara (HEBHAMMOMY, TOTOMY 9TO GH BCETJa JIEXMT He Ha JIMCTE, a Ha TIOBEPX-
HOCTH, moayaeHHOH npojoIsKeHNneM 00pasyIomx).

He mMeHee yAHBHTENEHO, YTO BCAKAA HEIUTOCKaA KpHBasd — pefpo Bo3Bpara
NoBepXHOCTH, oGpasoBaHHOl KacaTelbHEIME K Heil. Jlaa mpuMepa QuTaTens Mo-
KeT moCMOTPeTE Ha H3ohpakeHMe NOBEPXHOCTH, 06pa3oBaHHON KacaTensHBIMK
¥ OOKIKHOBeHHOH criipaim (puc. 13.14),

Puc. 13.14. [ToBepXHOCTL, COCTABNEHHAA W3 KaCaTeIbHBX K CIIMpaTH

Yntarensb, YMERIUH MACTEPHTD, MOXET AAKE CACAATh MOAENE 2TOH IIOBEPXHO-
CTH 13 KYCKa IIPOBOJIOKH H Hafopa BEAOCHNEAHBIX CHL, CIHMHb! JO/DKHE! KacaThCA
NPOBOMOKH.

13.7. Tnagko s peGpo BosBpara?

9to Bce? Her, Kak BH ceffyac yBHANTE. YBETHIHM MBICISHHO Pa3BePTRIBAIONLY-
10CSI IOBEPXHOCTD A0 TAKMX Pa3MEePOB, YTOObL O HeH MOXHO GEII0 XOAWTE, U Mok-
ftem mo Hell nepleHAHKyAApHO obpasylomyM. O6pasyompe Kacalores pe6pa Bo3-
BpaTa, 1 NpH HallleM ABMKeHHH TOYKA KacaHuA GyneT nubo SICTPO YAAMATHCA OT
Hac, 60 GeicTpo mpUOMHKATECA K HAM, TPHYeM 06a cyias BO3MOXKHEL A B 4eM
MOKET 3aUNIoYaThcd MEpPeXch M3 OAHOTO COCTOSHMA B Apyree? IlocMoOTpHTE Ha
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puc. 13.15. Ha Hem usofipasked ancT 6ymarn, ofpazyiomue ¥ aga otpeska pefpa

. BO3BpaTa. A YTO MeXAy HMMH? [[naBHas AvHHA, HanoAoGHe myHKTHpa Ha 3TOM

prcyHKe? Her, 2Ta JHHHA He MOMKET BCIOAY KACATHCA 06pasylomiX. 3HAYHT, GCTa-
eTcd ofHo: pebpo BozBpaTa caMo MMeeT TOUKY Bo3Bparta (puc. 13.16).
Kax e ycTpoeHa MOBEPXHOCTE BAIH3H 3TOH HEMEICAMMOH TOUKH?

Puc, 13,15. Baoay mw raagko pebpo Boaspara?

Pue. 13.16. Pefipo Bo3BpaTa cOAePHUT TOMKY BOIBpATa
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13.8. JIacTOYKHH XBOCT

Hagnem ¢ xaptunkn. [loeepxHocTs, uaoGpakensad Ha puc, 13.17, HazuBaer-
Ol ACMOUKUHBIM X80cmom ([IPeAOCTARMAESM UYKHTATENIO PEINHTE, HACKONBKO OHA
MOXOKd Ha HACTOAIIM XBOCT HacToAweil jactouxn), Kpome pefipa Boaspara oHa
ob6f3aTeNEHO NMeeT IMHHIO camonepeceyeHus. Ciepa M306paxkeHo ceMeficTBO 06-
pasylontix NOBEPXHOCTH, PUCYHOK ClpaBa — CeUeHHs TOH #e MOBEpPXHOCTH Hec-
KOMbKHMH NMapauleNbHBIMK TIOCKOCTAMHA. YTOBEI B KAKOH-TO Mepe yOe HuTECA B
TOM, YTO TIOBEPXHOCTE BRIVIAAUT HMEeHHO TaK, GyAem AeiiCcTBOBATE KAk B o, 13.6;
BO3bMEM HpejoIaraeMoe pebpo BO3BpaTa K NpoBeJeM X HEMY BCEBOIMOXHBIE
KacaTelbHble. YToOR NOCTPOMTE «THIMYHYIO» NPOCTPAHCTBEHHYIO KPHBYIO € TOY-
KoM BO3BpaTa, BO3EMeM ILTOCKYIO MONyKyDUdecKyo napabomy M cjierka H3orHeM
IVIOCKOCTE. [loAydeHHAA KpURas MoxeT BRITH 3aTHCAHA B MPAMOYTOJIBHOM CHCTe-
Me KOOPAHHAT TapaMETPHYCEKMMHU YPAaBHEHUAMHE X = at?, y = bt®, z =ct*. Ilocmor-
PHM Ha 3Ty KPHEBYIO CBePXY (MB YBHAHM MOAYKyGUdecky napabony) v HapucyeM
KacarenbHule K Hell. PazofreM kaykAyio KacaTelbHYI0 HA TPH 9ACTH TOUKOH Kaca-
HH# H TouKoil nepeceueHns ¢ 0CBI0 CHMMETPHH NOAYKY6Hdeckoit mapabossl, Kak
ToKasaHo Ha pHc. 13.18.

Puc. 13.17. JlacTouxHH XBOCT: 06pasyloniue H IVIOCKHEe CeMeH s

A

Puc. 13.18. KacaTennHaa x nonykyGuaeckoii napaGone
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Tereps OTASNRLHO HAPUCYEM TIEPBHle, BTOPHE H TPEThH YacTH BCEX KacaTenb-
Hex (puc. 13.19(a)—(8)); moayuuTca HaoHpakeHHe TPeX YacTed JACTOYKMHOIO
xBocra. Ha prc. 13.19(a) nonyqiwrack BepXHsas, CIE€TKA NPOTHYTas, IEPeNIOHKA MEX-
Ny neyMs BeTBsMu pefpa Bo3Bpara; Ha puc. 13,19(6) nonywinoce coueHeHNe SBYX
KYCKOB Mex/ly BeTBAMY pebpa Bo2BpaTa M JMHHMeHR caMollepeceveHis; HaKoHel,
Ha puc. 13.19(r) moay4dunach OCTABIIAACA YACThH [TOBEPXHOCTH. 3aMeTHM, YTO Ya-
CTH NOBEPXHOCTH, H3ofpakeHHHe Ha puc. 13.9(6) v (B), UMEIOT H3ZOM BAOTE
JIUHWH caMoNepecedeHds B YTO 5TAa JUHHUA CaMOIIEePeCcedeHHs BEOVIAAKRT KaK 1o-
JIOBHHKA 06BrMHON naockoii napabossL.

(a) (6 (8}

Puc. 13.19. TpH 4acTH AacTOUKKHHA XBOCTa

HWrak, NpoH3BoNEHLIM 06pazoM H3OTHYTHL, HO He CMATHIR, nucT GyMaru npe-
BpanlaeTcs, ocie HeOrPaHMIEHHOTO NPoANIKeHHA ero IpAMOANHeHBIX ofpasy-
J0IIHX, B TOBEPXHOCTE, MO0 pefpo BO3BpaTi, KOTOPOE CaMo UMeeT, OHThb
MO3KeT, He OfiHy TOYKY Bo3BpaTa. B6nusu kaxaoii ToUkM Bo3Bparta pebpa Bo3BpaTa
MOBEPXHOCTEL YCTPOEHA KAK JIACTOYKWH XBOCT. 3TO OTBET Ha HEBHHHO BHITAAAS-
IHif Bompoc, KOTOPBIH MBI 3a/laiK B Havane 1. 13.4.

13.9. JlacTOYKHHEI XBOCTHI OBCIOAY

Kax BEI TOMHHATE, B JEKKHH 9 MBI IIBTANNUCH yHe[UTh YUTATENA, 9T0 HAac MOBCIO-
AY OKPYXKAIOT TOYKHM BO3IBpaTa. JTO BEPHO JNA reOMEeTPHH Ha IUTOCKOCTH; B [IpO-
CTPAHCTBE e CTOMT NPHU3HATH, YTO HAC OKPYKAIOT JACTOYKMHBI XBOCTHL. IIpocT-
PaHCTBeHHHBle KOHCTPYKLMH, aHAJIOTHYHLIC TDUBEACHHBIM B JeKUKH 9, BITIOYAA
$poOHTH MoBepXHOCTeH H BUAHMEIE KOHTYPE! YeTHPEXMEDHBIX TeJl, IPHBOAAT K No-
BEPXHOCTAM C JJACTOYKHHBIMH XBOCTaMH. B YaCTHOCTH, eCIK BIATHL IOBEPXHOCTD,
BHIIJIAAANIYIC KaK NUMICONZ (HanmpuMep, caM NUIMICOW), H ABHraTh KAV
TOUKY BHOAbL HOPDMAJKH BHYTPEH UIMIICOKAA, TO B KAKON-TO MOMEHT ABIIKYIAA-
oA MoBepXHOCTh OyneT uMers pefpa BosBpaTa, caMolepecedeHHA H JaCTOUKH-
HHl XBOCTHI, KOTODBIE MPOXOAAT ADYT CKBO3bL ADYTAa M, B KOHEYHOM cdere, Hede-
3a10T.

MepBsie H30HpAKEHHA HACTOYKHUHA XBOCTA (HO He TepMHH: OH GBUI IpHAYMaH
B 1960-x roaax Pere TomMoM) IOABWINCE B cepeauHe XIX Beka B KHHrax no aareope,
Mui Toxe of6cyxAaNH NACTOUKIH XBOCT € 3ToH TOYKH 3peHHA — B Hekuuk 8. Ha-
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MOMHHM, YTO €CJIH MBI MHTepecyeMcs YUCIOM (AeHCTBUTENbHBIX) PelIeHUi ypas-
HEHUA

x*+px?+qx+r=0, 13.1)

TO HaM HY>KHO pacCMOTPETH JIACTOYKHH XBOCT B IPOCTPAHCTBE C KOOPAUHATAMM D,
q, r (pe6po Bo3BpaTa 3TOro JIACTOYKMHA XBOCTa 3a/]a€TCsl ypaBHEHUAMH p = —6t2,
q=8t3, r=—-3t%.

BHYTpU TpeyroJbHOro KapMaHa JIaCTOYKMHA XBOCTa OyZAYyT pacloNOXKEHB! TOY-
ku (p, q, ), A1A KOTOphIX ypaBHeHHe (13.1) nMeeT yeThipe BeHleCTBEHHBIX KOPHA.
Haz noBepxHoCTBIO GyAYyT TOUKH (p, ¢, 1), COOTBETCTBYIOIHE YPaBHEHUAM C ABY-
MA BelleCTBEHHBIMH (M AByMs KOMIUIEKCHO CONpSDKEHHBIMH) KopHAMH. oz mo-
BEPXHOCTHIO He OyZeT HH OZHOro BelleCTBEHHOro KopHsA. Ha moBepXHOCTH, HC-
KJII04Yas rpaHHLy KapMaHa (ApyrMMH CJIOBaMH, Ha YacTH MOBEPXHOCTH, COOTBET-
cTByIO1IEi puc. 13.19(8)), 6yAeT oAUH BelleCTBEHHHBIH KOpeHb (C KpaTHOCTBIO ABa)
U /IBa KOMIUIEKCHO CONpsbkeHHBIX. Ha rpaHmile kapMaHa GyZyT TpH BellecTBeH-
HBIX KOPHS: IBa IIPOCTHIX M OAWUH KpaTHBIH; pasHUI[a MEX/y BeEpXHel 9acThIo I'pa-
HuLp! (puc. 13.19(6)) 1 60KOBHIMH — B YIIOPAAOYEHHOCTH pellleHHU: Ha BepXHei
YaCTH KPATHBII KOPEHB JIE)KUT MEXAY MPOCTHIMH, a Ha G0KOBEIX 4acCTAX OH MEHb-
e wix GosblIe KaXXAOro U3 IPOCTHIX COOTBeTcTBeHHO. Ha pebpe Bo3BpaTa nMe-
eTcA Ba KOPHA: OAWH TPOMHOI M OAMH IPOCTOii; ZAB€ BeTBU pebGpa pasnMyaoT
ZiBa BO3BMOXXHBIX HepaBeHCTBa Mexy pelleHusaMHu. Ha kpuBoii camonepecedeHUs
HUMeeTCsA ABe Naphl ABYKPaTHHIX KOpHe# (KCTaTH roBOpsi, BTOpasA 4acTh apabossl
caMoIepecedeHHs JIEKUT B «MHHUMO#» 06/1acTH KOpHeil, OHa COOTBETCTBYeT Ia-
pe ABOIMHBIX KOMIUIEKCHO CONPsDKEHHBIX KOpHeit). HakoHell, camas ocobas TouKa,
TOuYKa Bo3BpaTa pebpa BO3BpaTa, COOTBETCTBYET ypaBHEHHIO X* =0 ¢ 4eThpbMs
COBIAJAIOIMMHI KOPHAMH.

OTMeTHM, YTO IepBoe U306pakeHHe IAaCTOYKUHA XBOCTa BHIIJIAAEJIO COBEpIIEH-
HO HHaye, yeM puc. 13.17 (cM. puc. 8.11 B siekuuu 8).

JleoHapp, Ditnep Pene Tom
1707—1783 1923—2002
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13.10. ¥npaxHeHna

A pellleHHA NpHBEAeHHBIX HIOKe YNPAKHEHHH YATATEAb MOKET HCIONBL3O-
BaTH BCE TEOPEMBl, NPHBEACHHEIE B JAHHOM NeKIUH, gaske He3 0KA3aTENbCTE WK
C HETIOMHBIMH JJOKA3ATEIBCTBAMH,

Mycrs y = {x=x(t), y = y(¢t), z = z(t)} — xpuBas, a P = (x(t,)}, y(to), 2(tp)) —
He Toyxa neperuba (MTO 3HAYMT, 9TO BEKTOP CKOPOCTH ¥’ == (x'(ty), ¥ (ty), 2'(ty))
M BeKTOp ycKopeHHA v = (x"(to), ¥ (to), 2”(tp)) He KomnuHeapHH). [T10CKOCTS,
sameTaemMan 2Toil napoii BeKTOPGH B TOUKe P, HazkIBaeTCA conpuxacarouletica nroc-
KOCMbi0 K ¥ B TOUKe P.

13.1. JloxkaxuTe, YTO €C/TH IAOCKOCTE 11 COZEUT KAacaTeALHYIO K ¥ B TOUKe P
H B 71106011 OKPEeCTHOCTH TOUKH P KpuBad ¥ He JeKHT 10 OAHY CTOpPOHY oT I1, To
[1 — cONpHUKACAINIDAACA [ITOCKOCTD,

13.2. JloxaxuTe, uTO KacaTe)lsHEE IUIOCKOCTH K obileil (He mmockoif, He LH-
JUHAPHYECKOH 1 He KOHMYECKOH) Pa3BepTHBAIOIIEHCA TOBEPXHOCTH - COTIPHMKA-
caoupecs IIOCKOCTH pefpa BoaBpaTa, H HaoGopoT, (UMewTeH KacaTebHHE IIoC-
KOCTH K MOBEPXHOCTH, NPOXOJALINE Yepes TOYKH BOIBpaTa pefpa Bo3BpaTa; 3TH
IUTIOCKOCTH MOXKHO PACCMATPHBATh KaK COTNPHKACAIONIUECcH IIOCKOCTH pebipa Bo3-
BpaTa, XOTA 3TH CIYYaH He NOAXOAAT NOoZ ONpeAeieHHe BhIIIe.)

13.3. Jokaskute, uTo ofiee cemeiiCTRO IAOCKOCTEH B MPOCTPAHCTBE — CeMei-
CTBO KaCATeABHHIX IUIOCKOCTeH K HeKOTOpoii pasBepTHIBaIOLeficd MOBEPXHOCTH,
a 3Ha4YMT, IO YIPAXHEHH 13.2, Talone ceMeiicTBO CONPHKACAIOLHXCA [DTOCKOCTEH
KpHBoii.

KommEeRTAPHIL. Taxkum o6pazoM, ceMelicTBO ILTOCKOCTel HMeeT JBe «oruba-
IOLLIWX»: Pa3BePTHBAIOLIYIOCA TOBEPXHOCTE H KPHUBYIO; BTOpas — pefpo Bo3BpaTa
HepBoH.

13.4 (vnraxxHEHME 13.3 B ®OoPMYaAX). (a) [TycTh

At x +B{t)y+C(t)z+D(t}=0

(rne t —napamMeTp) — cemeiicTBo Iwnockocrell. JlokaxuTe, 4T0 A8 TOrc YTOOH!
MOIY9HTh MapaMeTpUYecKHe YpaBHEHUA pa3BepTHEBalomelica TOBepXHOCTH, OTH-
Garoieit 3TH TLTOCKOCTH, HYXXHO B3ATE B KadecTBe MAPAMETPOE ¢ K OJHY M3 KOGD-
AVHAT, NOC/Ie YeTO PEOIUTh CHCTEMY

Alt)x+B(t)y +C{t)z+D(t) =0,

At)x+B()y+C(t)z+ D't} =0
OTHOCHTEJIHO OCTABINMXCA ABYX KOOPAMHAT. YTOGH NOyYHTh NapaMeTpHYEcKoe
3ajjaHKe ornbalomeii KPUBOMH, HYXHO PELIUTH OTHOCUTENLHO X, ¥, 2 CHCTEMY

A(t)x+B(t)y+C(t)2+D(t)=0,
A(t)x+B'(t)y+C'(t)z+D'(t) =0,
A'(x+B"(Dy+C"(t)z+D"(t) = 0.

(6) [lpuMeHUTe 5TH POPMYNH K CeMeiicTBY IIOCKOCTEH, NOMy4eHHOMY M3 ILTOC-
KOCTH X + % = (} BpalieHHEM BOKPYT OCH % C OXHOBPEMEHHLIM Napa/Ie/bHEIM IIe-



Jexuna 13, TeomeTpHA xucTa GyMarn 223

PeHOCOM B HalpaBReHHH Toil ke ocH
xcost—ysint+z—t=0.

13.5. BozbMHTE NPOCTPAHCTBEHHYIO KPUBYIO € TOYKOH neperuba x =t, y =¢°,
z=t* 1 pacCMOTPHTE PasBePTHBAILYIOCA MIOBEPXHOCT, 3aMETAEMYIO KACATEb-
HHIMH K 3T0# KpHBOH. Mccaeayitre Bece ocoberHocTH (pebpa BoaepaTa U caMone-
pecedeHMA) 3TOH MOBEPXHOCTH.

13.6. (a)* Nycts D — pasBepThiBaommica THHeHIaTR AKCK H ¥ — MajKan
3aMXHYTasd KpuBad Ha D. JlokaxuTe, YTo MMEKTCH ABE TOUKH ¥, NMEKAIIME HA
oo obpasyiomeii D H TakKe, YTO KacaTeALHBIE B 3THX TOUKAX K Y MapajlIe/bHEL.

(6) NocTpoitre pazsepTHBAOIMHCA ANCK H [AAAKYIO IUIOCKYIO KDHEYIO HA HEM,
HE UMEIOUIYIo NADALNCABHEIX KacaTeNbHELX.



Jlekua 14
Bymaskupiii et MéGuyca

14.1. BeeseHHe: 3TO He 0 MyPaBhIX WIM HOKHUL@AX

Juct MéEBnyca — upe3BbMAfHO MOMYNAPHLIA reoMeTputdeckuii o6nekT. Ero
MOMKET CAenare gaxke pebeHOK: BO3BMHTE Nofocky GyMaru, mepexpyTHTe e¢ Ha
180 rpagycoB (Ha nmom-o6opoTa) M NPHKPENHTe KOHLBL APYT K APYTY KACeM HK
croT9eM. KcTatH, odMH H3 Hac /1o CHX Nop GrarofapeH CBoeMy IpelojaBarenio
MaTeMaTHYECKOro AHANH3A, KOTOPBIH HayYW! CBOMX CTYAEGHTOB DHCOBATH JHCT
Mébuyca: HapucyliTe CTaHAAPTHHIA TPHINCTHHK, A0GaBbTe TPH ABOMHEIX Kaca-
TeNBLHBIX H COTPHTE TPH OTPE3Ka KPHEOH MeXAy caMonepeceYeHUsAMH H TOYKaMH
KacaHuA. BoT 3TOT KpacHBHIl pHCYHOK:

Prc. 14.1. Kak naobpasuts auet MéGuyca

HMmeeTcA HeCKONBKO MBBECTHHX TPIOKOB, CBA3AHHLIX ¢ IHcTOM MéGuyca. Mox-
HO paspe3aTb ero BAOAbL CepeAMHHON OKPYKHOCTH K TOCMOTPETH, YTO [OMYYHTCH,
Wn 7xe MOXKHO OCAZHTh Ha HETO MypPaBbs U YBHAETD, KAaK OH NEPeToN3eT ¢ OfHOH
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CTOPOHBI HA APYTYIO, He mepecekad rpaHAuy. Ho MEI pacCMOTPMM COBepIIEHHO
MHYIO 33/lavy: eCJIH YK TAK JIerKo c/enath jaucT MébGuyca us noaockn Oymarh,
Honocky Kakoi GopMbI HyXHO B3ATH? TouHee TOBOPA, JO/DKHO CYINECTBOBATh Ta-
Koe JeHCTBHTENRHO: TNCA0 A, UTO NMPAMOYTONBHAA Moiocka 6yMaru MHPHHE 1
U JJIMHH | NpUroHa Ui HaroToRNeHHd aucta Mébuyca npu l > A U HenpuroAHa
npu l <A,

Bonpoc: YeMy paBHO A?

OTBeT: HEH3BECTHO.

Ha aroM MBI MOT/TH OB ¥ OCTAHOBHTRCS, HO MBE Bee-Taky ofcyauM, YTO M3BECT-
HO NP0 3TY 3aja4y H KaKiie HMeloTCA NepCeKTHBRL

14.2. He cxnapapipaifTe Gymary

Hauwm adTaTeld, 03HAKOMUBIIHECT ¢ AeKumeil 13 o reomerprun GymaxHoro
JMCTA, 3HAKOT, 9TO YCIOBKE 22a0KOCHU — KIIOYEB0E B TAKOTO Poja Bompocax. Jlei-
CTBHTEIBHO, eC/IK GyMary paapeliaeTcs CKIaALIBAT, T0 JIHCT MEéGHuyca MOMXHO cae-
JAaTh W3 NPON3BOJIBHOTO NMPAMOYTOABHOTO JIHCTA, AayKe eclIM ero LIMPHHA NPEBH-
maer AnuHy. Ha prc. 14.2 mokasaHo, Kak 3To cAellaTh: BO3bMHTE IIPAMOYTO/NBLHBEH
yueT ByMarn (mo6kiX pasMepoB), CIOKHTE €I TAPMOMIKOM, mepeKpyTHTe K cKieii-
Te. YeAoEHe IMIaAKOCTH Hamlei MOBepPXHOCTH, a B Sulee MaTeMaTH4eCKHX TEPMH-
Hax — YCAOBHE CYIIECTBOBAHMA SAMHCTReHHOH KacaTenbHOoll ockocTH B Kax ol
ee TOYKe — JO/DKHO HrpaTs ponb B Hamedt 3ajade.

NN YVIVIVIVIN
NN NN

Puc. 14,2, Kak caenats mHeT MéGHyca M3 cokeHHOH Gymaru

Tenepk Mbl TOTOBH CQOPMYNIKPOBATE OCHOBHOH DE3yJ/bTAT.

14.3. OcHoBHad TeopeMa

[ycTh A — TaKoe AeiiCTBUTENBHOE YHCAO, YTO MadKHii aueT MEGHyca MOXHO
¢AeNaTh U3 IPAMOYTONbHMKA pasMepoM 1 x | npu { > A 1 Henbas pu { < A.

TeopEMA 14.1. —g— <ALV

8 3ax. 3647
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3Ha4YMT, HHTEPBAT MeXay n/2x 1,57 1 v3 21,73 ocraeTca ana Hawedt 3aga-
11 «Cepoll 30HOH», [Toae ME OGCYIHM CHTYAUHI® BHYTPH 2TOT0 HHTEpBaaa, HO
CHauaja fasaiiTe JOKAKEM TEOPEMY.

Ham noHaao06aTCa HeKOTOPHE 0OIIKe CEOHCTEA MOBepXHOCTeH, clelaHHEX H3
Gymarw.

14.4. TTOBEpPXHOCTH, CAeJaHABIE A3 Gymaru

Mr oficyxxaany ux cpoficTBa B jJexkuun 13. He kaXJad moBepXHOCTL MOMET
OHITE cAenaHa U3 GyMard. OrpaHidYeHNd CBA3aHH ¢ U3HUYeCKUMH cBolfcTRaMK
(uaeansHOH) 6ymary: oHa Harnbaema, HO HepacTa:kuMa. [locneaHee 03HAYAET, YTO
mobas KpyBad, HAPHCOBAHHAA HA JHCTe GyMarh, COXpaHAeT CBOIO JUIMHY mocne
TOT'C, KAK MK M3OTHEM JINCT B NMOBEPXHOCTh, Kak MBI 3HaeM u3 sexumH 13, eca-
Kad GyMaxHad TOBEPXHOCTE — AUHEHNaQmaA, ITO 03HAYaeT, 9T0 nobas ee Touka
NPHHAAICKNT CTPE3KY NMPAMOH, MeHKOM jeXkallleMy Ha TTOBepXHOCTH. [IpAmasn,
comepXallaf 3TOT OTPe3CK, eAMHCTBEHHA, €CIIH YJaCTOK MOBEPXHOCTH BOKP)T BH-
Gpanuoit Touki He naockuil, 3HaTKT, M0Dag GyMaxHad MOBEPXHOCTb COCTONT H3
IUIOCKHX YYACTKOB U OTPe3KOB. EC/IH MBI HAPHCYEM 3TH OTPe3KH, 3aTeHHUM TAOC-
KM€ YYaCTK{ H DA3BEPHeM IOBEPXHOCTD B IUTOCKUIA IUCT, MEI IOAYYMM H3obpaxe-
HHMe Kak Ha puc. 14.3.

Pue, 14.3. Orpesk Ha BYMaKHON NOBEPXHOCTH

14.5. JloKa3aTeAbLCTBO HEPABEHCTBA A 2 -’2!—

TIycTe aneT MEGUYCA MOKHO HArOTOBHTB W3 GYMEKHON NMOJOCKH MHPHHEL 1
¥ JUMHH |, EcnY B3ATh 09eH: (HeCKOHeTHO) IMHHYIO TIOAOCKY MMPHHE 1, MH
CMOXeM TaK HaMOTaTh ee Ha Haul JucT Mébuyca, 4To Kax bl NPAMOYTONBHHK
AnuHE | GyaeT moBTOpATE dopMy Hamrero avcta Mébuyca (Bce 3TH mpAMOYTOAE-
HUKH OyAyT pacrioiaraThbefl NoNepeMeHHO Ha JBYX CTOPOHAaX OCHOBHOT'O JIMCTA).
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Puc. 14.4. 3ano/HHM OTpe3KaMH IUIOCKHe oONacTH HA TIOROCKe

OTMeTHM Ha NOAOCKE OTPE3KH M IUIOCKHE YYacTKH (TTocAegHue 6yAyT UMeTE dop-
MYy Tpanempii, KOTOpble MOTYT BEHIDOXZATECA B TPEYTOALHHKH, B BepxHell yacTH
pHc. 14.4 oHM 3aMITDHXOBaHH). KapTHHKA IePHOZUYHA: OHA NOBTOPAET cebs ¢ ne-
pHoAcM 21, a nocneAoBaTenbHBE NPAMOYTOABHUKY AJTMHH [ COBNAZAIOT ¢ TOYHO-
CTBIO 10 IepeBOPOTa BBEPX HOTAMH, 3ANOIHHM IIAOCKHE YYaCTKY OTPE3KaMH, JTo-
6b! BoA TToMocka GBUIA NTOKPHITA HENPEPHIBHEIM CeMelfCTBOM OTpeakeB (IolapHo
PA3/MYHEIX) C TEM e CBOMCTBOM NEPHOAHYHOCTH, KAK 1 BBIMIE (CM. HHKHION
YacTs pHc, 14.4). Bce 3TH OTPe3KH KMEIOT JAHHY = 1, HX KOHLBL JIe3KaT Ha rPpaHMy-
HBEIX THHHAX TTOAOCKH, M BCe OHM OCTAHYTCHA NPAMEIMH, KOFAA MLl CBEPHEM Hally
MOJIOCKY B ucT MéBuyca.

BoapMeM NpOH3BONBHHIL OTpe3ok M3 Halnero cemeiicTpa, cKaxeM, AB, Casn-
HeM ero Brpaeo Ha [ B nonoxenne A'B’, a 3areM oTpa3BM oTpezoK A'B’ oTHOCH-
TeNbHO cpeAHeii MHHuK nonocku (puc, 14.5). Nonyvalowpiica orpesok CD Takcke

B

Puc. 14.5. ABu CD
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NPUHALAEKKT HapeMy cemeHcTBy (BeieCTBHE CBOHCTE NePHOANYHOCTH, OTIHCAH-
HBIX BHIIIE).

OveBygHE JBe ey, Bo-nepsriX, AC + BD = 2l, Bo-BTOpEIX, Ha AvcTe MéGH-
yca Touka C coBnmajaeT ¢ Toukcit B, a Touka D coBmagaet ¢ Toukoit A. Bropoe
YTEEpKACHHE 03HAYALT, 9TO B Hallel OyMaxHO MOAEMK YTon MeKAY OTpe3KaMH
AB v CD paBeH 180°. 3Ha4HT, B IPOCTPAHCTEE OTPE3KH HANIET0 CEMEHCTBA MeMAY
AB u CD cocTaBmioT ¢ oTpeakoM AB yron, KOTOpHIil HeRpepeIBHO MeHAeTeA o O
Ao 180°, Bossmem xakoe-to (6ospinoe)} yucno n U BhbepeM oTpe3kn A B, = AB,
AyBy, ..., Ap_1Bpy, A, B, = CD Hamrero cemeiictsa (puc. 14.6) Tax, 4Tobsl yron

MEXAY AB K Ay B, (Ha ancre Mé6uyca) Ouin pasen k - 180 (npunk=0,1,..,n-1).

OTcroaa cleayeT, YTo yron Mexay AgB; u Ap, B, He MeHbllle, 4eM ——— 180

A=AgA;  Ag=

i}

Puc. 14.6. CemeiicTBo oTpesko A, B,

B,=D

JIEMMA 14.2. [Tycmb a, — cmopoHa NPUGUWAbHO20 N-Y20ABHUKA, SRUCTHHO20 &
oxpyxcrHocme duamempa 1. Tozda (na rautelf nonocke Gymazu) ApAg 1+ BeBr 1 >a,
(Ona mobozo k).

JOKASATENRCTBO. PacCMOTPHM 94ACTh Halmed OyMaKHOH JIEHTHI, COREPKALIYIO
OTpe3KH Ai By 1 Ay, By, (Todnee, ux obpaasl). JUIHHEL 0TPe3KOB Ar Ak, 1, BiBii
B NPOCTPAHCTBE HE IIPEBOCKOAT JIMH TEX Je OTPE3KOB Ha NoocKe (focseHHe
PABHBL JUIMHAM AYT ApAg,1, BiBi,1 Ha TPaHIYHOI KpUBOil trcTa MEbuyca). 3Ha-
IHT, A0CTATOYHO IOKA3aTh HEPABEHCTBO ANA TOUEK Ay, Ay i, By, By, B IpoCTpaH-
cTBe. PaccMoTpuM Touky E, Ang koTopoil A E HMeeT TaKyIo e ANHHY ! Hanpaeie-
HHUe, 4To K Ay, By (oM. pue. 14.7, caesa). Toraa By E=A 1Ay M BLE<B B+
+ By E=ApApyr + BBy

Ho B.E > a,. Yro6sl noka3aTh 3T0, PaCCMOTPHM paBHOoOePEHHEI TpeyToihb-
Huk KLM, BMcaHHBIR B OKPYXKHOCTB ZHaMeTpa 1, ocHoBanHe LM KoTtoporo—
CTOPOHA [IPABIWILHOrO N-YTONBHKKA, BIUCAHHOTO B TY XK€ OKPY/KHOCTD, M COAepKa-
INViA LIEHTP OKPYkHOCTH (pHC. 14.7, cipaa). B sTom TpeyronsHuke LMKL=180%n
H KL=KM =b, < 1. B TpeyronsHuike A;B,E oboanayuM vyepes F M G TOYKH Ha
cTOpoHax A; By n A E Ha paccrosunu b, ot A; (3TH TOUKH CyIIeCTBYIOT, TaK Kax
ABy>1>b, 1 ARE= Ay 1By > 1>b,). Toraa BLE > FH z EG Z a,, (nocnezHee
BEPHO, TAK Kak £B, A E 2 180°/n).
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Puc. 14.7. fokasarenasCcTBO NEMMEI 14.2

BEPHEMCﬁ K HCPpABEHCTBY A P % Hmeem
27‘. = 2Q0=AC+BD = (ADA]. +... +AI‘I—1AH) +(BCIBI + ... +BR—IBR) =
= (AOAI +BUB].)+ vea +(AJ1—1AR +'Brl—l'Bﬂ) > na,.

Tax KaK 3TO BepHO [P 1060M N, a na,, CTPEMHATCA K 7T IPH 11 — 00, UMeeM 2A = 7.

14.6. JloKasaTeJbCTBO HepaseHeTsa A < v3

Yro6rl AoKa3aTh 3TO0 HEPABEHCTRO, JOCTATOMHO M0Ka3aTh, 4TO AUCT MEbuyca
MOXET GHITh HArOTOBMEH U3 MONOCKH pasmepa 1x | npu moGom > +/3. Ml noka-
JeM, YTO ¢AeAaTh TACT MEGHyca MOXHO U3 MONOCKY A/MHOI B TOYHOCTH V3, HO
HAM TIPH 3TOM MPUAETCA HECKOIBKO Pa3s CIOKHUTD GyMary. MH AOTOBODMIUCE 9TO-
T'0 He AeIaTh, OJHAKO SCHO, YTO HernepeceKalolquecs NPAMOIHHeHHbIE CPHOBI MOXK-
HO CTVIAAMTD 34 CYET TIPOM3BOABHO MAIOTO YAJIHHEHNA TTOIOCKH (M. puc. 14.8).

Puc. 14.8. Conasxtvpaiue CrHOOR
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KOHCTDYKIIMA NOKa3aHa Ha PHC. 14.9: BoasMeM NpAMOYTroAbHUK ABCD ¢ AB=1,
AD = /3 u HapHCyeM paBHOCTOpPOHHHMe TpeyroabHukM AKL u KLC c Touxamu K
Ha BC u L Ha AD. OTMETHM, 4TO NpAMOYTONBHEE TPEYTONbHUKH ABK 1 CDL —
HMOOBHMHKH el11e OOHOT'O PABHOOSADEHHOTO TPEYTIBHHKA, (DTa KOHCTPYKIUHA BO3-
MOXHA, TAK KaK CTOPOHA PAaBHOCTOPOHHErO TpeyroIbHHKa ¢ BHICOTOH 1 paBHa
2tg30° = %’—ﬁ, a 3= % V3+ %\/fi) Teneps M1 cru6aem nonocky Baoas AK, KL
H LC, Kak IfoxazaHe Ha puc. 14.9.

B K C

L

Puc, 14.9, TTocTpoenue nHeTa MEGHyca H3 NPAMOYTONbEHKS 1% 3

OTMeTHM, 9TO «IHCT MEGHYyca», KOTOPHIA MBI U3POTOBHAH, He BHIFIANUT KAK
auct Mébuyca. DTo ckopee ofbeAuHeHHe TpeX OAHHAKOBHX ByMaXKHEIX paBHO-
CTOPOHHHX TpeyronbHUKOB AKL, BepXHHIT H2 KOTODHX NPHKPEIUICH K CPeAHEMY
BAOIE CTOPOHEL AL, cpeAHUH K HIDKHEMY — BAOJb CTCpOHBL KL, a BepXHHH K HHX-
HeMY — BAONL CTOpOoHb AK, ECiM B34Th MOAOCKY YyTh AJMHHee, 9eM /3, U crvia-
JAUTH CrAOBI, MEI TOAYYUM TAaAKU JucT MEBmyca, koToprii Bee eme Gyaer 601
10e NOXCAMTL HA PABHOCTOPOHHKIH TpeyroNbHHUK.

14.7. ITouemy Goviee TOUHOE 3HAYEHHE A HEH3BECTHO?

[Moxa 3agava He pemieHa, TPYSHO CKazaTh, TOYeMYy OHA He pemeHa. Bee xe
HHOTAA MOXKHO BhIASTHTE 00IMe TPYAHOCTH HEKOTOPHIX HeDEeIneHHEX 3aKad, KO-
TOpPEIE, B CBOIO OYepefib, MOTYT MOMOYE TIPE/CKAZaTh YCNeX WY HEYAaqy B pente-
HHM HEKOTOPRIX 3aZja4y WAK AAXKe YyrafaTh peimeHue, B npefsAyIqHX pasfenaX MH
AOKA3aJH, 9T0 A — TO4KA Ha oTpesKe [71/2; +/3]. UTo ke 3To 3a Touxa? VimeeTcs
A\, Mo KpaiiHeii Mepe, nmpaeonoaobHan runoTesa? Ja: Mbl AyMaeM, 910 A = /3,
M MBI He YANBACHE, ITO ZOKAZaTEABCTBO IO CHX NOp He HAHAeHo.
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Y1o6bl 0GBACHHTE, HOUeMY 3Ta THNOTE3a APeJCTARNAETCA HpaBAonoaobHOIR,
OTMETHM, YTO B JOKA3ATE/LCTBE HEPABEHCTBA A = /2 MBI HE MCTIONB30OBAIK BaXK-
HOe CBOHCTBO SymarkHeTo ancra MEéGuyca: oTCyTCcTBHEe caMonepecedyeHnit. Hepoa-
MOMWHO CAENATh caMotiepecekaloumics aucT Mébuyca 3 HacTodmero nicta 6y-
Mare, Ho HETPYAHO ero NpeACTABHTE: noAolHO caMonepecekaiomeiica KpHBoi, oH
TIPOXO/UT «CKBO3b Cefd», HO COCTOUT K3 HecaMomepeceKalomuxes YacTei.

[peanoAOKKM, YTO ¢ CAMOTO Hauyala, TOBOPA O JHCcTe MEGHyca, MBI He HC-
KII094TH BO3MOMKHOCTB caMonepecedeHnsa. Toraa yuoro A npuobperaeT HOBHIN
CMHICJT, H HOBOE 3HaueHHe A 6yfeT MeHsIne WK PaBHO cTapoMy. Bosee Toro, Hepa-
BEHCTBO A = /2 0CTaHeTCA B Cile, B JOKA3ATEALCTEE ATOTO He HYKHO GyeT uamMe-
HUTb HH CTPOYKH: OTCYTCTBHE camolepecedeHHH COBepIIGEHHO He HCIONB3YeTCd.
Yro Ke KacaeTcs HepaBeHCTBa A € +/3, OHO MOXKeT GHITh CYIeCTBEHHO YAYYLIEHO,

TrROPEMA 14.3. I'adkuil camonepecexaiowutica nucm MéGuyca moxmcem Ooims
uszomosex us npamoyzonsuka 1 x 1 npu mobom 1> /2.

JOKA3SATEARCTBO. BoabmeM MpoOH3BIbHOE GONBIICE HEYSTHOS 1t H PaccMoT-
PpHM Takol paBWIbHHIEL N-YTOABHUK, YTO DPACCTOAHHE OT BEPIUAHEL A0 NPOTHBOHO-
NOXHOH cTOpOHHI paBHO 1. [IycTh p, — NEpPUMETp 2TOTO N-YTONbHHUKA; ACHO, YTO
TIPH POCTE N MHOPOYTOJIBHHMK CTAHOBHTCA HEOTIMMIM OT OKPYKHOCTH AHaMeTpa 1,
a p, CTPEMHUTCA K 7.

BoapMeM npamoyroneHuk ABCD pasmepa 1x P2—" H BIMOIEM B Hero ii— 1 pagHO-
GeApeHHEX TpeyroAsHUKOB AKQ, KQL, ..., MNC, paBHBIX TPeYTONBHHKY, COCTAB-
JIEHHOMY H3 CTOPOHH W JByX GonbMIHX ZuaroHaneil NPpAaBWIBHOTO 7-YTOABHHKA
(cM. puc. 14.10, rae n=7). TpeyroasHUKH ABK u NCD — nofoBMHKH TAKOro Tpe-

B K L M C

VY

Q P N D L

Puc. 14.10. CemuyronbHaa MOAEAb CaMonepeceKalomeroca xucra MéGuyca
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yroibHUKa. Tenepb CJIOXKHUM NPAMOYTOJIBHUK BAOJB NpAMBIX AK, KQ, ..., NC (B ue-
peAylomKXcs HanpaBieHusXx). Ipouecc crubanua nmokasaH Ha puc. 14.10.

B pe3synbTare MbI HOy4IuM GyMakHY10 GUTypy, HEOTIMYHMYIO OT MPABIJILHOT'O
n-yroJbHUKa (IIpaBWIBHOTO CEMHUYTOIbHMKA HA PUCYHKE), C MOYTH CJIMBAIOIVIMH-
cs1 oTpe3kamut AB u CD: oHu 6yayT OTAe/ieHb HECKOIBKUMH CJIOSAMH CJIOKEHHOM
6ymaru. Ecm crmaguth crubel (3To norpebyer 4yTh 6osiee AJIMHHOM IOJIOCKH)
U coeAUHUTb AB u CD o4eHb KOPOTKOM IMOJNOCKO# OyMaru (YTO NpHBEZET K ca-
MollepecedyeHUsAM), MHI TIOTyYUM IVIaJKUI caMonepeceKkarouuiics juct Mébuyca
C OTHOIIEHHWEM JUIMHEI IIOJIOCKH K ee IIUPHUHE, CKOJIb YTOAHO GIM3KHM K 7T/2.

3HaYUT, eC/IM MBI XOTHM JOKa3aTh, YTO A > 7T/2, Hallle JOKa3aTeIbCTBO JO/DKHO
HCII0/Ib30BaTh OTCYTCTBHME camoliepecedyeHUH. Bonpoc, uMeeT Ji NoBepXHOCTh Ca-
Molepece4yeHUs1, OTHOCUTCA K TPEXMEPHOI «reoMeTpHH HOJIOXKEHHA«. Bech ONBIT
MaTeMaTHKH ITOKa3bIBaeT, YTO 3Ta YaCThb reOMEeTPHUH OCOOEHHO CJIOXKHA: TEXHHYeE-
CKHe CpeACTBa JJIA MOAX0oJa K 3TO 3ajaye NMpaKTHYeCKU OTCYTCTBYIOT. 3HAUMT,
€CJIH yCHWIEHHE HEPaBEHCTBA A = 71/2 U CylLeCTBYeT, €ro TpyAHO Haiiti. Hao6opor,
ycHieHHe HepaBeHcTBa A < /3 BKIouano 661 60/iee COBEpIIEHHYI0 KOHCTPYKIIMIO,
4yeM B 1. 14.5. Ho 3Ta KOHCTPYKIMS JO/KHA OBITh KpacHBa M €CTECTBEHHA; TOT
dakT, 4TO MBI O Heil He 3HaeM, MOXKET GBITh BOCIIPHHAT KaK yKasaHHeE Ha TO, UTO ee
He cywectByeT. 10 3TMM IpUYKMHAM HaM KaXKeTCcs MpaBAONoA06HEIM, 4To A = v/3,
HO JI0Ka3aTeJIbCTBO BPSA JIM IIPOCTOE.

Asryct ®epaunang Mébuyc
1790—1868

14.8. YnpaxHeHus

TIpeANIONIOXUM, YTO ¥ HaC eCTh GyMaXKHBIH IWIMHAPD, CAENTaHHBINA U3 TIOJIOCKH
pa3mepoM 1 x . MOXXHO J11 BHIBEPHYTH €ro HaM3HaHKy (He Hapyllas IJIaZiKOCTH)?
OueBHZHO, €CIU LWINMHAP KOPOTKHI M mpokuii (I BeJIMKO), TO MOXHO, a ecIn
OWIMHAD AJMHHBIA ¥ y3kuii (I Mano), To Heb3d. [7ie HaXOAUTCA FPaHKLA MEXKAY
KOPOTKMMH, HO IIMPOKUMM M JUIMHHBIMH, HO y3KkuMu? Ciefylollee yTBEpXKAEHHE,
npuHaiexaiee B. Halpern u K. Weaver [51], faeT YaCTHYHBII OTBET Ha 3TOT BO-
npoc. (Bosble 0 cUX TOp HUYEro He U3BECTHO.)
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14.1. (a)}* Ecin > 7t + 2, TO MHUAMHAD MOXHO BRIBEPHYTE HAMSHAHKY.

(6) Ecan | > %, TO BHIMHAD MOKHO BHIBEPHYTH HAH3HAHKY C CAMOIEpece cHH-
AMHL,

() Ecnu 1 < 7, TO WMAHHAD HENb34 BRIBEDHYTH HAHM3HAHKY HH ¢ CAMOIepeceye-
HHAMM, HH §e3 HHX,



Jlexnua 15
Eue o cxnagsIBaHuy OyMaru

15.1. Jluumna cruba npsMasn

BoseMuTe THCT GyMart K choxuTe ero: AuHudA cruba 6yzer nmpamo# (prc. 15.1).
Me1 HauHeM Hatle o6CyKAeHHe CIUIAHBaHUA GYMArH ¢ MATeMaTHYecKoro obbsc-
HEeHUA 5Toro (eHOMEHa.

Pric. 15.1 Ipu crubaHuy aucTa GyMard noaydaerca npaMas

Mogaens Jiucra SyMara — 4aCThb IWIOCKOCTH. JIMHUA cri6a pazaenseT IWIOCKOCTb
Ha ABe 4acTH. BrITonHAA crifaHMe, MBI YCTAHABIHBAeM B3aHMHO OAHO3HATHOE
COOTBETCTBUE MEXY 3THMH JacTAMH, H 2TO COCTBETCTBHE — M30METPHA: PAcCTo-
AHMA MeXIY ToYKaMH He MeHAeTcsa. [locaeaHee cBOMCTBO o3HawaeT, uro GyMa-
ra HepacTAKMMa; 5TC Halle HeH3MEeHHOEe NPeANOIOKeHHe, CASTAHHOE elle B JIeK-
1M 13,

O603HaYHM JHHHIO crHGa Yepes ¥ K AoKaKeM, 9T0 OHa IpAMad. B camom gene,
€CJIH 3TO HE TaK, TO ¥ COAEDMUT AyTY HEHYNIeBoM KPUBH3HEHL [1yCTh Y, — KpHBad ¥,
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Y+

Puc. 15.2. Joxa3aTeNbcTBO TOTO, TO AMHHA cTHEA He MOXKET SBITh U30THYTA

CABHHYTAA Ha (MAJEHPKOE) PACCTOAHHE £ OT Y B BOTHYTYIO CTOPOHY, a ¥_ — B BBI-
nyioryio. Toraa

ANMHA ¥, > AAMHA ¥ > JIAHA ¥_

(cm. puc. 15.2; pasHHIa MMeeT NOPALOK € - AAHHA T) - (KpUBH3HA v_)). C ApyToi
CTODOHH, U3OMETPHA NePeBOANT ¥, B Y., & 3HAYMT, JUIHHH ¥, H ¥_ JOIKHH GHTEH
paBHEl. [IpoTnBopeyne.!

15.2. Y Bce xe jyuHBA cTnla MokeT GBITH HCKPUBJICHA

HecMOTpA Ha TOMBKO YTO cKasaHHOe, OyMary MOXHO COTHYTb BAOJB NPOH3-
BO/ILHOHA THazKoi xpHBoi! MBIl NMpHriailaeM YMTaTeNd MPOBECTH PKCMIEPHMEHT:
HapHCOBaTh KPUBYIO Ha JucTe GyMarH M HEMHOTO COTHYTb €ro BAIb STOH KpH-
BoiiZ. PeaynbsTar nmokasaH Ha puc. 15.3(a).

Pue. 15.3. JIucr SyMary, caoxeaHuii BAons KpHBO#A

Bor Apyroe AOKASATENBCTBO MpPAMOAMHeHoeTH cruba. Tycts P w Q — zme Touky BHe cruba,
COBMeMIAlOMIHECA NPM CKAAAEBAHMH. Torga BCAKAA TOMKA Ha crife papHOydaneHa oT P u Q, TaK yTo
crub coRepKUTCA B CPeAHHHOM NEpIeHARKYIApe K oTpesKy PQ. — Ipum, ped.

[Tapa npaKTHMECKUX COBETOR: pHCYiTe KPUBYIO C CHILHBIM HakMmoM. Taloke NOMOT2eT BHIPEIATS
OKPEeCTHOCTE KpHBO#H, uTo0H He paboTaTh ¢ oveHb GonbmKM JHcToM. Bonee cepresHas NpHMHHa
OTPaHHYHTHCA OKPECTHOCTLIO COCTOHT B TOM, 9TO TakwM o0pazomM Mul padersem caMonepeceuenui,
0T KOTOPHX HHAYe He H30aBHTBCA.
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MoxHoe Aa)Ke Ha9aTh € 3aMKHYTOH KpHBOH, HAPUCOBAHHON Ha GyMare. B atom
oIydac Nepez TeM Kak criGaTe Hy)KHO BRIDe3aTh ABIPKY BHYTPH KpHBoit (pHe. 15.4).

Puc. 15.4. 3aMKHyTaA KpHBadA cruba

PasymeeTcd, ¢ TeM, UTO Cka3aHoO B 0. 15.1, MpOTHROpEeYHA HET. ABA JHCTA Ha
pHc. 15.3(a) He cOBMeIAIOTCH, OHU NTEPECeKAIOTCA MOf, HEHYIEREIM YTIIOM (MeHst-
IOIIMMCA OT TOUKH K TOYKe).

Yro6HI 3a$pHKCHPOBATE TEPMUHONOTHIO, HA30BeM KPHBYK), HADHCOBAHHYIC Ha
6ymare, czuboM, a KpUBYIO B NPOCTPAHCTBE, MOAYYAICINYIOCA B peayAbTaTe CTH-
6a — epebrem. DKCIEPHMeHTH ¢ GyMaroii OKasEBAIOT CIeAyIOLiee.

(1) M3 npoH3BOALHOTO IMAAKOro cruba MOKHO NOAYYHTH NPOH3BOIBHEIH rpe-
GeHb, eC/IH TONBKO OH «Boilee NCKPHBASH», 4eM crub.

(2) B xaxpoit Touke rpefHA ABe YACTH CAOXeHHOH ByMaru o6pasyiorT paBHbE
YT/ ¢ CONPUKACAOIIENCA IIOCKOCTBI0! IpebHs.

(3) Ecam crub mMeer TOUKY Nepernfa (B KOTOpPOH OH BBIIAZMT KaK KyGude-
ckaf napa6ona), TO COOTBETCTBYIOLIAA TOYKA FPebHST — TAIOKEe TOYKA meperuta
(To ecTh KpHBH3HA rpefHs B 3TOH TOUKEe paBHA HYIIIO).

(4) Ecnu cruf 3aMKHYTHIE H CTPOrO BRINMYKAHE, TO rpefeHb He MOXeT OLITh
TLICCKOM KPUBOIA.

B cregyrolifx NYHKTaX MEl 0OBACHHM 5TH SKCIIepHMeHTANBHEE HabmogeHHs.

15.3. TeoMerpus MPOCTPAHCTBEHHLIX KPHBBIX

MBl AOKHE CKa3aTh HeCKOABKO CJIOB O KPUBH3HE IUIOCKHX H NPOCTPAHCTEEH-
HbIX XPpHBHIX.

YCum, onpegenerme B . 15.3.
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IycTe ¥ — rnagkasn mwaocKasa XKpuBad. YroOwl onpefeniTs KPHBUAHY, 33JaZUM
NapaMmeTpu3alvie AauHoH Ayrn v{t). Toraa BeKTOP CKOPOCTH Y'(t) eAVHHYHBILIH,
a BEKTOP yckopeHuA y”(t) Bcerfa opTOroHanAeH KPUBOH, BeMumHa YCKOpeHHs
[y”(t)| — xprBH3HA kpuBOH. To ecTh KPHBH3HA — 3TO CKOPOCTH H3MEHEHWA Ham-
PaBJIcHUA KPHEBOS 2a eAMHALY JAAVHEL

SKBUBANEHTHO, MOXHO PaCcCMOTPETE CONPHKACAIOIYIOCA OKPYHHOCTDE K KPH-
BOH B JAHHOII TOUKe: 3TO OKPYHHOCTD, NPOXOAANIAA Yepe3 TpH HeckoHewHo H1u3-
KHe TOYKH Ha KpuBo#H {(cM. nexuuio 10). KpusuaHa ofipaTtHa paguycy conprKaca-
ouIeHcT OKPYKHOCTH.

HmeeTcd eine 0AMH Cioco0 M3MepHTD KPHBHAHY. [TyCTh K&XKAAA TOYKA JBHKET-
cA € eAUHHYHOI CKOPOCTHIO B HANPABIeHHH, OPTOTOHABHOM KPDHEOH (CM., HATIpH-
Mep, JeKuHio 9). B nponecce aToro AnMHa KpHUBO# HaMenseTca. AGCONIOTHAA BeJIH-
9MHa OTHOCHTENLHOrO M3MEHEHHA J/IHHE B TOYKe PABHA KPUBH3He KpHBOH (aT0
JIETKO TPOBEPHTE ANA OKPY:KHOCTH; NPOH3BOABHYIO KPHEBYIO HYXHO NpHOAUSHTE
COMpHKACAIOUILHCA OKPYKHOCTRIO). ITO OMUCAHNE KPUBHM3HEL GBIIO HCITONBIOBRA-
HO B PAcCy:(JIeHHH B KoHle m. 15.1,

[lepefizeM Teneph k KPUBHIM B TpocrpaHcTee. [lyeTe y{t) — napaMeTpuaanua
MPOCTPAHCTBCHHOH KPHBOH AMMHOH AYTH. AHAJIOTHYHO IUIOCKOMY CIV4AalD, ee KPH-
BW3HA — 3TO IMHA BeKTOpa yckopeHusd |y (t}.

OTMeTHM Cilefyiolliee BAXKHOE OTIHYHE OT TUIOCKOrO cayyad. THIHYHAA [LIOC-
Kad KpHBad UMeeT TouxH Neperufa (TOYKH Hy/IeBOH KPHBHM3HEL), B KOTOPHIX OHA
BRIMIAAWT, KaK Ha pHc. 15.5. CI0BO «THITMYHAaA» 34eCh O3HAYALT, YTO €CIH HEMHOIO
NCLIEB&IHTE KPHBYIO, TO TOYKH Ieperifa HEeMHOTO IOABHHYTCA, HO Hé HCUE3IHYT.
B pocTpasCTBE MUNUYHLIE KPUSHIE HE LMEIOT MOYeK HYReaoll KpususHbl,

Prc. 15.5. TUTHYHAA MAGCKAA KPHBAA HMEeT meperntu

(AxxypaTHOe JOKa3aTe/NBCTBO 2TOTC YTBEKASHHS JOBONBHO YTOMUTENBHO, HO
BOT NpaBAoNoac6Hoe 06bACHeRue, BeKTop yckOpeHus y”/(t) opToroHaneH XpHBOH
H #MeeT ABe CTeleHH cBoGoAbL. YTOOH 2TOT BeXTOp OLUI DABE€H HYIIO, AOMKHEI
6HTL BHNONHEHH JBA HE3ABHCHMEIX yeaoeHa. Ho Touxa Ha kpreoit tiMeeT ToAB-
KO OfHY CTeneHb cBOOO/H, a 3Ha9MT, ¥ Hac Bomslle ycnoBHil, 4eM nepeMeHHBIX,
MO2TOMY THIIMYHAA KPHRad He HMeeT To9eK Hy/1eBoil KPHBHSHH.)

[IpeANnonoKnM, YTO Halla MPOCTPAHCTBeHHAA KPHUBAA He COJACPIKHT TOYEK HY-
neBoit KpUBM3HH. [LTOCKOCTD, HATAHYTAA Ha BEKTOPH CKOPOCTH M yCKOpeHud, ¥/ (t)
1 77(t), Ha3HBAETCA CONPUKACAIOUELICA ILAOCKOCMbIO KPHUBOM. JTa IIOCKOCTD MPH-
GrpKaeT KPUBYIO B Todke y(t) Mydllle, 4eM BCAKAA APYTafd IWIOCKOCTE: IO MOAYMIIO
GeCKOHEYHO MaJHX BTOPOTO MOPAAKA, KPHBAA JIEKUT B CONPHKAacalowLiedica mwioc-
KoCTH., HaKoHell, CONpHKACAIONIAACH IIOCKOCTE — 3TO [UTOCKOCTE, IPOXOAAIIAS Te-
pea TpH HecKOHedHO GIM3KHX TOYKH KPHBOH.
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EAVHMYHEIK BEKTOD, OPTOTOHAALHBIH CONPUKACAIOMENHCA TICCKOCTH, HAZHBa-
ercq GunopmMaNeie, BHHOPMAAL MeHAETCS OT TOYKH K TOUKe, H BeJIHUKHA ee IPOH3-
BOAHOI {0 OTHOLIEHKIO K TAPAMETPY AJIHHEL) HaskIBaeTes KpyueHHeM. KpydeHue
HM3MepAeT, KaK CONMPHKACAI0INAACA IUIOCKOCTE BpallaeTCA BAOTE KPHEOH,

[peaAnonoxUM, 4TO NapaMeTPHE0BAHHAA JIHHOM AYTH KpHBaA y({} JeXUT Ha
MOBEPXHOCTH M. BexTop ycrkopeHud ¥ (t) MokeT GHTB pasAoiKeH Ha ABE COCTABNA-
IOIUe: OPTOTOHANBHYIO K M H KacaTe)IbHYIO KOMITOHEHTHE. BeuiHa nocnegHeit
HaspiBaeTcA 2eodesuyeckoll kpuguanoll kpusoi (oM., HanmpuMep, eximio 20); oHa
BHOBE MOJKeT GBITh HHTEPIIPETHPOBAHA KAK OTHOCHTENBHAA CKOPOCTE MU3MEHEHUS
ANKHB B CHTYALMHM, KOTAA KOKAAA TOYKA ¥ JBHKETCH no M ¢ enHUYHOH cKOPO-
CTBIO B HANIPABACHHHK, TIePHeHANKYIHPHOM KPHUBOH.

15.4. O6nacHeHUe BKCIEPUMEHTOB co crubannem Gymarn

HanmoMHMM, 4TO HAIIH MaTeMaTHYSCKHe MOAENH JIHCTOR HYMard — pasBepTH-
BaOIMecA NOBEPXHOCTH, [TpoAWDKHUM JBa NNCTA Pa3BePTHBAONICHCA NOBEPXHO-
CTH Ha puc, 15.3(a) 3a rpefeHp (KPHBYIO HX nepecedeHHd), MH BHAMM JABe pa3-
BEPTHBAKCIINECA NIOBEPXHOCTH, NepeceKaloiHeca BAOAL MPOCTPAHCTBEHHON KpH-
Boll y (puc. 15.3(6)). BrinpamaeHue mofoii H3 oBepXHOCTel MePpeBOANUT ¥ B GAHY
H TY Xe IUIOCKYIO KpHUBYIO &, cruf. PaccMOTPHM MPOTHBOIONONKHYIO CHTYAUHIO
H 2aauMcs BONPOCOM: €CIK JaHBl TIOCKAA KPHBaA §, NIPOCTPAaHCTBEHHAR KPH-
Baf ¥ U H3OMeTpHA (COXpaHAIoNIee PACCTOAHMA COOTBETCTEHE) f Mexay 6 u v,
MOXHO JIH TPOROIKUTE [ AC TAOCKOH OKPecTHOCTH &, 4To6H HOAYYHTE pazBep-
THIBAIOIIYICCA TIOBEPXHOCTE, cofiepXamyio y? JpyriMu cliopaMy, MOXHO JIH H30-
THYTb JIiCT ByMaru ¢ HapHcoBaHHOM Ha HeM kpuBoli § Tak, yTobsl § usrubanacek
B 33aHHYIO IPOCTPAHCTREHHYIO KPUBYIO Y7

TEOPEMA 15.1. IIpednonoscum, umo oan kaxcOoli mouku x Ha & kpususma y
8 coomasemcemayiowetl mouxe f(x) Gonorue, uem xpususna & e x. Toeda cywecmay-
em 6 mouHocmu 08a npodoAXEHUA [ HA NAOCKYI0 OKPECMHOCMb §, npusodALyux
K PA3eepmblearoUMC NOBEPXHOCIAM, COOEPHCAUUM ¥,

JOKASATEABRCTBO. [lapaMeTpH3yeM KpHBHIE ¥ H § MapaMeTPOM JUTHHBL JIyTH ¢
raK, 9robr y{t} = f(&(t)). IIycTk HCKOMAA Pa3BEPTHBAIOMAACA MOBEPXHOCTE M
cocTaBnser yroa at) ¢ CONPHMKACAICIIEHCA TIOCKOCTBIO Kpheo# y(t) (3Ta mioc-
KOCTE KOPPEKTHO OlpeAenena, TaK Kak 1o YCAOBHIO KPUBH3Ha KPHBOH y HHUTAe
He ofipalfaeTcda B Hynb). O603HaduM depe3 x(¢) KpHUBH2HY NMPOCTPAHCTBEHHOM
KpHBOI1 v, a uepes k(t) — KpHUBH3HY IIOCKOH KpUBOH 5.

Mozaynp BeKTOpa KPHBH3HHE ¥ DaBeH X, a MOAYAL €To NIPOeKIHH Ha M paBeH
x(t) cos a(t); 3HAYHT, reclesHIeckand KPUBH3HA ¥ paBHA X(t) cos a(t). leoaesute-
ckad KPHBH3HA KPHBOI Ha MOBEPXHOCTH 3aBHCHT TOJBKO OT BHYTPEHHEH reoMer-
PHH TIOBEPXHOCTH M He MEHAETCS, €CIM IVIOCKOCTh IHeTCs 6e2 pacTaxermi. 3Ha-
9T, reofe3nyecKas KpHBHM3HA ¥ DABHA KDHBH3HE TIOCKOH KpHBOi §:

x(t) cos a(t) = k(t). (15.1)
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OT10 YpapHEHNE OJHO3HAYHO onpenenteT GyHKUMIO a(t), Tak Kak k < x, yron a
HUKOTFAa He ofipaillaeTcd B HYAB.

Yro68! MOCTPONTE PAasBePTHEAIOIYIOCA TOBEPXHOCTE M no ¢yHKIMH (L), pac-
CMOTPHM OAHOMAPAMETPHIECKOe CeMeliCTEO AOCKOCTeH, TPOXOAAILIMX Yepes TOY-
KH y(t), cofepxainyx KacartenbHEIT BekTop v'(t) m obpazyiomux yron a(t) ¢ conpu-
Kacaioletica IWockocTsio ¥ (MMeeTes JBe TakMe IVIOCKOCTH, CM. puc. 15.6}. Co-
rAacHo 06CY)KAeHHIO PasBePTHBAIOMIMXCA MOBEPXHOCTeH B Aeiamy 13 (cM. ynpax-
HeHpe 13.3), opHonmapaMeTpHYeCcKoe CeMeHCTBO IUIOCKOCTEH HUMEeT B KajuecTBe
OrHGAINeH Pa3BePTHBAILYIOCA MOBEPXHOCTh, H ME IIOMYyYaeM Hauly JABe IC-
BEPXHOCTH, NPOXOAAIYe dJepe3 KPHEYIO .

Puc. 15.6. [TocTpoeHHe pa3BepTHEBAKINEHCA MOBEPXHOCTH N0 GYHKIMA alt)

JlBe pazBepThiBalCIHec MOBEPXHOCTH H3 TeopeMsbt 15.1 — JIHCTHI, ITepecexalo-
1ueca BAONE rpe6uA Ha puc. 15.3. Ecni npogomiuTs IUCTH 3a rpebeHb, MOAYyIHT-
¢ gpyrasg KOHOHIypaLpa THCTOB, COeIHHEHHEIX BAOAE KPHEOH v. DTO B TOYHOCTH
ABa cnocoba COTHYTh OyMary BAOIE KPHEOH &, wTOSHL MOAYIHTE NMPOCTPAHCTBEH-
HYI0 KPHBYIO Y. 3T0 ofbACHAET K ZONWIHAET NepBoe Habmonerue w3 11, 15.2,

B yacTHOM ciy4dae ILTOCKOH KPHBOH ¥ OZHH M3 IHCTOB MOAyYaeTCa K3 JPyToro
OTPaXKeHKeM B ILIOCKOCTH KpHBoH. B ofieM caydae Hemnocko#l v kacaTenbHble
IVI0CKOCTEH ABYX IMCTOB CHMMETPHYHE! OTHOCHTENBHO CONPHKACAIoMeiica TUIoCKo-
CTH B KKAOH TOUKE y: ASHCTBUTENBHO, YIABI MEXIY CONpUKacalomeics AocKo-
CTBIO U ABYMS JMCTaMy 06a PaBHE Q. DTO MOATBEPXKAAET BTOpoe HalogeHue 13
n. 15.2.

[lepetizeM k TpeTheMy HabmoaeHuU!0. [IycTe &(t,y) — TOUKA neperuda, B KOTO-
poli cru6 BRIAANT KaK KyOuwdeckan mapabona. 3Haqut, k(t,) =0 M KPHBH3HA He
ofipaliaeTcd B HYJIB HeTIOCPeACTBeHHO leped TOUKOM Neperifa U cpasy Iocie Hee.
CornacHo dopmyne (15.1), mbo a(ty)=n/2, nnbo x{t,}=0. MBIl XOTHM ITIOKa3aTsk,
YTO B JeACTBUTEALHOCTH HMEET MECTO BTOpas BO3MCXKHOCTD.

IpearonoxuM, 4T0 370 He Tak. Torza ofa JMCTa NepueH MKYIAPHH CONPHKa-
calommeca IWIOCKOCTH ¥ B ToUKe Y(f;), TAK 4TO HX KacaTeasHbIe IIOCKOCTH COBIa-
pawT. Bonee Toro, ecan x(t,) # 0, TOo mpoekyHs BeKTOpa KPUBHAHH IIPOCTPaH-
cTBeHHCH KpHBOH y Ha KawZbI U3 JIMCTOB €CTh BEKTOD reofeaHuecKoil KpHUBU3-
HEL. JTOT BEKTOP JICXWT C OJHOM CTOPOHEI OT Y B TOYKAX Y(t; — £), PACIONONKEH-
HEIX HEeNOCPeACTBEHHO fepe] TOUKOH mepernfa, W ¢ Apyroi CTOpOHBI B TOYKAX
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t(ty+€), PACTIONOKEHHBIX Cpa3y TiocAe Hee, 3HAYMT, GYHKIHA a(t) — /2 MeHAeT
3HAK MpH f =t,, TO CTh ABA AHCTA HPOXOAAT APYT CKBO3E APYTa NpH t = ;. IT0
HEBO3MOXKHO JJa HacTosmed 6yMary, oTkyga cnegyeT, 9To x(t,) =0, To ecTsb rpe-
feHk HMeeT TOYKY nepernfa.

Tenept 0 yeTBepToM HabmoaeHHH. [IycTe U rpeGeHs vy, U crH6 & — 3aMKHY-
Thie IUIOCKHE KpMBRIe, Tpu4yeM & cTporo Beimykna. CootHolmmeHde (15.1) Mexay
KPHBM3HAMH BCE ellle BLIIOJAHEHO: ¥ cos @ =k, a k Hurie He ofpaniaeTca B Hy/b.
3HauHT, X TaxKe HUTAe He o6paliaeTcd B HYIE B Y — BREITYKAAA TAOCKAA KPUBad,
K Tomy me x{(t) =z k(t) mpn Beex t B f x(t)ydt> f k(t) dt, Tak xar a(t) He ofpama-
eTcA B Hynb. C Apyroil CTOPOHBI, NOIHAA KPHBH3HA IIOCKOH NPOCTOH 3aMKHYTOH
KPHEBOI paBHa 21 (cM. ympaxHeHHe 15.1}. 3HauuT, ARA HHTErPasa ACIKHE ObITh
PaBHK — NPOTHBOPEYHE.

15.5. Emte Hekoroprie ¢opMyinl B AadbHeIHe HaGAIOAeHN

CornacHe TeopeMe 15.1 crub & u rpefeHs ¥ onpeaendiOT paspepTHEBAIIIYIO-
¢ [IOBEPXHOCTh — Pe3YBTaT NPOACIKEHHA U30METPHU MEXIY & H ¥ B OKpecT-
Hocts §. HamomenmM (nexuus 13), yTo pa3BepTHBAIOIIHECA TIOBEPXHOCTH AUHEEH-
yaThel. O603HaUIUM depesa B(t) yrox mexy obpazyiomwed u y(t).

¥Yrau B(t) A0/KHE BBHIPAXKATECA Yepes reoMeTpHYeCKHEe XapaKTepHCTHKH CTH-
6a u rpefus, M AeHcTBHTEABHO, TaKad GOPMYAA CYICCTBYET:

i

ctg Blt) = S, 15.2)
Ile T — KpyUeHHe KPHBOH ¥, 4 a — yTon MeXJy HOREPXHOCTEIO M CONPHKACAK)-
meficd IIOCKOCTHIO KPHBOH Y, 3aJaHHEIH ypaBHeHMeM (15.1). Mul He BHIBOAHM
3fech 3Ty dopMyily: 2T0 ZOBOALHO NPAMMIMHEHOE YNpaXKHEHHE Ha IPUMEHeHHe
dopmyn OpeHe u3 guddepeHIHANLHOH reOMETPKH NMPOCTPAHCTBEHHBIX KPHBBIX.
Ecnn unTaTens sHakoM ¢ popMynamu dpene, OH CAehaeT 3T B ynpaxHeHuH 15.3,
€CJIH HET — NIOBEPHT HaM.

BepHemes k cnoeHHOH Gymare, HaoOpakeHHoit Ha puc. 15.3. Mei BUANM ABe
Pa3BepPTHIBAIOIHECA TOBEPXHOCTH, TEPECEKAOILNECA BAOJIb TPECHA ¥ H colepika-
He ceMeifcTRa MpAMONMHEHHKYX ofpasyioniux, 3HAYKT, MMeeTca napa GyHKIM
B.(t) u B,(¢t). ObpaTHOe pasrufaHue TOBEPXHOCTH B IUIOCKOCTh MPKBOAKT K IVIOC-
Kol kpuBoit — cruby 5 — ¢ AByMA ceMelicTBaMH 06pa3yIOUHX N0 06e CTOPOHE OT
Hee (puc. 15.7).

Yraet By 1 B, sagatorcd GopmynaMu

_ a(—® _ —o(t)—v(t)
cghl)= yamary 8P = Zmaman

NepBafd B3 KOTOPHIX cOBMafaeT ¢ dopmyaoit (15.2), a Bropasd noIydaeTcsa N3 Hee
sameHoH a Ha 7 — a. [loryuaercs, 4To

ctg By () +ctg (1) = ﬁlﬁ; ctg By () —ctg (1) = ﬁgm (15.3)
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Puc. 15.7. PasruGaHue choxeHHoit ByMarn

dopmynal (15.3) HUMEIOT ABa HHTEPECHHX caeAcTBHA, [IpeanonoxmumM, 9To rpe-
BeHs — TWIOCKas kpuBasg. Torga t =0, a anagwr, §, + B, = 7. B 3T0M ¢Aydae apu
pasrnOaHHM CIOMKEeHHOTO IMCTA NPAMOANHEHEIE 00pasyloniue IpogoIKAIOT IpYT
Apyra no obe cTropoHH OT cruba, cM. puc. 15.8. [TpeAnosoKUM TENEPs, 9TO ABY-
TPAHHLIE YyTOA MEXAY ABYMA JHCTAMH TIOCTOSHEH BAOAL rpebHA. Torna a' =0, a
3HAYHT, f; = B,. B aToM caydae obpasylouie NPoXoAAT TIOA OAHHUM YTHOM K cTHGY.

)
B2

Puc. 15.8. O6pasyromue ¢ oferx CTOpoH OT crHfa MOTYT NipOAO/KATE APYr Apyra

OnATh e, CHTyallHI0 MOXHO ODpaTHTh: HavyaTh O cruba & W 3ajaTh YIIH
B v B,. UnTarens, CKIOHHHBIN K ZaNbHENIINM SKCHEPUMEHTAM, MOKET IPDHKAEHTD
CKOTYEeM HEeCKONBKO Oy/aBoK nmo ofe cTopoHH oT criuba (TakuM obpasoM QHKCH-

pya yeaul 5, u ;). A tenepsb crubaiite!
15.6. Apa npuMepa

B neppom npamMepe cruf 6yAeT AyTol OKpyKHOCTH, a ofipasyioine no obe ¢To-
poHu — paguycamu. Torga 8, =, =1 /2. 3naunt, ¢rtb mwiockeil, a ABYTpaHHBIHA
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YTOJ) MEXAY AMCTAMU MOCTOAHeH, Ha kax oM JHcTe Bee ofpasyioliye Nepecexa-
I0TCA B OAHOH TouKe, Tak 9TO 06a MHcTa — KoHycH (puc. 15.9).

7

Puc. 15.9. O6a A1cTa — KOHYCH

Bo BTOpOM MpHMepe MEI KCIIONB3YeM ONTHYECKOe CBOHCTBO napabonsl: cemel-
CTBO AyueH, BHXCAAIINX M2 $oKyca, Nooie oTpaxkeHus obpazyer ceMeHCTBO, na-
pannenbHoe ocH mapabonu (puc. 15.10). YuraTemo, He3HAKOMOMY € 3THM cBOH-
CTBOM, MpeAnaraeTcd Mubo caenaThs ynpawxsenne 15.4, 1mbo nogoxaaTs obeyxae-
HHA B JeXI[HH 28.

Pic. 15.10. OnTudeckoe cBoitcTBo mapaboiinl

Iyets cru6 — napafona, ofpasyoilipe Ha BHOYKIOR CTOpOHE Mapasie/lbHE]
0CH, A MPOACIKEeHHA 06pasyIoLIMX HA BOTHYTOH CTOPOHE MPOXOAAT deped GoKyc.
CorylacHO ONTHYECKOMY CBOMCTBY, aTH 06pa3syIoniHe COCTABIAIOT OSHHAKOBEIE YT-
Nt ¢ TapaBonoi, TaK YTO ABYTPAHHEIH YT MeXAy JXCTAMU TOCToAHeH, OauH U3
JIHCTOB BHOBD ABAAETCA KOHycoM., Ofpasyiomne Ha APYTOM JINCTE MAPANACHbHBL,
3HAYMT, $To THAMHAP (puc. 15.11).
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Puc. 15.11. OanH aMcT — KOHyce, ApYrolff — HUAMHAD

15.7. HcropHyeckne 3aMedaHus

O ToM, uro 6yMary MoXXHO CKIaJEIBATE BAONb KPHEHRX, MH Y3HaIU oT M. Kon-
uesuda g 1994 rogy. OH 0GHADPYXHI 2TO 3aJ0r0 A0 TOTO, OYAYIH ele CTYASHTOM.
INomumo npovere, KoHuepud 3aMeTHN, YTo rpeGeHb cTPeMMTCA OHITE IUIOCKOM
KpHBOi1. DTO Heb3A JOKA3ATh, €CTH He CAeNATh HEKOTOPHX NpeanoIokeHHH OTHO-
CHTE/IBHO WIACTHYHOCTH cribaeMoro MaTepHana (Hamia MaTeMaTHYeCKas MOARNE
crubaHHA 5yMard 3TH BONPOCH MONHOCTBIO HIHOPUpOoBana). Mel ony6aikosany
pe3yAbTaTel HAIUWX pasMHIUIEHNH o crrfannu 6ymaru B [44]. Oxasanock, 9T0
Teopema 15.1 AOBOABHO cTapad: OHa YIIOMHUHAAACh enie B [24].

Tlo3xe MBI OGHAPYIKILTM, YTO CKAAILIBAHNE HEPACTAKIMOrO MaTepHana Boib
KPHBEIX paccMaTpHBaioch paleie. Lk, I1. Aynxan v Jpx. JI. AAyHxan [38] uayyanu
npobneMy ¢ IIPHLIEIOM Ha paspaGoTKy H3AenHii, HaroTaRIMBAEMBIX CKIaZbIBAHH-
eM 1 HarnbaHneM eJHCTBEHHOTO JIHCTa (HATIDHMED, BeHTHWIALHOHHEH Kopo6 13
JHCTOBOrO MeTaa MK KAPTOHHLIE eMKOCTH),

MH He 3HaeM, 3AHUMAJICA N KTO-HHOYAL 3THM HHTEPECHEIM NpeAMeTOM elle
paHbmie. MoxkeM MHIIL cocIaThCA Ha 3akoH M. Beppu, onyGiaMkoBaHHHIL Ha ero
caiite www . phy.bris.ac.uk/people/berry_mv/quotations.html: Huumo u Hu-
K020a He OMKDLIBAemes enepooie.

15.8. Yopaxxnenns

15.1. IlyeTs v{t) — napaMeTpH3oBaHHas JIHHON AYTH INAAKAA 3aMKHYTaA KPU-
BadA AJHHH L ¢ yncaom ppamennn w. Ilyers k{t) — xpupu3aHa kpHBO# y(t). Hali-

L
aure [ k(t)de.

15.2. IlycTb y — rMajKasg 3aMKHyTas KpHBaf JAHHE L ¢ THCIOM BpalleHus w,
CABHHBTE KAXKAYIO TOYKY ¥ B HOpMAALHOM HanpaBJeHHH HA MANEHBKOE PacCTod-
HHe £ —— B pesyAkTare NONy4HTCA KpUBas v, Hadawre Ayiny v,.
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15.3. Jokaxure bopmyny (15.2).

15.4, JloxkaxuTe oNTHYECKOE CBOYMCTBO mapaboml.

15.5, TycTs avHuA crufa — ayra aaunca, o6pasylolnHe ¢ OIHOM CTOPOHE! Po-
XoAar uepes oguH doxye, a ¢ Zpyroit cTopoHH —depes Bropoil. JlokaxkuTe, uTo
mpu crufaHMA NOMy4aloTca ABa KoHyca, ofpasyioliie MOCTOSHHHIL yTon BIOAL
rpebHa.

YrA3aHUE, HMcnoapsyiTe orrHdeckoe CBORCTBO avuunca (rexuun 28).

15.6. Tlouemy MPUXOAMTCH BhIPE3aTh ABPKY B ByMare npu ¢rufaHun AL 3a-
MKHYTOH KpHBOH?
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Jexima 16
HPHMBIe JJHHHH HA KPHUBBIX INOBEPXHOCTAX

16.1. YITO Takoe NOBEPXHOCTE?

M1 65 IPeANIOWIN He JAaBaTh YECTHOrO OTBETa HA 3TOT BOIIPOC, HO 1A I0Ka-
3aTe/NlLCTBA TeOPEM HYKHBI TOUHEIE OIpEeAeeHH,

MroxecTBO S B IpOCTPAHCTEE HA3LIBAETCH MOBEPXHOCTEIO, €CAM A Joboi
TOUKH A € S HARAYTCA TaKHe [VIOCKOCTh P ¥ 4HCHO F, YTO NepecedeHme S ¢ -
OHIM mapoM pagHyca < I ¢ HeHTPOM B A BRaUMHO OAHO3HAYHO NPOSKTUDYETCA HA
wrockocTk P (puc. 16.1). IlnockeeTH, chepsl, UHIMHAPH, Napabomodis 1 T. 4. —
BCE 3TO NOBEPXHOCTIL,

HekxoTophle MOBEPXHOCTH, KAKMMY GBI HCKPHRIEHHEIMH OHM HH KA3alHCh, CO-
JepaT HeTHKOM IpAMYH0 (Kak Ta, YTO ITOKa3aHa Ha puc. 16.2).

B 3Toit neKOIMY ME paCCMOTPHM MOBEPXHOCTH, COASPKAIIHe 09eHb MHOTO IIps-
MBEIX.

16.2. JIuHeliyaThie NOBEPXHOCTH

[ToBepxHOCTL S HasmMBaeTcd AuHelaroi, ecan Anda moboit Toukn A € § Hall-
ZeTcA IpAMas |, mpoxoadAias yepes A H cofepiaianca B S.

CyniecTByeT MHOTO JIMHEHYaTHIX NoBepxHocTelH, [I1ockocTs AMHetMaTa, HO 2TO
HeHHTepecHo. Ha HeKOTOPHX APYTHX AMHEHIATHIX NOBEPXHOCTHX, HAPUMED, LH-
NHHADaX, o6pasyioliie cpasy BHAHEL. Jpyrie IMOBepXHOCTH Taloke MOTYT GHITh
JMUHeRYaTEHMH, HO YBHAETEH 2TO HE TaK JIeTKO. Hampumep, ecin ¥3orHyTs (Ges3
CKAA0K) THCT GyMary, TO NOAYYHNTCA AMHEHIaTas MOBEPXHOCT (CM. IEKUH0 13},
Danee nac GyaeT HHTEPECOBATH APYTOH KIACC MOBEPXHOCTEH,
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Puc. 16.1. OnpegeneHne NOBEPXHOCTH

Puc, 16,2, 3Ta NeBepXHOCTL COAEPHHT IPAMYIO



248 I'naga 5. [pAMble

16.3. /lBa KMI04YeBBIX IPHMEpPA

OdnononocmHbiil 2unep6oaoud 3aJaeTCA B TPOCTPAHCTBE YPaBHEHHEM
4yi-2t=1.

OH TaloKe MOXeT GBITD OIHCAH KAk OBEPXHOCTE BpallleHHA TANep6onst x2 —z2=1
B IUICCKOCTH X2z BOKpPYT ocH 2z (puc. 16.3).

Puc. 16.3. OgHomonoCTHEIE runepbonong

Kak BuI gymMaeTe, 3Ta NOBEPXHOCTE ANHeHYaTad? QkaselBaeTed, Ja. YTobH aT0
YBUJETh, H3TOTOBHM LIWIHHAP U3 BEPTHKAABHEIX HUTeH, CBAZRIBAIONIMX JBa OfH-
HAKOBRIX 06py4a, H MOBepHeM BepXHHHA 06pyd BOKPYT BepTHKAIBHON OCH, OCTAB-
NAA HUTH HATAHYTBIMH. LIMAMHAP NpeBpaTHTCA B CMIIepbONAOHA, M BBl YBHAHTE
obpasytomme (puc. 16.4).

\.
o |
= —
|/ N
b =

Puc. 16.4. [Tpu ckpy9uBasui LWIHHAPA CTAHOBATCA BHAHK ofpasyiomue runepGononaa
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Boitee Toro, HMeeTcqd amopoe cemeticmso o6pasyiouux Toi ke IIOBEPXHOCTH;
9ro6H €0 YBUAETh, ZOCTATOYHO MOBEPHYTE 0GDYY Ha TOT e yroJ B NPOTHUBOIMO-
JOXHOM HanpasneHuH. Ha prc. 16.5 naoBpaxeHrl 06a ceMeHcTEa ([IpH TOBOPOTE
ofpyda B MPOTHROMONONKHOM HaNPABIEHHH NONYYHTCA 3epkayibHblil 06pa3 Hale-
ro runepbanonga, Ho runepbonond, Syaydn MOBEPXHOCTHIO BPALIeHUA, CHMMET-
pHYeH OTHOCHTENBHO MI06GH ILIOCKOCTH, NpoXoAdaineil Yepes ock BpallleHH, Tak
ITO OH COBNIAAAeT CO CBOMM 3epKafbHEM 06pazoM). YToGH noayunTs runepbono-
M1, 34JAHHLIH BRIOIEIIPHBENCHHLIM YDaBHEHHEM, HY)KHO CTIeLIMaAbHEIM 00pasom
noAoGpaTs pasMep NMAKHADA H YTOA BPAalOeHKA, ITOT nog00p MHl OCTABAAEM M-
TATEJIO.

Puc. 16.5. OOHONORGCTHEIE rHOeplonond ABIAETCA ABAXNAE AHHEYaTHIM

Jpyroii npumMep — zunepbonuueckuii napaboroud. Ero MoXXHO ONHCATL OIEHB

MPOCTHIM YPaBHEHHUEM
Z =Xy

(puc. 16.6(a)). OH MOXOX Ha CEAN0 FIIH HA TOPHHIE nepesan, [IpocTeitmuit ciocob
noCTpouTh 06pasyioniie 310l MOBepXHOCTH — B3ATH €€ NepeceYeHUs C INIOCKOCTH-
MH X =¢, MapajalelbHHMHA MIockocTH yz. [lepeceuenne (B KOOPAWHATAX ¥ H Z
NAOCKOCTH X =) 3afjaeTcd YpaBHeHUEM 2 =cy, a 3TC NMpAMas. 3Ta NOBEPXHOCTh
TaxKe HMEET BTOPOe CEMeHCTBO 06PasyIolnNX; 9Tob X YBUAETh, HYXKHO B3ATH €e
[epecedeHNA ¢ IVIOCKOCTAMHE Y =¢ (puc. 16.6(6)).

16.4. dBaw/ki AMHelaThle NOBEPXHOCTH

JBe ollcaHHBe Bbiille TIOBEPXHOCTH ABMAICTCA J8axncObl AuHelivambimi. ITO
O3HAYAET, YTO Yepe3 KAKAYI0 TOUKY A 3THX NOBEPXHOCTEH MpoXoaAT ABe pasivy-
Hule apaMue, [, 1 L, conepxampecs B NoBepxXHOCTH. MOKHO NOMy9KTh AaNbHeli-
IIMe MPHMEPH ABAKARL IWHeHYATHIX TOBEPXHOCTEHM, CHMMAA M pacTATHBAA YKe
HMeromrecd. ToyHee roBops, ABaKALI JHHeHYATHIME GYAYT TOBEPXHOCTH, 3aJaH-
HHle ypaBHeHHAMYK x° + y2 —z2 =1, z = xy B IIPOM3BONBHON, He 06A3aTeNbHO
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Pue. 16.6. TrnepGonnyecknii napabonons,

MpAMOYTOALHOHN, CHCTEMe KOODIHUHAT. YEMBHTENBHO, UTO dpy2ux deaxcdut Aukeliva-
mbix hogepxHocmeil Hem (MH MpKeeaeM 6o5ee TOTHYIO GOpPMYNIHPOBKY HHXe). Ho
HaYHEM MHI C IPeJIONEHHA, TT0 CYTH MOKA3HBAIOIIETO, UTO TPHXAB! THHeIaTHX
TIOBEPXHOCTEH He CyIEecTBYeT.

16.5. He GhIBaeT HEIIOCKHX TPHIKABE JIMHEHIATHIX MOBEpPXHOCTEH

Tprokar! TUHeYaTad NOBEPXHOCTE — 5TO, KOHEYHO, IIOBEDPXHOCTE, JePes K-
AYI0 TOYKY KOTOPOH TMPOX0AAT TPH NPAMEE, COACPKAIIHecAd B NOBEPXHOCTH. Mul
XOTHM JloKa3aTe, 9TC HoAee Wi MeHee BCAKas JIMHeHYaTan oBEPXHOCTE 00A3aHa
65ITE MIOCKOH. MBI HauHEM ¢ TeopeMHl, Hak/laAblBalolelt ypeaBryaiiHo cHIbHOE
OrpaHHYeHHE Ha FeOMETPHIO TaKOH MOBEPXHOCTH.

TroPEMA 16.1. [fycmb S — AuHeliuamas nogepxHocms, U nycme A € S— mou-
Ka, uepes KOMopyw npoxedam mpu pazaudnsie npamue 1y, I5, 13, codepmwausuecs
8 S. Toeda aubo S codepyum naocxuil Ouck ¢ yeHmMpom e A, aubo § cocmoum u3
NPAMLLG, NPOXOORUUX Hepes A.

JloKABATEABCTBO. COIMIacHO oMpejeneHHI0 NMOBEPXHOCTH, HEKOTOpPHIH ydac-
TOK S BOKPYT A MOJKHO B3aHMHO OJHOZHAYHO CIPOEKTHPOBATh Ha 06macTs D B
wrockocTH P. OBosHadum depes A', I, 17, I} mpoexwn A, 1), [, I; Ha D. BosbMeM
Ha § Takywo TO4KY B, focraTouHo GAM3KYI0 K A, WTO nmpamas BA He fewuT Ha
HOBEPXHOCTH (€CIH TaKOH TOYKHM He CYIEecTBYeT, TO TIOBEPXHOCTE S COCTOMT M3
HpAMEIX, TpoXoaamumx yepes A). ITycte | — npaman, npoxoaaman yepez B (HO He
Yyepes A) B cogepxamancd B 5, 1 nycts B, I’ — npoexauu B, | Ha miocxocts P, Ec-
JH B AocTaTOYHO G/IM3Ka K A, TO NpamMas [’ oIDKHa nepeceKaTh BHyTpd obnacti D
He MeHee YeM ABe U3 npAMEIX 1y, 1, l;. (JeiicTBHTENbHO, eCi B AocTaTovHO Gins-
Ka K A, To npambie, TpoxoaAllae depes B’ u He nepecexalonyue [} 5 D, o6pasyior
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Maibii yron a; ¢ BepuiMHoit B B', AHAJIOTHIHEE Masble YT, ¢y 4 O3, BOSHUKAIOT
ana l, u l; —cm. puc. 16.7. TTockoAbKy 3TH YTIbI APYT Ha APYra He HAKAAZLIBAIOT-
1, 3HAYMT, IPOXOAAIN2A Yepe3 B’ npaman MoxkeT H3bexarh fepeceveHud B D He
Gonee yeM ¢ ogHolt u3 npambix I3, 15, 11.) TlycTs, ckamem, I nepecexaer I u I,
Toraa npamue [, {; H 1, Tacke NONMapHO NepecexaloTes B TpeX pasMMIHBIX TOUKAX
H, B YaCTHOCTH, JIEXKAT B OAHOH IIIOCKOCTH Q. Bosee Toro, At BCAKOR AOCTaTOYHO
Smpakoii K A Touky C € 5 pAaMan Ha OBEPXHOCTH, APOXOARILAA Yepes C, ZoDKHA
TIEPECeKATh B PA3NHYHEIX TOMKAX XoTA Gut ABe M3 npAMEIX 1, Iy, I, (AokazaTenwcTBo
AHANIOrMYHO TpeLIAYLIEMY), a 3HAYHT, C Taloke MPHHAZIENUT Q.

\
\
\

Puc. 16.7. Yraul @, a,, @; He FepEKPLIBAIOTCR

CnencTBUE 16.2. Beaxas mpuxcdst auHetiuaman ROSEPXHOCIND AOKAALHO ABNA-
encs naockocmslo: dna moboll mowky Makoil nosepxHocmu haiidemcena naockudl
duck ¢ yenmpom e amoti mouke, codepycauiuiica e nosepxHocmu.

JokazaTenwcTBO. Cornacko TeopeMe 16.1, noBepxHOCTs BEIN3H TOUKY A AB-
Jaerca 1o IWIoCcKocTbIo, A60 KoHycoM. [IpH 3TOM OUEBHAHO, YTO €C/H KOHYC
¢ BeporHOi B A COZep:KUT IIPAMYIO, He NPOXOAAMIYI0 Yepe3 A, TO OH ABIACTCA
IVTOCKOCTEIO.

(Bojiee M3ALIHO BHITIAJUT TaKO€ YTBEDHJAEHNE: BCAKAA CAsA3HAA TPIKABL AU-
Helfgarasd NOBePXHOCTh — IVIOCKOCTD, [IpeataraeM YHTATeNO AOKA3ATE €ro caMmo-
CTOATENBHO, NPEABAPHTENbHO HOHAB GOPMYAHPOBKY.)
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Hama cneayioman 1e/s — ONACATE BCe ABRMARL AHHeHYaThie MOBEPXHOCTH B
TIpocTpaHcTBe. g 3Tol nesn HaM NPUASTCA PacCMOTPETh OIHH OYEHE CITelHank-
HBIH WIace NeBepxHOCTER.

16.6. TloBepxHOCTH, NOPOXKASHHEIE TPOIIKAMH IIPAMEIX

IIpefcTaBbTe, YTO BAM HYKHO COMHHATE 3371a4M K IaBe y4eBHMKA «npAMbe
H IJIOCKOCTH B NPOCTPAHCTBe» ANIA 3ajavyHHKa N0 MaTeMaTHke. JOmycTHM, Bl
NpHAYMATH TAKYI0 3afa4y: HaliTH ypaBHEHHe IUIOCKOCTH, PoXogsalei yepea TpH
JaHHBIE TOYKH. OTO 6yfeT «xopomad» 3ajada: OHA Beerjja HMeeT pelleHHe, MpH-
YyeM, KaK NpaBwic (eciH No cay4aliHOCTH TPU TOUKH He OKAKYTCH «KOMIIMHeap-
HBEIMH», TO €CTB JISKAIIHMHA Ha OAHOH NpAMOoit), OHO eAHHCTBEHHO. A BOT eCH
MOMpPOCHTE HAKTH YpaBHEHHE IVICCKOCTH, TIPoXoAleii uepes JBe IWIH 2eTHpe ToY-
KK, TO 3ajla9a Xopoweli yxe He OyZeT: B nepBoM cAydae pellleHMi BecKoHeYHO
MHOTO, a BO BTOPOM HX, KaK [TpaBuao, HeT. Mnu nycTs B 3agade TpebyeTcd HaiiTn
ypaBHeHUE IUIOCKOCTH, MpoXojdileit depez ZaHHYIO TOMKY H NMapajnelbHOH JaH-
HBEIM NPAMEBIM — CKONIBKUM TIPAMBIM? OTBeT: AByM. UMeHHO, HaJ0 B3AThH NpAMHe,
poXoAAlHe Yepes AaHHYIO TOUKY M IapainenbHbie 3ajaHHbM. Ecn HX aee, 10
OHH ONIPEAENAIT ¢JHHCTBEHHYIO TLIOCKOCTE (eC/IM He COBIMAZANT).

A Teneph nogyMaiiTe BoT 0 Kaxoit 3agave: HalfTH npAMyI0 (B NPOCTPAHCTBE),
Nepecekalonyio (KaKoe KOIHYecTBo?) 3aJaHHBIX MPAMEBIX. CKONBKO NPAMBIX HYX-
HO 33/1aTh, 9TOOHI 3aa49a 6bUta Xopomeii? ME JafiM OTBET HA STOT BONPOC B KOH-
1e 0. 16.7, Tak 910 BpeMA y Bac ecThb. [Ioka yTo paccMoTpHM 3ajagy Gonee mpo-

CTYIO.

ITrEAnOKEHKE 16.3. [Iyems A, 1, I;—mouxa u napa npamstx é npocmpa-
cmage, npuuem A He npunHadnexcum uu ly, nu l, u He cyigecmayem naockoemu, 8 Ko-
mopoil nexweam u A, uly, u l;. Tozda cyutecmayem eduUHCMBERHEA NPAMAA, NPOXOIA-
ujas uepes A it KOMIIaHapHan (mo echb nepecexaroan Wil napaiiensiasn) kax iy,
mak u .

JOKA3ATEABCTBO. (CM. pHe. 16.8.) [yers P, — maockocTs, coaepkaias A n 1,
a P, — NIOCKOCTD, coepkaniasg A U [,. Vi3 yernoBuA TIpeAnoskeHHd BHITEKALT, YTO
TakHe IUIOCKOCTH Py, P, CYMECTBYIOT, €AMHCTBEHHBI B PA3IA4YHBL. Tak KaK OHH
HenapanneneHh (o6e cofepskaT A), OHH IepeCceKaloTCA 0 IPAMOiL, DTa npamasn |
YACBJIETBOPAET YCIOBHAM NMPeAIONERHH, HPUYEM OHA STHHCTBEHHA, TAK KaK JCDK-
HANMEeXATEH B P, U B P,

B xavecTBe HENOCDEACTBEHHOTO NPUMEHEHHA MBI OTMETHM CBOMHCTBO IBYX ABA-
WAL THHEeHYATHY NoBepXHOCTelH, paccMOTPEHHEX B 1. 16.3. OueBHAHO, npama,
IPHHAANeKAlaA NeprRoOMYy ceMeiicTBY o6pa3yIoly HA ORHONMIOCTHOM Thiepo-
JoM/le, KOMIUIaHapHa (JIeKHT B 0FHOH IMIOCKOCTH) €O BCAKOH APAMOIN U3 BTOPOTO
ceMeiicTBa. BospMeM TPH MPOH3BONBHEIX pAMELe 1y, [;, 1 U3 nepBoro cemeiicTra.
Toraa Bropoe cemeficTEO COCTOKT B TOYHOCTH M3 NPAMBIX, KOMIUTAHADHEIX BCEM
TpeM. JelicTBHTENBHO, BCe NPAMBIE BTODOTO CeMelicTBa 06NadaloT STHM CBOMCT-
BOM, TO €CTh HAM OCTaeTCd NOKasaTk, 4To N0ban mpaAMad | ¢ 3TUM cBolcCTBOM
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Q

Puc. 16.8. JokasaTenbeTso npearokeHua 16.3

TIPHHAANEKHT ITOMY cemelcTsy. [TycTs | nepecexaer, ckameM, npaMyio I; B To4-
ke A (I He MoxeT GBITE napaniensHa U 1), u I, u 13). Haliffiercd npsmMana BToporo
ceMe#cTBa, IPOXOAAIIAA Yepes A. 3Ta npaMan Ao/DkHa GbITE KOMIUIaHapHa l, u l,,
a 3HAYMT, OHa COBNAJAET C [, TaK Kak NpAMas ¢ 3STHM CBOMCTBOM ¢JHHCTBEHHA.
[oaroMy opHonouOCTHEI rEnepfonon — obbefUHEHHe BCeX MPAMBIX, KOMILTA-
HapHHIX JI060# AaHHOH TPOliKe MOMAPHO CKPEIUBAIOIIUXCA NMPAMBIX HA TUNEp-
6omonAe. To4HO TO e caMoe BepHO (M aHANOTHYHO AOKA3BIBAETCA) ANA rHIep-
Gonmgeckore mapabonouga (¢ JOMOAHHUTENBHBIM 3aMeYaHHEM, YTO HHUKAKHe JBe
npAMBle Ha THNepGoNHyeckoM mapabonoHae He NapajieAbHE).

16.7. YpaBHeHHMS MIOBEPXHOCTEN, MOPMEACHHBIX TPOHKAMH NpAMBIX

Itycrs 1, 1, 3 —Tpr nonapHo ckpelnpBaicpecs (He KOMIUIaHADHEHIE) TIpA-
MHI¢ B IIPOCTPAHCTBE, PACCMOTPUM NPAMEIE, KOMIUIAHADHEIE BCEM TPEM JAaHHBIM
npameiM. Ha camoM fene, cornacHo npemroxennio 16,3, nMmeerca no ofHo# Ta-
Koii npamoii, mpoxoaswmeit Yepes KaM/YIO TOUKY I3, ¥ eule OfiHA NPsHMad, mapai-
nencHas I3 1 nepecekaloman 1, 1 I, O6beanHeHne S BeeX TAKHX NPAMEIX - JIH-
HeifyaTas noBEPXHOCTE (MBI He GyAeM NPOBEPATSE, YTO 2TO NOBEPXHOCTD, TAK KaK
3710 OymeT BHTEKAaTh U3 HIDKEUIeAVIOUMR pe3yasTaroB). Ml GyaeM HazniBaTh S
NOBepPXHOCTRIO, NOpoXKIeHHON npsmbiMi 1y, L, 15,

TroPEMA 16.4, [Tycmb S — nosepxHocms, NOPOXCOEHHAR NONAPHO CKPeWUEaIo-
ugumuca npambimu 1y, I, L.

(1) Ecau npamse 1, 1, I He napaaienshst 00Hoil naockocmu, mo S onucsisaem-
s 8 nexomopoll (8oamoncro, xocotl) cucmeme xoopdunam ypasHenuem x2+ y? —
-z2=1.

{2) B npomusxom caywae S onucsisaencs 8 wekomopotl cucmeme xoopournam
YDagHeHUeM =Xy,

JoxasaTenvcTBO. IlyceTh cHadana npsamwe 1y, I, 1, He napamtenpHE ogHOH
IVIOCKOCTHE.
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JIEMMA 16,5, Cywecmsyem cucmema xoopouHam, g Komopoll npambie Onucsisa-
FOMCA YPAsHEHLLAML

li: x=-2, y=1,
Ly x=2, y=-1,
Iy x=1, y=z2

(mo ecms cocmoam uz mouek (t, 1, —t), (£, —1,8), (1, ¢, £)).

JoKA3ATENRBCTBO AEMMEL. [lyets I, i =1, 2, 3, — npaAMble, napannenbHse
M NEPECEKaOUHE ABE OCTARIIHECA MPAMble ! 13 j#i. (OTH NpAMBIE CYIIECTRYIOT
M AMHCTBEHHH. JIeACTBUTENEHO, BbIOEPEM j # i H BO3BMEM IUIOCKOCTH P, 3aMme-
TAEMYIO ITPAMBIMH, NApPaUIebHRME [; 1 mepecexarolmumu [;, 3ta MIOCKOCTD He
napanneinbHa TpeTheit npaMoit [ — B npoTHBHOM (rydae oHa GbL1a GBI mapasiens-
Ha BceM TpeM. [lycte € — Touka nepecevyeHna P u 1. [Ipaman, npoxopanias ge-
pes C u napanenbHad l;, mepecekaeT kak lj, Tak U [, —3To u ecTb 1) Ipamue
L, I, 1, 13, 13, 15 o6pasyioT NpocTpaHCTBEHHbIH INECTHYTOIEHMK ¢ apasUleNbHEL-
MM IIDOTHBONOIGXKHEME cTopoHaMu. O6o3HaduM ero ABCDEF (rue A-—TouKa
nepecedenud {; u l;, B — Touxa nepecedeHMs I; H I3, 1 T.4.; cM. puc, 16.9(a)).
[IpOTHBONMONOKHEE CTOPOHH WECTHYTOABHUKA HE TOABKO NMapainenbHbl (4T0 MBI
yiKe YIOMAHYIIN), HO K NMEIOT OAMHAKOBYIO) JUTHHY: MEL HMeeM

AD = AB+BC+CD = AF +FE+ED,

a TaK Kak NpejACTABNEeHIe BEKTOPA B BHAE CYMMEI TPeX BEKTOPOB, KOLTHHEeapHbIX
l,, I, u l;, eAMHCTBEHHO, TOAYYaeM paBeHCTRA AF =CD, AB=ED, BC =FE.

Cranc ObiTh, WECTHYTONEHKMK ABCDEF LeHTpaAbHO CHMMETPHIEH; BO3EMEM
€ro MeHTp cCHMMeTpHH O B KadeCTRe Hauana KOOPAHHAT. B KadecTBe €; BO3BMEM
BEKTOP 3 TOUKH O B cepefinHy BC; B kayecTBe e; — BEKTOP OA; B xavecTBe €; —

BexTOp OB - €; - €5, B cHCTeMe KOOPAMHAT € HAYWIOM B O U KOOPAMHATHRIMHA
BEKTCPaMK €, €3, €; TOUKM A, B, C, D, E, F 6ygyT MMeTE KOODAHHATH, YKa-

©,1,00A  B(1,1,1)
L Iy
(-1,1,1} F cQ,-1,-1)

(-1,-1,-1)E D (0,-1,0)

(6)

Prc. 16.9. fiokasaTenkeTBO AeMMEL 16.5



Jlekrpa 16. IpaMele AUHUK Ha KPUBBIX MOBEpXHOCTAX 255

3aHHBIe HA pHC. 16.9(6). Mol BHAKMM, 9TO TOYKH F, A UMEIOT KOOPAMHATHI, YHO-
BAETBOPAIOLINE YpaBHeHMAM X = —g, ¥ = 1, a 3HAYMT, NocaeJHUe — YPAaBHEHNA
npadoti 1;. AHaAoTHYHO, KOOPZHHATH D, E yOZOBIETBOPAIOT YpaBHEHHAM X = 2,
¥=-1, a kcopAuHATH B, C —ypaBHeHHAM X =1, y =2, TO eCTh 3TO YpaBHEHNA
npaMex I u l;.

Wz nemmer 16.5 cnexyet yreepiierne (1) reopemm 16.4. JleficteurensHo, npa-
MBbie M3 IEMMH, OYEBUZHO, NIPHHALMIEKAT IOBEPXHOCTH ', npeAcTaBeHHOii (B Ha-
meit cUCTeMe KOOPAMHAT) ypaBHeHueM x2 + y2 — 22=1. Touku S’ COOTBETCTBY-
10T TOUKaM OHONONOCTHOrO runepbononsa (NpeACTaRIeHHOTC TeM e YPaBHeHH-
€M B CTAaHAAPTHOM CHCTEeMe KOODAMHAT), H 3T0 COOTBETCTEHE NEPEBOAHT NPAMEBIE
B npaMele. Tax KaKk rHIepOoion] — 00bpeANHEHNE NPAMBIX, KOMILUTAaHAPHEIX TPeM
NOMapHO CKpemHBAICIMMCeS MPAMBIM Ha HeM, TO Jke BepHo Ans S’, To ecTb §' —
ofbeauHeHe NPAMbIX, KOMIUIAHAPHHEX 1, [,, 1;. [foaToMy S’ ¥ § coBnmazaioT.

[epeiiaem x yreepigenmo (2) Teopemsl 16.4. ITycTe npamsre 1y, 15, 1 mexar
B NAPAATEALHEIX IIOCKOCTAX Py, Py, P;. TIpeanonoxuM Takke, 4To Py JeXHT MexX-
Ay P, 1 P it uro oTHomenue paccroaHuii mexay P, u P, v Mexay P, u P, paBHO a.

JiEmmMaA 16.6. Cywecmayem cucrema koopounam, 8 komopoil npsambte onucsisa-
tomcesa ypasHeHuAM

Ly

Ly ¥y

Iz y

u
[
I
|
=]
X

H

Oz
1, =

JOKA3ATEALCTREO JEMMEL 3adHKCHPYEM Napy NIPAMBX My U M., NepeceKalo-
mwx npamste 1), 1, I3 B Touxax A, 1 A,, B, u By, C; u C, COOTBEeTCTBEHHO (CM. PHC.
16.10(a)). BosbMeM B; B KaueCTBe Ha4daaa KOOPAMHAT M ONpeleSHM KOODAUHAT-
Hel¢ BEKTOpHI Kak €; = B B,, e, =B,C,, e¢; =B,C; — e; — e,. Tora KoOpAHUHATH
To4ex B,, B,, C;, C, TaKkue, Kak noKazaHO Ha puc. 16.10(6). Boxnee Toro, Tak Kak

P

o)

(@) (6)

Prc. 16.10. AokasaTenseTBo JeMMel 16.6



256 Irapa 5. [pambie

npamele [, 15, I; nexaT B mapaJUIeNbHEIX IVIOCKOCTAX, HMeeM

AiBy| _ A8y

[B.C|  IB,Gyl
TaK 4TO KOOPAMHATH TOYEK A, A, pasusl (0,0, 0)-a((0, 1,0)~(0,0,0))=(0, ~a,0)
¥ (1,0,0)—a((1,1,1)—-(1,0,0))=(1, —a, —a) cooTBeTCTBEHHO. OTCIOAA ClIEAYeT,
9To npaAmEe 1y, 1y, l; IMeOT yKa3aHHEIE YDABHEHHA,

3

Hz nemmet 16.6 cnegyeT yreepkaenre (2} TeopeMe! 16.4 Tak ke, KaK U3 JeM-
Ml 16,5 cregyeT yreepxgenue (1),

B zamoueHMe AaBafiTe OTBeTHM Ha RONPOC, HOCTABTEHHLIH B Hadane 1. 16.6.
Ecau MH XoTHM, 9YT06H! 334344 O NOCTPOSHHH MpAMOL, KOMIUIAHAPHOH HEKOTOPO-
MY KOJMYECTEY CKPEUIHBAIOIINXCA NPAMEYX, GEa Xopolleit, TMCIio MPsMBIX J0IGK-
HO GLITH paBHO YeTHpeM. JleHCTBUTENEHO, NPAMEIE, KOMIUIAHAPHBIE NEPBbIM TPEM,
00pasyioT IOBEPXHOCTh, 3aJaBAEMyI0 YPaBHEHHEM BTOpoi cTeneHH. YeTBepras
TpAMasn NEePeceKaeT NOBEPXHOCTE B 2, WK 1, 1au () TOUKaX, W KaKAAd U3 ITHX
TOMEK NPUHAZIEHUT NPAMOI, KOMILIAHADHON NepBEIM TpeM. 3HAYUT, YUCIO pe-
IneHWH paBHO 2, 1 WK 0, KaK ¥ KBaApaTHOrO YPaBHeHHS.

16.8. JIpyrux aBakABl THHeHYATEIX MOBepXHOCTEeil HeT

TEOPEMA 16.7. Ilycms S — Osaxcipt MuHeliuaman nosepxHocms, He UMewan
nrockux yuacmxos. Tozda dns mo6oti mouku A €S nalidemcs makas noeepxHocms
So NOPOXNCIEHHAR MPEMA NPAMBIML, WINC BHYIMPU HEKOMOPO20 Wapda, codepiatye-
20 A, nosepxxoemu § u S, cosnadarm.

3aMEYAHHE 16.8. Mz Teopemsl 16.7 MOKHO ERIBECTH, YTO Jiofad CBA3HAA He
IUTOCKAY ABAMAK JHHeYaTasA NOBEPXHOCT: NOPOKAAETCA TPEMA CKPEIOHBAIQIII-
MUCA NPAMEIMH, a 3HAYUT, COrIaCHO NpeArAYIlei TeopeMe, B HEKOTOPOIl cHcTeMe
KOOD/MHAT OTMHKCHIBAETCA OHWUM M3 ypaBHeHMIl: x2 + y2 — 22 =1 wan z=xy. Mn
OCTABAAEM JOKA3ATEAbLCTBO 2TOIO YTBEPXKACHAA YHTATEIO.

JOKASATEABRCTBO TEOPEMEI 16.7. Tak Kax NOBepPXHOCTH HEILTOCKAA, HMEIOT-
cA POBHO JIBe TIPAMEIE, MPOXOAdLMe Yepe3d A U cofepkalrecs B S. OBo3HaYUM
uxl uli,.

YacTs TOBEPXHOCTH B OKPECTHOCTH A 061ajaeT B3aUMHO OAHO3HA4YHOH mpo-
exnued Ha oacte D Ha maockocTh. Iyere A, 1, [, —npoexnum 4, 1), I, (puc.
16.11(a)). tna Touxu B Ha 8, AocraToudo GNU3K0i K A, mobas mpaMas, IPOXoIA-
mas depes ee o6pas B’ B D, nepecexaer nmubo I}, mibo L. MycTs m,, m, ~-napa
NPAMBIX B S, IPOXOAAIIMX Yepes TOUKy B, i mycTs m}, m), — ux o6pasml B D, Toraa
Kaxaad U3 m‘;, n;, mepecekaer B D oxny us I, I7. Ho HU OZHA H3 HHX He MOXeET
nepecexark ofe: ecd, cKaXeM, m) nepecekaeT u I], u 15, To mpambie my, I, I
06pa3yIoT TPeYrOMBHHK, W TUIOCKAA BHYTPEHHOCTH 3TOPO TPEYTOABHHKA JODKHA
nexats B S (mobas npaman, npoxoAswas ueped Mo6yio Touky C BHYTPU 3TOTO
TPeYrONBHHUKA, TIePECceKAeT KOHTYD B ABYX TOUKAX, a 3HAYHT, COAEPKHTCA B ILIOC-
KOCTH TpeyToNbHHKa). [lo TeM e MpUYHMHAM MPAMEIE M) M nt, HE MOTYT Tepe-
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cexaTh OfHY M TY e NMpamylo, [] wnu [). 3HauuT, B HEKOTOPOil OKXpecTHocTH A
KaX/Jad [IpAMad B S, TpOXoAAMad depes Jio6ylo TOUKY S, He Aexkamyo Ha {; wau [,
IIePeceKaeT B TOYHOCTH OIHY M3 3THX NPAMBIX.

3To [O3BOJAET HaM FOBOPHTD O ABYX CeMeiCTBaX TIPSMEIX Ha St TIpAMELe, Tiepe-
cexamomue I, (Bioniodad [}, ofipasyioT neproe cemefiCTBO, B TO BpeM# KaK NIPAMBIE,
nepecekatomue [; (Brmovas L), ofpasyior Bropoe cemeiicTeo, O4eBHAHO, YTO!

(1) BHYTPH KaxKAOTO ceMeilcTBa MpAMBIE HE IEPECeKAIOTCA;

(2) Beaxan npsMan oAHOTO ceMeficTBa MepeceKaeT BCHKYIO NPAMYIO APYTOrO
ceMeiicTBa;

(3) mpAMBIe KKAOTO ceMeliCTBA MOKPHIBAKDT BCIO TOBEPXHOCTE (BCIO €€ 9acTh
BOKDYT A)
(em. pue. 16.11(6)). STO NOKA3BIBAET, YTO MMOBEPXHOCTH NOPOKAaETeH (B OKPECTHO-
cTH A) MOGHMH TpeMs NPAMEIME MOG0T0 H3 IBYX CeMeliCcTE.

NN

(6)

Puc. 16.11. JlokazaTenrcTBO TeopeMnl 16.7

3Ha9MT, e KpaitHell Mepe NOKanbHO, BCAKAA HEIUIOCKAA ABAKAH JTHHEeHTaTanA
NMOBEPXHOCTL — AHO0 OFHONOAOCTHBIN runepforona, mubo runepOonHdecKui na-
pabononz,

16.9. Teatp TeHeil

B 3akmogeHne MBI pacCMOTPHM pacmoncikeHHe TeHedt ofipaayioux Aaskisl
JMuHeHuaToH MOBEPXHOCTH HA IUIOCKOM SKpaHe. OrpaHHYMMCS CIy4aeM OAHOIo-
JIOCTHOTO rHNepBononaa, cIefaHHOTO M3 ABYX CAUHAKOBEIX KPYTAHX 06pyueii 1 ma-
PbI IECATKOB OJMHAKOBHIX HUTell, MpeACTABNLIONINK ABA CeMelicTBa 00PazyIoIHX
(em. prc. 16.5). o moeoay runepboanyeckoro napabomonsa oM. ynpaxHeHne 16,6,

9 3ak 3617
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Jlia Hadana npeATToNoRMM, YTO AYYH CBeTa Tapaj/IeNbHEL APYT APYTY (T. e, Hc-
TOUHHK CBETa PacHoiokeH Ha 6eCKOHEYHOCTH) H O4HOI M3 IPAMEIX HA runepbono-
Hae — cxaxeM, {. Cinepea 3abyaeM npo o6pyun (TO ecTb IPEANIGAONKMM, YTO MPA-
MEE O4YeHb JJHHHEIE, a PACCTOAHME 0 SKpaHa oveHs Gomsinoe), Teunwo | Gyner
of{Ha To9Ka (oGo3HauMM ee A). OfHa U3 MPAMBIX BTOporo cemeiicrsa (ckaxen, [')
napannensHa [; ee TeHb Taioke 6yaeT Toukoil (obosHaunM ee A'). liobas npaMas
M3 TIepBOTo ceMelfcTBA, 3a UCKIKYEHHEM [, epecekaeT I'; 3HaYMT, ee TeHb NIPOi-
AeT Yepe3 A’, AHANOrMYHO, TeHN BCEX MPAMEIX M3 BTOPOTO ceMmeiicTBa mpodayT
yepes A. BHAUHT, TeHH BeeX MPAMBIX HA TUNepGOIoHAe 6yayT NpAMBIME Ha SKpaHe,
NPOXOAALIMMH Yepes OAHY U3 ToueK A win A’ (Ho He yepes obe); cm. puc. 16.12.

Puc, 16.12. Tean obpasyionux

Teneps goGaeumM o6py4au. Vx TeHslio 6yAyT paBHBIe VLIKNCH E,, E; (J1H OKpYX-
HOCTH, eCIH CAenaTh 06pyyn HapauleNbHEMH SKPaHY; B 3TOM CIyYae, ecTecTBeH-
HO, Ny'# CBeTa He OyAYT NepleHANKYAADHE 3Kpany). Tak kak u l, u I’ nepecexator
o6pyau, anauncel E,, E; oba npoxogar gepez A U A'. Eciu s —TeHb ipaMoit m
M3 BTOpOro ceMelcTBa, TO eCTh s MPOXOAMT wepes A, To s MepecexaeT E; B AByX
TOUYKaX, A ¥ B, u nepecexaer E, B ABYX To9Kax, A ¥ B'; oTpesok BB’ 6yfeT TeHbIo
npsmoii m Mexay obpydamu. TakuM ke 06pazoM MOXHO HADHCOBATh TEHH NPS-
MEIX U3 TIepROTO ceMeiicTRa (Mexay oOpyyamMu) — ¢M. pHC. 16,13,

PaceMOTpUM Teneps APYTVIo cHTyanHio. [TomecTHM TodeaHbil HCTOYHHK CBETa
B TOUKy L Ha rumep6oaouge, ob6o3HaynM 3a | ¥ I’ mapy nmpaMEIX, MPOXOAAIIMX
yepes L, 1 caenaeM skpaH napamnensHeM | |1 I (Tak, yroGu runepGomona aexan
MEXAY HCTOYHMKOM CBETAa M SKPAHOM — CM. pHC. 16.14).

IpaMuie | u !’ Tern He orGpaceipaioT, [TycTs m # | — npamas va runep6ononsie
M3 TOTrO e ceMelicTBa, 10 ¥ I; oHa nepecekaer I’ B Hexoropoil Touke M (min
napamiensHa '), TeHs m — 3T0 UpAMan nepecedeHus SKPaHa U IOCKOCTH, COALD-
®aeit I’ 1 m; B 9aCTHOCTH, OHA MapaltenbHa I'. AHAJIOTHYHO, TEHH NPSAMBIX K3
BTOpOTOC ceMeHCTBa ITapa/sienshH [ 3HaunT, ecH 2a6uTh 06 06pyvax, TeHs SygeT
BHIVIAETb KAK ABa ceMelicTBa napaanenbHEX npaMeix (puc, 16.15(a)).
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Prc. 16.14. [TpoeKuHA H3 TOYKH Ha runepbononge

Mycts Teneps A, A’ —TouxH nepeceveHus NpAaMex I, I’ ¢ nepesim ofpydem,
a B, B’ — Toukn nepecedeHHs 3TIX NPAMEIX CO BTOPHIM 06pyueM. U3 aByx ayr AA
mepeoro ofpyya oaHA He oTHpacEIBaeT TeHH, a TeHb Bropoil (Goapmeit) ayryu—
BETBb rHTIEPOOIIBI ¢ ACHMIITOTaM¥, napaanexabHbiMu | 1 . Tens Goneinoi gyru BB’
pTOporo ofpyya — BeTBb Jpyroi runepSosbl ¢ aCHMOTOTAMY, NMapajyie/IbHEMH 1
p I'. Bes kapTHHA npeacTaBAeHa Ha puc, 16.15(6). OTMETHM, 4TO OHA LEHTPaIBHO
CHMMETpHYHA: [EHTP CHMMETPHH — 3TO TeHb TOYKY L', mpOTHBONONOKHOI ToY-
ke L (Aapyrumi cioBaMu, TOuka NepecedeHMA APAMEX Ha rHnepbonolfe, napant-
nenpHuX { u 1.
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Puc. 16.15. Tenu Ha sxpaHe

16.10. ¥npaxHeHHUa

16.1. Jige Toukn A M B ZBFDKYTCA C IOCTOSHHOH CKOPOCTRIO BACHE ABYX CKpELTH-
BaIOLINXCA MPAMEIX B NpocTpaHcTBe. Kakylo noBepXHOCTE 3aMeTaeT npaMaa AB?

16.2. HokaxuTe, 9T0 BCAKHH HETIOCKHH YeTHPEXYTOABHHUK COAEDKHTCA B TH-
nepbonnueckoM napaononae, MprYeM 3TOT NapaboNons eJMHCTBEHEH,

16.3. Nycte ABCD — NPOCTPAHCTREHHLIE YeTHIPEXYTOIEHAK. PaccMOTpHM TOS-
xu K, L, M, N Ha cropoHax AB, BC, CD, DA, Takue 4To % =% U % =%.
JokaxnTe, 910 oTpeakyt KM u LN uMe0T o0IIyIo TOYKY.

16.4. Tlycere 1y, 1y, I; — Tpu Takue npsameie, 910 1, K I; KOoMaHApHBE (HO paz-
JAHYIHEL, a I3 — CKpelHBaIIAAca 10 OTHOLIEHHIO K KAXAOI M3 OCTANBHLIX. UTo
3a TNIOBEPXHOCTD MOPOXKAAIOT ApAMHE [, [, 1?7 (IpyrHMH CIOBAaMH, YTO IpeACTaB-
aseT coboit o6beaHHeHHE BCeX IPAMBEX, KOMIUIAHADHBIX KAXA0H M3 3THX Tpex?)

YKA3BAHUE. PaccMOTpHTe OTAENBHO cAydaH, Korfa l, mapanjensHa iocKoCTu
npsameix [, I; ¥ Kora oHa ee mepeceKaer.

16.5. Haiiamre Boe npsiMbie, KOMIUTAHADHEIE AHHBIM YEThIPEM:

x=1, z=y;
x=0, z2=0;
x=-1, 2=y,
x=y, z=4.
16.6. TunepGonuveckuii napa6oaoKuA NPOSKTHPYIOT Ha 3KPaH B HANPABACHUH,
TIapanienbHOM:
(a) oaroil us 06pasyiounx;

(6) nape mwiockocTeil, KOTOPHIM MapANJIENEHEL BCe 0OpasyIoiHe,
KaK BEIIMIAAST IPOEKIHM BCex o0pasyomux?
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Jexmya 17
Asajauare ceMb NPAMBIX

17.1. Beeagenne

B npezeiaymeit AeKUM ME BHAENH, YTO HEKOTOPHIE NIOBEPXHOCTH CTEINeHH 2
{oAHONOMOCTHBIH IHNIEPGONTOHA) LETHKOM COCTOAT U3 IPAMEX AMHMIL; 6omee Toro,
OHY daamcObt Auneiiuamst. TaM e MbI OTMETHITH, 9TO €I IIPHHATH BO BHUMAaHHe
HE TONBKO JeHCTBUTENLHEIE, HO U KOMIUIEKCHEIE NpPSMEIS, TO 8Ce MOBEPXHOCTH
CTeneHH 2, Bmoyan cdeprl U napaGomouaL], OKaXYTCA ABaXKAB! THHe H9aTbIMH.

Ecnu npupepsxuBaThcA aqrebpandeckoro Nogxo/a K 'eoMeTpHH, TO oule 1o-
BEPXHOCTEH CTeneHH 2 CIeAYIOIHM 3TancM JAOMKHLL OKTh MOBEPXHOCTH CTele-
HH 3. Ho reoMerpus NoOBepXHOCTeH (M, ecTeCTBCHHO, KPUBEIX) BTOPOH cTeneHH
OblNa XOpoIno NOHATHA Y)Ke IPeKaM THICAYH JleT Ha3af, B TO BPEMA KaX CHCTeMa-
THYECKOE H3yueHHe NoBepXHocTeil (M KPUBHIX) TPeThell CTeneHH Havaroch JHIb
B XKX Beke.

HeblHe MMEIOTCA Liesble KHUTH, NOCBAINEHHEIE «KyOudeckoi reoMeTpHH» (0TMe-
M Kuure B. Cerpe «The non-singular cubic surfacess {74] n «Kybuueckue dop-
MEl» K0, M. Manusa {12]). Kybuweckas reoMeTpHsa BecbMa OTIWYAETCA OT KITAC-
cuqecKnit «kBagparuuHoii reoMeTpun». B yacTHOCTH, KyOHdecKHe MOBEPXHOCTH,
BoOOILe FOBOPA, He JMHeiiuaTH. Ho Bee e OHM cofepikaT obiIHpHble, XOTA ¥ KO-
HeuHble, ceMeficTBa npaMBIX. (KcTaTH, NOBEPXHOCTH CTEMeHH BhIlle TPEX NPAMEIX
oOBMHO He cogepskaT.) FeomeTpsl XIX Beka, B yacTHOCTH CansMOH U Kanu, sanuiu
OTBET Ha eCTeCTBeHHELA BoMpoc:

CIONBKO NPAMBLX COOEPHCLIM NOBEPXHOCINS Cmeneny 37

OTBeT: ABAALATE CEMb.



262 Tnapa 5. [lpamee

17.2. «CHOABKO?» — YAAMHBIH AM 3TC BOOPOC?

ATOT BONPOC UMEET CMEICT B arzefpaureckoll zeomempun, T, €. B TEOMETPHH
KPHBHIX M MOBepXHOCTEH, 3afaBaeMBIX anrebpanyeckuMy (IOAMHOMHANEHBIMEA)
ypaBHeHUAMH. Taxiie KpHBHE M TOBEPXHOCTH MMEKOT ¢menenu (MOA0GHO ToMY,
KaK CTeMeHM HMEIOT MHOTOWIEHEL).

Hanpumep, ckoneko ToOUeK MepecedeHUA ¥ ABYX MPAMEIX Ha IockocTH? Cre-
AYeT OTBETHTh — OfHA, XOTA MOXeT OuTh K 0 (ec/IM npAMEIE ITApaINeNbHEL) HIH
GecroHeqHOCTE (eCiiM OHM COBIHAAAKT). B mepeoM CAydYae MOXHO CKa3aTh, 4TO
ofman TouKa «GecKOHeYHO yAaneHa», M Bce JKe yuecTh ee. [loaToMmy oTBeT—1
WA 00,

PaccMOTPHM Tellepb KPHBYIO CTEIIeHH ABA. JTO MOXKeT OHTE WUTHIC, TRnep6o-
na, napafona win ITo-HH0yAs 6oee BEIPOXEHHOE, BPOAE aph NPAMEX. MoxHO
CKa3aThb, YTO KPUBAsA CTeleHH 2 UmeeT ¢ npamoi 2, 1, 0 uin GeCKOHeYHO MHOTO
ToueK nepecedeHus. Ho eaydan 1 1 0 criopasl. Hasmnuue Tonasko ofHoil obimeit Tog-
KM 03HAYa€eT, 9TO HMeeTcd b0 KacaTenbHad, T. e, AB€ COBMABIIME TOYKH, JHOO
npAMan, NapajieAbHas aCHMIITOTe THNEePSOAH HAH OCH Napabofikl, B MOCAEHIX
CTy4anX «BTOpafA TOYKa» GecKOHedHo yAaneHa. OTCYTCTBHE TO4eK HepeceveHus
OBHAYAET, 4TO HA CAMOM JAeIe ITH TOUKH KOMIUIEKCHEE (MMEel0T KOMITIEKCHEIE KO-
OPAHHATEI, YAORJIETBODAIOUIHE YPABHEHHAM NPAMOH U KPHBOIL) ik GeckoHeYHO
yAajieHHEle (TO MPOUCXOAHUT, eCAH Halla npAMas — acuMoToTa runepbonet). Ho
€CJTH MBI YIUTHBAEM KaKAYIO TCUKY HYKHOE KONHYEeCTEO Pa3 U He OTOPAceBaeM
KOMIUIEKCHEIE H GeCKOHeYHO yAa/IeHHEIe TOYKH, TO HAHI OTBeT: 2 MAM OecKoHEY-
HOCTb,

AHaNOrUYHO, KPUBBIE (TelleHell m u n JODKHE HMeTs mn WK GeckoHedyHO
MHOTO TOUeK IepecedeHHA (Teopema Besy).

HedopmansHo rosop4, eciti 3agava U3 anrebpandeckoti reoMeTpHn HMeeT KO-
He4HOe YUCIO pelleHKH, To KOMMYECTBC PeHIeHHH 3aBHCHT JHOIB OT CTemeHei
COOTBETCTBYIOLIMX KDUBHX U NoBepXHocTel. PasyMeeTcd, 3To MepecTaeT BRHION-
HATBCA, eC/IH Hac MHTEPECYIOT NHIOb geujecmeenHbie pemeHus. Yo xyxe, B HEKO-
TOPHIX 3aAaYaX BCE PellleHHs He MOryT ObiTh BellecTBeHHEMI. HanmpumMep, HaBecT-
HO, 9TO KpHBAs TPeThell cTeneHH, He cofep:Kalnan NpAMoii, HMeeT POBHO 9 TOUEK
nepervfa. Ho BellecTBeHHE M2 HUX He Gonee TpeX. KpuBas Tperheil cTeneHHK
¢ TpeMA BellleCTEeHHEMH TOYKaMM neperrfa nokazana Ha puc, 17.1. Jna yaobersa
YuTaTens MH H300pasHiid ACHMATOTY KPUBOH H OTMeTHIH TOYKH Neperula cTper-
Kamu. JIpyras KpHBas CTeleHH 3 ¢ TpeMs BemecTBeHHBIMH TOYKaMHM Nepernfa
H3obpaxkeHa Ha puc. 18.6.

17.3. OcHOBHOM pe3yaALTaT

TeoPEMA 17.1. [Tosepxrocms cmenenu 3 codepacum 27 npsmbsd wnu eckoreu-
HO MHOZ0O NPAMBIX.

Mogcmrranrex ¢ MogOGAIOMMME KPATHOCTAMM.
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Puc. 17.1. Kpusas x° =x2y + y?; Toux neperu6a ykasano CTPeIKaMH

17.4. BcooMoraTeabHasd 3ajada: ABOHEIE KacaTelbHbIe

JroiiHad kacaTeNsHas K KPHBOH MAM [MOBEPXHOCTH — 3TO MpPAMas, KacaTelb-
Haf K Hell B ABYX paaIMYHEX TouKaxX. ToUKa KacaHWs yYUTHIBACTCH KaK JBE WK
Gonbile ToueK nepecedeHUA IPAMOit ¢ KPUBGE MK MOBEPXHOCTHIO. FIOITOMY KpH-
Bble ¥ MOBEPXHOCTH CTEMEHH HIDKE YEeTHIPpEX HUKOTAA He HMEIOT JBOMHHX Kaca-
TEJbHHX, He COAePKAIIMXCA B HHX,

BAHOE HABMIOJEHHE. JIBo#HAT KacaTeAbHasd K MOBEPXHOCTH CTeMNeH! 3 co-
JASPUTCA B 3ToN NOBEPXHOCTH.

PaccMOTpUM Teneph KPUBbIE CTENEHN 4 Ha IWIOCKOCTH.

Bonroc. Ckonbko ABOIMHEIX KacaTeNBHEIX MMeeT KpHBas CTEleHH 47

Orset: 28.

MH He CTaHeM NPHBOAMTD HONHOE JAOKA3aTeNBCTBO 3Toro daxral; orpaHyuIHMm-
cA OCTpoeHHEM KPMBOI CTenmeHH 4 ¢ 28 seujecmaeHnbimu, KOHEUHBIMU, DA3AUY-
Hbtml JBOHHEIMH KacaTelbHBEIMH. PaccMOTPHM MHOTOYAEH

plx, y) = (4 +y2 —1)(x*+ 4y* -1).

Ero creneHs paeHa 4. YpaBHeHMe p(x, y) =0 3afaeT HA [WIOCKOCTH «LIMITTHYE-
ckuii kpecT» (cMm. puc. 17.2(a)). KpecT genur maockocTs Ha 6 ofnactelt. Oyukrua
p(x, y) nonoxuTensHa Bo PHellHeH (HeorpaHMueHHoii) ofnacTd U B LHeHTpalb-
HOM o0acTH, a B JENECTKAX OTPHLATENEHA. BO3EMeM 049eHb Maloe TOAOKHTENb-

Ero MoxHO BHBecTH U3 GopMyn ThatoKkepa (cM. ReKIIo 12).
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HOE £ M PacCMOTPMM KPHMEYI p(x,¥)-+ £ =0, Taioke cTeneHH 4. OHA COCTOUT
M3 4eTHIPEX OBANIOB BHYTPH JIETIECTKOB NPEALIAYINEro kpecTal, 3TH oBamL 0YeHb
61M3KH K TPaHHLAaM JenecTKOB.

@ﬂ

Puc, 17.2. MocTpoeHne KPHBOH

6)

Kaxzsle fBa oBana MMeloT (He MeHee 4eM, HO B AeHCTBHTEABHOCTH POBHO)
4 o6IUX KacaTenbHbIX: ABE BHEIIHUX M JBE BHYTPeHHMX. [IpH 3TOM OBAIHI He
BHOYK/IE (MX dopMa Gnnaka K ¢opMe JIeIeCcTKOB), M K KauA0MY M3 HHX HMeeTcH
ABoitHax KacarensHas, Mroro:

(‘2‘)-4+4=28.

17.5. T1oBepXHOCTH CTEMEHH 3 ¥ KPHBBIE CTENIEHH 4

IlycTh 5 — IOBEPXHOCTD CTENEHH 3, 33/aHHAA YPABHEHHeM

Ps(x, Y, 2} +pax, ¥, 2)+ pi(x, y, 2} +¢c =0,

rfe py, P2, Ps — OAHOPOAHEE MHOTOWIEHBI CTETICHH 1, 2, 3 COOTBETCTBEHHO, IIpes-
nonoxuM, yro 0=(0,0,0}€ S, 10 ecTb ¢ = 0. PaccMOTPHM HEKOTOPYIO TIPAMYIO,
OpOXOAALNYIC yepe3 ; OHa COCTOMT M3 TOUEK ¢ MPOROpUHOHANBHEIMH KOOPAHHA-
TAMH, CKAXKEM

x=at, y=Pt, z=7t, (af,7)#(0,0,0). a7

ota npaMan nepeccKacT Ss HYJE H €I0E B IBYX TOYKaxX. Ecam 5TH aABe TOYKH COB-
IIaAawT, IOMCTHM HAIDY NPAMYIO. Taxum 05]3&30M, KaAaa noMedyeHHad IIpAMan

g JAPYTHX MecCTaX B DTOH KHHIE TePMHH «0Bajl» o00sHauYaeT 3aMKHYTYIO CTPOTO BRINYKAYIO TIak-
Kyi0 KpMByIo, B BemecTEenrol amrelpanveckoii reoMerpHH, oAHaKo, oBas aarefpandeckodt kpH-
BOM — 3T0 €& KOMITOHEHTA, OTPaHMHBAIONAA TOMONOTHIECKHH KpyT.
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Puc. 17.3. 28 AB0OHHEIX KacaTenbHRIX

TiepeceKaeT S B HyJe, KacaeTcA S B HeKoTopoii Touke T U He uMeeT ¢ S o6MMX TO-
4gek, kpome 0 u T. PaccMOTPHM nepeceuyeHHs TOMEYEHHHX IIPAMBIX ¢ HEKOTOPBIM
sKpaHoM. TIoyYaeM Ha BKpAHe KPUBYIO, KOTOPYIO ofoanauuM L (puc. 17.4).

IKpaH

Pric. 17.4. HpoeKIHA MOBEPXHOCTA HA 3KPaH



266 I'rapa 5. [TpaMeie

TakuM c6pasom, eciau P €L, To npsiMan, npoxoasinas Yepes O u P, kacaeres S
B HekoTopoii Touke T(P) €S, 3ameTum, aTo ecyim [ — npAMasn, KacarensHag K L
B TOUKe P, TO MAGCKOCTS, coflepkamiasn O 1 [, kacaetes S B Toure T'(P).

Terreps moKaKeM, YTO KPHEas L nMeeT cTeneHb 4. YTo6H HAlTH NepeceyeHHe
upameii (17.1) ¢ S, noacrasuM (17.1) B ypaBHeHMe g4 S:

pala, B, 1) +pa(a, B, V)2 +py(a, B, Y}t =0,

OAHo 13 pemieHHH 3TOro ypasHeHHA ecTh 0, a ABa APYTHX COBNAAAIOT TOTAa H TONb-
KO TOTAa, KOTAA

D(a, ﬁ! Y) = Pz(a, ﬁ’ T)z - 4p3(a, ﬁ’ T)pl(a! ﬁ; T) =0.

Mepecegenue npamoit (17.1) ¥ IIOCKOCTH £ =1 OTBeYaeT 3HAYeHHIo t =1~ (eciu
y =0, To nepeceYeHHA HET; 3TO HMeeT MECTO JUIA «0eCKOHeYHO YAaAeHHHX» TO-
yeK Ha L, KOAKYeCTBO KOTOPHIX PaBHO 4). JTO NepecedcHHe MMEeT KOOPAHHATH
(x,v,1), rae x=a/y, y=8/y. YpasHenue D{a, 8, ) =0 MOXHO 3aITHCaTk B BUAE
D{x, y, 1)y*=0, 1o ectb D(x, y, 1)=0. 3To ypaBHEHHE HMEET CTENEHD 4,

NycTe Teneps | — oaHa U3 28 ABOMHEIX KacaTeNsHEX K L, a Py, P, — ee To4KH
Kacawus. TInocKocTh p, cofepskamian O u I, xacaerca S B Toukax T(P)) u T(F,)
(cM. puc. 17.5). CrefoBaTensHo, MpAaMas, npoxoasman yepes T(P,) u T(P;), kacaer-
cA S B 3THX TOUKAX. ITO BOIMOXHO, AHINE €CIIM OHA COAEPKKTCA B S (CM, BaxHOe
Habmozerue B 0. 17.4). 3To JOKasLIBaeT HAIy TEOPEMY 3a BEIUETOM ITOCAEHHEro,
H AOBOJALHO HEOXHAAHHOTO, BOMPOCA.

Puc. 17.5. Ot ABCIHHEIX KacaTe/bHHX — K NMPAMLIM Ha IIOBEPXHOCTH

17.6. JsaguaTh BoceMb WM ABAXLATE CEMb?

Kaszamock OB, MEI NOCTPOMAH 28 NpAMBIX, examux B §. [lokaykeM, YTO oaHa
K3 HHX — MHpaX.



Jlexuus 17, ApaglaTs CeMb NPAMBIX 267

Kro Moxer mopyumnthed, uto ein P ={x, y,1) €L, ro T(P)# 0? PapeHCTBO
T(P)=0 BepHO B TOM M TOABKO TOM CAydae, eciH npaMan (17.1) uMmeeT TpoitHoe
nepeceyeHue ¢ 5. ITO 03HAYAeT, YTO YPaBHEHTe

palx, y, DE+py(x, ¥, D2+ pylx, y, Dt =0

HMeeT TPH COBNAJAIOIINX PelleHu:: U =t; =ty =0; TMocAeaHee MPOUCXOAUT TO-
TAa M TONBKO TOTARX, KOrda pe(x,y,1)=0 n p;(x, ¥, 1) =0. 3T! ABa YpaBHEHHA
ONHCHBAIOT MPAMYIO B KPHEYIO CTENEHH 2 B TWIOCKOCTHM ¢ KOODAHHATAMH X, Y,
MO3TOMY MIMeeTcA ABa pelieHus, [eoMeTPHYECKH 3TO O3HAYTALT, YTC CYIIECTEYIOT
ZBe MpsMHe, MepeceKaolide S UL B HYJe: BCe TPH TOUKW fepecedeHds CTURa-
I0TCA. OTH ABe NPSMEle MOPOKAAIOT KACATEABHYK) IIOCKOCTE Py ¥ § B Hyle; OHH
MEPECceKaloT WIGCKOCTE 2 = 1 B ABYX TOYKAX KPUBOH L, a IIOCKOCTE pg Mepecexaer
TUIOCKOCTD 2 = 1 TIo IpsiMoii, kacaTenbHol K L B 3THX ABYX TouxaX. OTa ABoHHan
KacaTenbHad X L He COOTBETCTBYeT HMKaKOH npsamoii Ha S. TakuM oGpasoM, MEI
MOTYYaEM «TONbKO» 28 — 1 =27 NpAMEIX HA S,

17.7. Bce 3TH npsiMBie MOTYT OLITEL BellleCTBeHHBIMH
PaccMOTpHM NOBEPXHOCTE
AP+ y +2) = (x+y+2P +3x+y+2). (17.2)

OHa H306P89K6Ha Ha pHC. 17.6; BEPTHKANbHAA OCh Ha pHCYHKe e ¢« FHATOHAN B X =
= y =3,

Puc. 17.6. Kybuaeckas nosepxHocTs (17.2)
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TrOPEMA 17.2. Hosepxrocms (17.2) codepacum 27 s8etiecmaeHHbEX PAMBLX.

Bee 27 npaMuIx, eXXalyX Ha noBepxHocTH (17.2), HaoGpaxeHH Ha puc. 17.7 —
MOMXeTe uX nepecurTarh. Pa3o6paThCa B 3TOM PHCYHKE TAXKENO, HO PHBEASHHOE
HHKe AOKAZATENLCTBO TeopeMbl 17.2 MOXET NPOJANTE HEKOTOPBII CBET HA KOHCT-
PYKIHIO NPAMHBX H X NoBeZeHHe.

7
T

T L
;“

</
4P
(ke
&
.
Puic, 17.7. [loBepXHOCTh ¢ 27 NPAMBIMA

JOKASATEALCTBO. JeBATEH NPAMEIX CYEBHUAHEL

x=0, y =0, z =0,
ey {y=_z; (2) {F_x; (3) {x=_y;

x=1, y=1, 2=1,
(4) {y=_z; (5) {z=_x; (6) {x=_y;

x=-1, y=-1, z2=-1,
(7){y=_z; (&{z:_x; (9){x=_

(kaiAad U3 STHX CHCTEM YPABHEHHiT UMeeT crecTBHEM ypaBHeHHe x° + y° +2° =
=x+y+2z={_x+y+2)*). OTH npAMbIe feXaT B TPeX NaPAANEILHbIX IVIOCKOCTAX;
x+y+z=0,x+y+2=1, x4+ y+2=—1; B NcpBOH U3 3THX IIOCKOCTeH NpAMble
nepecekaloTca B Touke (0, 0, 0), a B ABYX APYrux ofpasyloT PaBHOCTOPOHHUE Tpe-
YTONALHHKH,
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OcTaneHele 18 npaAMbIx o6ozHagum, a8 yaobersa B ganpHelineM, GyKBaMu
a,b, ..., r. lllecTb A3 3THX NPAMEIX MMEIOT [IPOCTHIE YPaBHEHHS:

x=0, ~ |¥=0, z2=0,
(ﬂ{3’=z+1; 0){z=x+1; (b){x=y+1;

x=0’ y=0! Z=0,
(g) {y:z—l; (k){z=x—1; (c){x=y—1_

(YToBsl HAWTH 3TH YPARHEHMs, PACCMOTPUM MepeceyeHHsa moBepXuocTH (17.2) ¢
IVIOCKOCTAMH X =0, ¥ =0 K 2 =0. Hanpumep, nogcrapuM x =0 B ypaBHeHHe (17.2):
A(y* +2%)=(y +2)° + 3(y +2), orkyaa 3x° + 3y® = 3yz(y + 2) + 3(y + 3), nosTOMy
mibo y +2=0, /m60 y2— yz+22=yz+1,T.e. (y —2)*=1, y —z==1. Onno us
TpexX NOAyYeHHBIX YpaBHeHHH 3afaeT npamylo (1), a Ara Apyrrx coBnagaiort ¢ (f)
u (g). Caygau y =0, z=0 aHaMOrHYHEL )

¥YpaBHeHHA OCTABIIMXCA 12 NPAMBIX COAC[IKAT «30JOTOE CEYEHHEes (P = —1——":2——‘&
OHM HMEXOT BHA

@) {x = p(y+1), © {y = p(z+x), @ {z = p(x+y),

y=z+¢; g=x+1y; X=y+;
O {xiw(y-ljz), @ {J’_= w(z-lTX), ) {zitp(x+y),
y=z—1; Z=X—p; X=y-¢
H
x=—p Y (y+2), y = -9 (z+x), z=—-p {x+y),
(0) {y:z_'_(p_]; (@ {zzx_“p_,; {m) {x=y+{p_1;
= —g! +x), = —p! + R = —p-1 + N
(p){x v Ot) (r){y o) (n){z Oy
y=z—¢7 z=x—¢ x=y—y

(npefocTaBAAEM YUTATENIO TIOACTABKATE 3TH 12 cHcTeM B ypaBHeHHe (17.2) u npo-
BEPHTH, ITO NOAYYeHHEIE [IPSMBE JIEXaT Ha TIOBEPXHOCTH).

Ha puc. 17.8 1 17.9 u306paskennl ceyeHus Halled NOBEPXHOCTH 12 pasiuyHbI-
MM IVICCKOCTAMH BHja X + y + 2 = const. Bee 3TH cedeHUs MepeXodAar B ceGa nNpH
MoBOPOTE Ha 120° BOKPYT TOYKH, AJMA KOTOPOH X = ¥ =z (TaxadA TOYKA B 3TOH mwoc-
KOCTH ofiHa). Ha pHcyHKaxX oTMedeHs! nepecedeHuA NpaMeX (a)—(r) ¢ cooTBeT-
CTBYIOUIMMHE TIOCKOCTAME, MOKHO BUAETS, YTO B KOKAOI U3 ofnacreit x +y + 2>
>1Hx+Yy+2<1 N0OBEPXHOCTh COCTOHT M3 «LIEHTPANBHOH TPYOHl» H TPeX «KPhI-
JbeB». B obnactn —1 < x+ ¥ +2 <1 3TV KPHUIBA CIUBAIOTCA ¢ TPyOo#; B aToit
obnactH cogepxarca 9 npAMEX (1)—(9). Cpeau ocTaNsHEX 18 NpAMBIX KIecTh
(Tpu mapsI HapanaebHEX npAaMeIX (m)—(r)) Nexkar Ha KpbLIbAX, a 12 (IecTh map
napannenbHuX npaMeiX (a)—(1)) — Ha ueHTpanbHOIL Tpybe. KoHbHrypanus aTHx
IPAMBIX NMOKa3aHa Ha puc. 17.10.
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x+y+z=15
r m
q l' k, b n

BN,/

€ h

Puc. 17.8. Cevennn nosepxrocty (17.2)
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X+y+z=-15
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x+y+z=-1

x+y+z=-7

Puc. 17.9. Ceuenna nopepxHocTH (17.2) (mpoAomxerme)
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C a j

Puc. 17.10. IMpameie Ha TpyGe

17.8, Hekxoropple JpyrAe NOBEPXHOCTH

CymecTBYIOT H ApYyTHe KyOHrdecKHe IOBepXHOCTH ¢ OOMHPHEIMH ceMeHCTBaMHA
BellleCTBeHHHKIX IPAMLIX. KpaTko ofcysuM HEKOTOPEHE H3 HHX,
Pacemorpuwm cemelicTBo moeepxHocTett

Gy’ +28—1=alx+y+z—17 (17.3)
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TEOPEMA 17.3. Ecw a> L u a # 1, mo nosepxvocme (17.3) codepxcum 27 ae-

4
WeCTN8eHHbIX NPAMbIX.

JlokasaTEARCTBO. TpH npameie odeBdHE: {x =1, y = —z} 1 eme aBe, mony-
YaeMBIe IepecTaHoOBKol nepeMeHHBIX X, ¥, 2. Eile yeThpe uMeoT BHY {x=u, y +
+2=0}, fx=1, y+uz =0}, rie u — ofHO U3 pellleHHi KBAAPATHOTO YPABHEHUH

(@ -1)(u-1) =3u,

H €llle BOCEMb BHOBb ITOAY9alOTCA N€PECTAHOBKOM X, ¥, 2. HakoHeln, €le 9eThipe
MMeloT BUA {x +v%(y +2)=0}, {y —~2=2v-v3(y +2)}, rie v — 0lHO N3 YeTHpex
pereHui ypaBHeHHA

(4a—1)(w? —1)% = 302,

a MepecTaHOBKA NepeMeHHHX X, ¥, 7 OIATh ZaeT ellle BoceMb IpAMLIX. Beero mo-
JygaeTca 27 NpAMEILX.

B cayuae o = 1/4 ypasHeHue (17.3) 3azaeT MOBEPXHOCTE C «OCOGBIME TOYKAMH»
(1,1,1),(Q1,-1,-1),(-1,1,-1), (-1, -1, 1) (B okpecTHOCTH KawAOH K3 STHX TO-
YeK [IOBEPXHOCTH MOX0XKA Ha KOHyC). Ha aToi NoBepXHOCTH HMeeTes ML 9 Npi-
Mux: {x=1, y=2}, {x=1, y=—2z}, {x=-1, y=—2} u elge mecTh NPAMEIX, MOTY-
YeHHBIX NIEPECTAHOBKAMHU X, Y 1 2.

Cnyua#t a =1 ocobeHHO HHTepeceH. YTobkI IPHAATE Toil MOBepXHOCTH Gontee
HpUBIeKATeLHEIH BHA, cieayeT BHOGpaTe (HEMpPAMOYTONBLHYIO) CHCTEMY KOOPIH-
HaT, B KoTOpo# Touku (0,0, 0), (1,0,0), (0,1,0), (0,0,1) (npuHagnexampe no-
BEPXHOCTH) ABAAIOTCA BEPHIMHAMM NPABHIBHOTO TeTpasgpa. Torza Bce CHMMeT-
pHMu NIPOCTPaHcTBa, oTobpaxaiomue TeTpasap B ceba, oTobpaxaior B ceba n mo-
BepxHocTs. [IpejocTaRAgeM YHTATEMIO HAlTH YPaBHEHHS IPAMBIX HA 3TOM MOBEPX-
HOCTH (CM. yripaskHeHHMe 17.1).

17.9. Kondurypauus 27 OpsaMbIx

Mz prc. 17.8, 17.9 1 ocoBenHo 17.10 neTko BHAELTD, ITO MEXAY 27 NPAMbIMH HME-
eTcs MHOrO nepecedeHni. Ha caMoM fZene 9TH NepecedeHMA MOAYHHEHE! OYEHB
CTPOTHM IIPABKNAM, OAMHAKOBLIM JIA BCeX KyOH4eCcKHX NoBepXHocTe. Kak o6p1g-
HO, MHL He ByfeM pasnu4aTs flepecekaidinrect ¥ IapaaiebHble NPAMEE H TTOTO-
My 6yaeM TOBOPUTE He © NePeCeKAInIUX A, 4 O KOMIVTAHAPHEIX TIpAMBIX. [Tepeoe
VX CBOMCTBO OYEBHIHO.

TeoOPEMA 174. Echu kaxue-mo dge npamste HA HAUleTl NOGEPXHOCMU KoMILa-
HApHbI, MO HA NOSEPXHOCMU CYuwecmayem elje posHo 00HA NPAMAR, NPUHAONEN G-
waa moti e naockocmu.

AOKA3ATENRCTBO. IepeceseHne Ky6udecKoil NOBEPXHOCTH C IVTOCKOCTHIO AB-
JseTcsa KyGudeckoii KpMBOil Ha IUVIOCKOCTH, T. €. ONPEAENACTCA YPABHEHHEM CTe-
nenw 3. Ecan 3To nepecedeHye COAEPXKHUT ABe Pa3iNdHbIE IPAMBIE, TO YPABHEHUE
KPUBOH JeNNTCA HA YpPaBHeHHA NPAMEIX, U Mocke AeleHHs MBI IoAydyaeM ypaBHe-
HHe CTENEHH 1, KOTOpoe ONpeAensieT TPEThbIo NPAMYIO.
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Cregyiomas Teopema NOAHOCTBIO ONUCHIBAeT CBOMCTBA KOMIUTAHAPHOCTH pac-
CMATPHBAEMBIX NPAMBIX.

TEOPEMA 17.5. [Tyemns || — moban us 27 npambir Ha KyGuneckoti nosepxHocmu S.

(1) Cyusecmayem posro 10 npambix Ha S, KomanapHbix ¢ ly; obosnauim ux
L,, ..., 111- H3 antiee 10 npamsic MOMCHO cOCasiims 5 nap 83aumHo KOMILIAHAPHBIX
npamoix 1, 15 U, Is; ..o 1hg, 17 Huxakue Opyzue d6e npamsie cpedu 1y, ..., 111 He
KOMNAQHAPHbL,

(2) Kaxcdan us ocmansrbioe 16 npamoix 1y, ..., Iy koMnranapue poeHo ¢ oonotl
npaMoti uz kaxcooll napwt & ymaepxycoeruu (1). Jnsa mobbix dayx npamuix cpedu
li2; ..., lo7 KORUUECMBO NPAMBLX cpedU Ly, ..., 1, KoMnAaGHapHbIX ¢ 06eumMy, Hevem-
HO.

(3) Jee npamuie cpedu 1y, ..., I, KomnaanapHsl moeda u moavko mozdd, Ko-
2da cyujecmagyem posHo odHg npamaa cpedu I, ..., Iy, xomnnanapras ¢ obeumu
(m. e. 8 danHOM cayuae HeuemHoe koauvecmao us ymeepxucoenun (2) paswo 1),

3amMeyaTeNbHO, 4YTO BCE 3TH YTBEp)KAEHNA ClIpaBeAIMBLI HE3aBHCHMO OT TOTO,
KaKyIo U2 27 NpsAMEIX B3ATh B Ka4ecTse [;.

M= He ByAeM AOKA3EIBATE 2TY TEOPEMY, HO /UM MOBEPXHOCTH U3 1. 17,7 ee MOX-
HO NPOBEpPHTE ¢ TMOMOILEI PHCYHKOB (puc. 17.7, 17.9, 17.10) u/unu ypasHeHuit.
HanpiiMep, mpaMan (2} KOMILTaHAPHA ¢ KaKAo! U3 MPAMBIX

(1),a); (5),(h); (9),(d); (b),(x); (), (n).

34ech MOKA3aHbE TAKKE IIATh NAP B3aMMHO KOMIVIAHAPHHX MPAMEIX, Jliobad w3
OCTANBHHIX IPAMBIX KOMIVIAHAPHA ¢ OZHOH npAMOoM U3 Kaykaoi napel, Hampumep:
npsamasn (¢) komwianapHa ¢ (1), (5), (d), (b), ();

nupsamasn (f) xomnnanapHa ¢ (1), (8), (9), (1), (n);

npaman (m) xoMmmaarsapHa ¢ (1), (5), (d), (r), (n).

TiaTepKy NpPAMBX, KOMIaHapHex ¢ (c) u (f), cogepxar AHNbL OfHY oOMyIO
npamyio (5), u npamete (c) ¥ (f) koMIaHapHEL. HanpoTHEB, NATEPKH IPAMBIX, KOM-
IAHApHEX ¢ (¢} B (m), coaepxxat Tpu obpx npameux (I}, (5) u (d), n npamele
(¢} 1 (m) He KOMIUIaHADHEL.

Hexorophie Apyrae CBOMCTBA paccMATPHBaeMEIX NPAMEIX BEITEKAIOT U3 Teope-
MeI 17.5. TlpeaocTapndaeM HX YHTATENIO B KAa9eCTBE YIIPaKHEHHIH,

17.10. darmrodeHue. JpyTre HCIMCTHTEIbHEIE 3a1aTH
B anrefpaudeckoii reoMeTpuH

TpobeMBl NOACYETA KOIMYECTBA anrefpandecKnX KPUBBIX AAHHOM CTeNeHH
(CKaXKeM, TPAMBIX}, NEPECeKAIONIMY HEKOTOPEE APYTHe KPUBble H/IIH KacaTeAb-
HBIX €I1e K KAKHM-TO KPHBEIM, CT/IF HEIHE BEChMA MONYAAPHBIMH BBHAY HX 3Haye-
HHA B COBPeMeHHOi TeopeTHYeckoil ¢usnke (KOHKpeTHee, B KBAHTOBOH TeopHH
niodisg, oM. [32, 53]. 3aech MH KpaTko oficyaum OAHY U3 Takux npobneM, KoTopas
HHTepecHa HeKUAAHHEM OTBETOM M MHTepecHo AByxcoTneTHel HertopHeii.

Bonpoc: gaHer 5 koHuK (3nuncos, runepbon, napabon). CHONBKO KOHHK Kaca-
TENBHEL KO BCEM HM?
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(ITouemy 5? IToToMy YTO A1 4 KOHHUK KOJIMYECTBO OBIMX KacaTeIbHBIX KOHHUK
6eCcKOHEYHO, a AJIA THIIMYHOrO ceMeiicTBa M3 6 KOHHUK BOOOIIEe He CYIIeCTBYET
06ImMxX KacaTeJbHBIX KOHHK.)

dta npobneMa 6buUta BriepBble paccmoTpeHa llITeiiHepoMm (YIIOMHHAIOIIMMCH
y Hac B 11. 29.5). B Havyasie XIX Beka OH OIyO/IMKOBaJI CBOI pe3y/IbTaT: CyLIECTBYET
7736 Takux KOHUK. OfHaKO 3TOT OTBET MHOTMIM Ka3aJIiCi COMHHMTENbHBIM. Yepe3
HECKOJIBKO AeCATWIETHI rocjie paboThi LlTeiiHepa e YKOHKbep MOBTOPWI €ro BhI-
KIaJK1 ¥ MOMy4wI WHoM pesynsraT. Ho penyranusa Illteiinepa B cpese Marema-
TUKOB OBUIa CTOJNb BEICOKA, 4TO Zie YKOHKbep He peunwici Omy6JHKOBaTh CBOIO
paboTy. B KoHIle KOHLIOB NpaBWIbHHII OTBET GBUI HalizieH B 1864 r. Illanem: cy-
1IeCTBYIOT 3264 KOHMKH, KacaTeJIbHbIE K 5 JaHHBIM KOHUKaM.

Ilansb, ofHAKO, CYMTANT M KOMIUIEKCHbIE KOHMKH, H OCTaJIOCh HESICHBIM, CKOJIb-
KO M3 HUX MOTyYT GHITh BemecTBeHHBIMU. B 1997 r. Ponra, Toubouu 1 BycT Hanumm
5 aJIMIICOB, AJIA KOTOPHIX Bee 3264 KacaTelbHble KOHUKHU BelllecTBeHHEBl. HakoHel,
B 2005 r. Beabmumke (J.-Y. Welschinger) moka3sai, ¥To g9 ceMeiicTBa U3 5 Belle-
CTBEHHBIX KOHHK C IIOIIapPHO HelepeceKalIUMHICA BHYTPEHHOCTAMH He MeHee 32
U3 3264 KacaTeJIbHbIX KOHHK BellleCTBEHHEI.

ApTyp Kann Kan-ViB Besbuivike
1821—1895 p- 1974

17.11. YnpaxxHeHHSs
17.1. Haiigure ypaBHeHHS BCEX NPAMBIX Ha MOBEPXHOCTH
C+y 4+ —1=(x+y+2-1)°%

VkA3AHUA. 1. TpH U3 3TUX NpAMBIX y6eraioT Ha 6eCKOHEYHOCTD.

2. Yepes xaxAy1o BeplIMHY TeTpas/ipa, OIIMCAHHOTIO B 11. 17.8, NpoxoAAT pOBHO
TPH NPSMEIE; OHU NapaJUleJIbHBI TPDEM CTOPOHAM I'PaHHU, IPOTHBOIIONIOXKHOM 3TOH
BeplMHe. JTO ZjaeT 12 MpAMBIX.

3. YpaBHEHHUA OCTAJIBHBIX 12 NPSAMBIX COAEPXKAT 30JI0TOE CeYeHHe.

17.2. Haliaure npsiMble Ha NOBEPXHOCTH

xyz+PBOi+y2+22) =7.



276 Tnaea 5. INpameie

17.3. Joxakure, 4T0O Ha KYOHYECKoi NOBEPXHOCTH HMeeTCA POBHO 45 KOMILIa-
HapHBIX TPOeK NPAMBIX.

3AMEYAHME. HeKkoTopble KOMIUTAHADHHE TPORKH M3 I 17.7 cocTodT U3 npd-
MBIX, KOTOPEIE MPOXOAAT Y€pes OfAHY TOUKY (TAaKUX TPOEK CeMb) I [TONAPHO Ma-
pannensHE (TakUX Tpoek ABe). CnefyeT paccMaTPUBATE 3TH CBOHCTBA Kak caydaii-
Hble, Ha POH3BOABHOM KyBHYecKoi MOBEPXHOCTH TAKOTO He POHCXOAHT.

17.4. Joxaxure, YTO MAKCHMANLHOE KONHYLCTHO MOTIAPHO HeKOMILTAHAPHBIX
NpAMEIX PaBHO 6 H 9TQ CYIIECTBYET POBHO 72 TAKHX IeCTePKH.

17.5. JAoxaxure, YTO KOAUYECTBO NMEPECTAHOBOK ABAALATH CEMH NMPAMEIX, Ne-
peBoAauIHX XOMILIaHapHBle NMPAMEIE B KOMIUIAHADHBIE, paBHO 51830 = 27.3%.5,
(OTH nepecTaHoBKH 06pazyloT I'PYIITY, H2BECTHYIO Mo HMeHeM Eg.)



Jexius 18

I'eomeTpHua TkaHel

18.1. Baeaenne

Ora NeKkUA IOCEAINeHA TeOMeTPHI TKaHeH — OTHOCHTENBHO MOJIOZOMY pasge-
ny auddepeHmHanbHON reoMeTprK. [eoMeTpuA TKaHeli GhUIa B GCHOBHOM CO3Ja-
Ha BRLAAIONUAMCA HEMENKVM reoMeTpoM Brmerensmom Basmke M ero coapropa-
MH B 1920-x rofax. TeoMeTpua TKaHel CBA3aHa MHOXECTBOM HHTeil ¢ APYruMH
4acTAMM FeoMETPHH, B HacTHOCTH, ¢ Teopemoii [Tanna, orkpstroft [TanmoM Anex-
caHApHiickuM B IV Beke g0 H. 3. XopouruM BEejeHHEM B reOMeTPHIO TKAHeH ¢ay-
XaT ManeHbKas KHUra Baamke [3] u cTaTA ero yueHHKa — BeIMKOTO PeOMeTpa
XX pexa xens enmens {29].

B mudrpepeHNMANBHON reOMeTPHH PeYb YacTO HAET O JOKAJILHEIX CBOHCTBaAX
reoMeTpr4eckux o6bexToB, Hanpumep, B Jekuui 13 MH YIOMWHAIH, 9TO JAMCT
Gymard, KakuM 6B ManbM OoH HE 6bUl, He MOMET ORThL H3OTHYT B 4acTh chepEL
WHBapuaHT, pasandaomuil mWiockocTs W ¢depy — KpHBH3HA, PABHAS HYIO s
TVIOCKOCTH H NTOACKUTENbHAA A1 cdephl (oM. Tekupio 20), a pazpellleHHEIe Npeo-
pa3oBaHusA — H3oMeTpHH (GyMara HeoxHMaeMa U HepacTmRHMa). B reomeTpun
TKaHell 3anac JOMyCTHMBIX JedopMannii Gonbille: COXpAHEHHA DACCTOSHHE yixe
He TpeGyeTca, paceMaTpHBaKiTea Bee Auddepennnpyemsle H obpaTumele gedop-
MAalMy TIOCKOCTH.

18.2. OmpeaeneHHe M HECKOJIBKO [IPHMEPOB

ByaeM Ha3BaTh d-TKAHBIO B IWIOCKOH ofnacTi d ceMellCTR ria/lKuX KPHBLIX,
o6nagaronmx TeM CEOMCTEOM, YTO HUKAKHE ABE M2 HUX He KacaloTcH H depes Jio-
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6YI0 TOUKY HPOXOANT eMUHCTBEEHHAA KPHBasg M3 KAKAOro ceMeiicTea. Mbl Beeraa
TIpeAnonaraeM, YTo Kakace ceMefficTBO COCTOUT K3 NHHHUH yPOBHA MaaKo dyHK-
oy (3TO CYIECTBEHHOE YCACBHE: CM. MPHMEP CONPHKACAIOUINXCA OKPYKHOCTEH
TIOCKOM KPHUBOH, 00CcyKaaeMuli B nexid 10), OTMEeTHM, OJHAKO, YTO TaKan GyHK-
MA He BCErfa eANHCTBEHHA,

JlBe d-TKaHK CUMTAKITCH QAMHAKOBBIMH, ECM CYIIECTByeT riazkas aedopmMa-
A 001acTH, NepeBoAsAIad OAHY B APYTYIO.

Ipu d = 1 u3ay4ars Hewero: KpHBHE MOXHO NpoAedopMHDPOBATh B TOPH3OH-
TaNbHEe npaMele. MMogo6HEIM o0pasoM, eciid d =2, To ofa ceMelicTBA MOXHO
npoAedopMUPOBATE TAK, WTOGE OHH CTANH BEPTHKANEHHMH H FOPH30OHTATLHEIMH
npAMBIME. (JlOKa3aTeNBCTBO; eCAK CeMEeHCTBA COCTOAT M3 JIUMHUE YpoBHA (YyHK-
uuh f{x,y} n g(x, ¥), To B HOBbIX KoopAuHaTaX X = f(x, y) u ¥ =g(x, y) xpu-
BHlEe — FOPH30HTA/bHEE H BepTHKAJBHBIE NpAMEe.) MHTepecHble Bel HaYHHA-
10T NPOMCXOAUTE Mpu d =3,

PaccMOTPHM HeCKONIBKO NpUMepoB. [Ipocreiiiag 3-TKaHB COCTOMT K3 TPeX ce-
MeHCTB NIPAMBIX

x =const, ¥ =const, x+y=const.

OTa 3-TKaHB Ha3biBaeTcA TPHBHANEHOMN.

Kasxgas 3-TKAHB COCTOMT M3 JMHHWI YpOBHA TpeX magkux dyHxuuii f(x, y),
g(x, ¥y} n h(x, y). Tak KaK HHKaKNe JBE KPHEBIE H3 TKAHW HE KacaloTcs, Fpajau-
€HTHI Mo6IX ABYX H3 3THX (yHKuwmil AMHelHO HezaBHCHMH, HMMeeTca npoctoi
KpHTepHi TPHBHANBHOCTH 3-TKAHH.

JIEmMaA 18.1. Ecnu diynkyuu f, g, h mozym 6bimob abifpanbt max, wmobbt ebi-
NOAHAROCE MOAOECME0

f+g+h=0, (18.1)
mo 3-mkaHb MPUSLANLHA.

JOKABATEALCTBO, ONATE PACCMOTPUM HOBBIE KOOpAMHATH X = f(x,y), Y=
=g(x, ¥}, B KOTOPHX NepBble ABa ceMeiicTBa COCTOAT H3 TOPUIOHTAIBHLIX M BED-
TUKQJIBHBIX TPAMBIX. Tak kax h=— f — g, TpeTbe ceMeHCTBO YAOBNCTBOPAET YPaB-
HeHHIo X + Y = const.

Hamr cneayromuii npumep — 3-TKaHb BO BHYTPEHHOCTH TPEYTOABHHKA A1 Ao A;.
KpuBste [-ro cemeiictBa (i =1, 2, 3) cocTosT U3 OKpYKHOCTeH, KOTOPHE MPOXOASAT
yepes BePIHHHH A; U A;,; — cM. pKc. 18.1 {MH paccMaTpHBaeM HHAEKCHL IO MOJY-
o 3).

Toyka P BHYTPH TpeyTOABHHKA OJHOSHAYHO XapaKTEPHIYETCA TpeMd yriaMH
a=A,PA;, = A;PA; B v=A3PA,. TAK ®aK BOHCAHHBIE YIJIB, ONMpAaONIHeca Ha
OHKCHPOBAHHYIO AYTY OKPY)XHOCTH, HMeloT (GUKCHPOBaHHOE 3HadeHHe, TPH Ce-
MeHCTEA OKPYKHOCTEH HMEIOT YpaBHeHHA

a =const, f =const, y =const.
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Puc. 18.1. 3-TKaHb U3 CKPYKHOCTEH, NPOXOAALIINX 9epes Naphl BEPUIHH TPEyTroNbHUKA

Tak kax a+ ff +y =21, MOXHO B3ATH GYHKIMH
f=a-2n/3, g=B-2rn/3, h=y-2n/3

B KavecTBe 3ajaloMNX 3-TKaHb. JTH (yHKIMH yAORIETROPHIOT yoroBuo (18.1),
TaK 9TO 3Ta 3-TKAHb TPHBHAIBHA.

17

/ / )
[/
\ / / ,/ el

-

.

Puc. 18.2. 3-TkaHb, COCTOAIAA U3 FOPH3OHTANALHBIX NPAMBIX, BEPTHKAJIBHBIX TIPAMEIX H [TpSA-
MAHIX, MPOXOAAMIIMX Yepes Havallo KOOPAUHAT

Crenyiomiit npHMep — 3-TKaHb BO BHYTPEHHOCTH IepBOTO KBaApaHTa, COCTO-
AIAA K3 TOPU3OHTaNbHHX NPAMBIX, BEPTUKANBHBIX NPAMEIX H NPAMEIX, POX0As-
IMX Yepe3 Hayal0o KOODAHHAT, ¢M. PHc. 18.2. DTa TKaHk HMEeT YPaBHEHHA

x =const, y=const, y/x=const.

Jpyroii Brbop cnpegensaiomux ¢yHxouit —osto Inx, —Iny ulny —Inx. 3tn
TpH dYHKIIUK YROBAeTBOpsAIoT (18.1), a 3HATHT, aTa 3-TKAHB TAKKe TPHBHANBHA.
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Crienywomuii npuMep sensercd Mogudrkanpeil npeAstaymero (cu. puc. 18.3).
3Ta 3-TKaHbk BHYTPH TPEYTOMbHKHKA A Ay A5 COCTOMT M3 ceMeifCTB NPAMBIX, [IPOXo-
AALINX Yepe3 BepUHHbl. TpHBHANBbHA JIH TaKasd TKAHb?

Puc. 18.3. 3-TkaHb, COCTOAIAA U2 MPAMEIX, MPOXOARILHX Yepe3 BePIUHHE TPEYTOALHIKA

CHpoeKTHPYEM MAOCKOCTE TPEYPOABHUKA A;A,A; HA APYTYIO IVIOCKOCTE («BK-
paH») B3 ToukH O, Tak 4robul mpaMele OA, u OA,; BuUIM mApa/UIe/IbHE 2KPaHy.
Torza npAMElE, MPOXOAALIHE Yepes TOUKY A,, CIPOSHHPYIOTCA B MapayelbHbe
IpAMEIE, X TO K€ BEPHO JJ/IA NPAMBIX, IPOXOAAIIKX 9epes Aj. 3HATHT, nNpoekikei
3-TkaHM ¢ puc. 18.3 6yzeT 3-TKaHb ¢ pHc. 18.2, Tax YTO TKaHEL ¢ puC. 18.3 TpHUBH-
arbHa.

18.3. HlecTUYTOABHBIE TKAHU

¥ udrarens MOIVIO CO3JIAThCH BHedaTNeHue, 4To Boobile Bee 3-TKAHH TPHBH-
ansHEL Ha camom pene pna obmiedt 3-TkaHM 3TO HEBEPHO.

YrobEl YBHALTE 3TO, pACCMOTPHM KoHGHrypanuio Ha pHc. 18.4. BospMeM ToY-
Ky O U HADHCYEM KPHEBIe TPeX ceMeifcTB, NpoxoaaiMe Tepes Hee. BuiepeM To4-

B

E

Puc. 18.4. lllecTHYTOABHHK B 3-TKAHH
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Ky A Ha mepBo#f KPHBOH, IIPOBEAeM Yepe3 Hee KPHBYIO BTOPOTO ceMelcTBa Ao
NepecevYeHHA ¢ KPHBOIH TpeThero, Npoxoadineit depes O, B Touke B, [IpoBeaemM kpu-
BYIO IepBOTo ceMelicTBa Yepes B 10 NepecedeHHHA €O BTOPOHE KPHBOH, MPOXOAALIEH
qepes O, B Touxe C U T. 1. KOHEYHEIH pe3yabTaT 3TOiH «llaydbeii» AeATENIBHOCTH —
Touxa (¢ Ha nmepsoil KpHBOH. Jna TpHBHAABHOH 3-TKaHK G = A, B 00lleM cilydae
3TO He 0643aTeNbHO TAK,

3-TKaHb Ha3LIBAETCH LIECHIUYZORBHOU (28KCA2ZOHANLHOL), eCIH MIeCTHYTONBHIK
Ha pHC. 18.4 Bcerza 3aMbikaeTeA. TPUEHANBHAA 3-TKaHb ABASTCA MECTHYTONBHOM.
Q6parHoe Takxe BepHO (cM, yripaxkHeHHe 18.5).

18.4, IllecTHYrONBABIC BPAMCANHEHHBIe TKAHH H KyGHJecKHe KPUBbIe

IIpamonuneilinaa TKaHbL — 3TO TKaHb, BCE KPHBbIe KOTOPOil RBAAIOTCA NPAMBI-
MH (cM. mpuMephl Ha puc. 18.2 n 18.3). B aTOM pasgene Mbl OMHINEM LIECTH-
yro/ipHEIe pAMoNKHetinbie 3-TraHu. JORNIBHO HEOKHAAHHEIM 0GPa3OM TOT CIO-
MeT TeCHO CBA3aH € TAaKHUM KIACCHYeCKHM Pe3yBTaTOM FeOMeTPHH, KaK TeopeMa
Tamma,

Ofuee 0AHONADAMETPHYECKOE CEMEHCTBO NPAMEIX COCTOMT M3 KACATeNBHBIX
K HekoTopoil kpuBol — 3To nofpobuo oficyxIanocsk B AekrAx 8 H 9. Mot HMeeM
TPH TAKHX CeMelCcTRa, KOTOPbIe COCTOAT H3 KACATEAbHBIX K TPEM KPHBEIM, CKaKeM,
KY1, Yo H Y3

Haioa TKaHb NpeAnonaracTca IecTHYTronbHOH (pHc. 18.5). PacemoTpum ABoH-
CTBEHHRU Habop ToueK M npAMBIX (00CY)KAEHVE NPOEKTHRHON ABOMCTBEHHOCTH
CM. B JeKUHK 8). DTa KoRQHTYpauMa noxasaHa Ha puc. 18.5 crpara, riae TOYKH,
aeofcTBeHHBE npambiM AB, BC o T.4., ofosHadens! AB, BC ¥ T.4., a IpaMele,
ABOMCTBEHHEIE ToUKaM A, B u T.7., oBosHaueHk! a, b 1 T. 4. Touku AD, FE, BC
AexaT Ha ApoHcTBeHHOM KpuBOH Y], ToukU AF, CD, BE — Ha KpHBO# 13, a TOq-

B *
"1
FE
A C AF
AD
F
cD
£ BC

Puc. 18.5. 3aMKHYTHIl IECTHYTOABHUK H BPOSKTUBHO JBOMCTBEHHAA KOHHTYpamys
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ki FC, AB, DE —Ha Kpueoii y;. HazoBeM xOHUIypalulo MIECTH NPAMBIX H KX
JEBATH TOYEK MepeceueHus, KaK Ha pyc. 18,5, kondnrypanued [Nanma.

Mu xorenu Gbl 3HaTh, B KakHe TPOUKHA KPUBHIX Y], Y3 M Y3 BIUcaHA KOHOU-
rypaiusa [Nanna. Joctaroudoe (M HeofxoZHMoe, YTO Mul He SyfleM AOKa3HBATH)
YCJIOBHE COCTOHUT B TOM, YTO ¥q, Y3 M Y3 — 4acTH ogHol kySuveckoit xpusoil.

KyfOuyeckue KpHBBIE 3aAA10TCH YPaBHEHHAMH CTeNeHH 3:

Px,y)=ax*+bx’y+...+j=0

(Bcero 10 craraemeix). YMHOXKeHHe BeeX Ko2hQHLHEHTOB Ha OAMH MHOXKUTENb
NPUBOAMT K Toll ske KpHMBOii. Yepes obumii HaBop AEBATH TOYEK NPOXOAUT EAHH-
CTBEHHAA kyGHdyeckas KpuBas,

Y KyGM4ecKuX KPHBHIX €CTh MHOMECTBO MHTEpecHHX crolicTs. HaM noxajo-
ouTes caeayonlee,

TEOPEMA 18.2. Paccmompiim dae mpoiixu npsambix, nepecexariyixca é degsmu
moukax. Ecau kybuueckas xpusas T npoxodum uepes 60cemb U3 3MmuX movek, mo
OHa maidice npoxedum vepes deeamyro (puc. 18.6).

Puc. 18.6. K Teopeme 18.2
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HOKAZATEALCTBO. Q603HAYNM TOYKY MepeceveHuA npsmoit L; =0 ¢ R; =0
3a Ay, rAe L; H R; — NMHHeHHble YPARHEHHA NPAMEIX. [IpeANoIomumM, 410 BCe To9-
KU, BOZMOXHO, KpoMe Ay, niexkar Ha I'. [lyers P(x, y)=0— ypasnenue I, u nono-
HUM & =L0LIL2, xR =RDR1R2.

Mul yTBepxAaeM, 4T0 P =AY + u® A9 HeKOTOpbIX KoadhdHiIHeHTOB A M L.
OrTcioga 6yAeT cnefloBaTs, 9T0 P =0 B TOUKE A,,, TaK Kak 06a L, H R, o6pamaioTca
B HY/E B 3TOHM To9Xe.

BriGepeM KOODAWHATEL, B KOTOPHX Lo(X, y}=x u Ry(x, y)=y (310 Tpebyer
Jmine adGUHHON 3aMEeHBl KOOPAWHAT, KOTOpad OCTABHUT KyOHUECKYIo KPMBYIO Ky-
buueckoit}). Torga & =x(x —a; — b ¥Xx—a; - b,y), rhe a, 1 a, — alcUHcCh To-
yex Ay ¥ Ayp. Tax kak P =0 B TOUKaxX Agg, Ajp U Agg, AIMeeM P(x, 0) = Ax{x —a;} x
x {x — a,) AnA HEKOTOPO#R KOHCTAHTH A, TO ecTh P{x, 0)=A.%(x, 0). AHAIOTHIHO,
PO, y)=p®(0,y).

PaccMoTpHM Tenepb MHoTowIeH Q=P — A% — u® . Umeem Q(x, )=Q(0, y)=0,
orkyAa Q(x, y)=xyH(x,y), rae H — runeiiHaa ¢yHKuna. OTMeTHM, 4T0 Q obpa-
IaeTcA B HYABb B TOUKAX A, Ay U Al2, HO Xy He PaBHO HYNIO B 3THX TOYKAX.
3HayuT, H =0 B Tpex AaHHLIX He KOWIMHEApHBIX Touykax. OTcioda CAeayerT, YyTo
H =0 ToXAeCTBEHHO, TaK yTo Q =0. TlosToOMy P=A% + u%.

TNoAbITONRMM: IPAMONHHEeHHAA 3-TKAHE HBAACTCA MECTHYTOABHOM, €C/IH COCTO-
KT K2 TPexX ceMelicTB KacaTeNbHHX K KPHBOH, ABOMCTBREHHAA K KOTOPOH — KyOn-
Yeckad,

HanpuMep, paccMOTPHM NonykyGuyeckyio napabony y? = x>, lipolicTBenHan
¥ Heill kpuBax — Kybuveckan napa6osa (cM. Jexumio 8), Tak 4To 3-TKaHb Ha PHC.
18.7 mrecTHYTONBHA.

Puc. 18.7. lecTuyranbHaa 3-TKaHb, COCTOANIAA U3 KACATENLHEIX HPAMEIX K NOTYRYOHYe-
ckoit mapabone
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18.5. Teopemnl Ilanna u Ilackans

JBa 9aCTHHIX CAy4asd TeopeMH 18.2 3acny:KHBalOT OTACALHOTO YIOMHHAHMUA.
TlepBelii OTHOCKUTCA K CAYYAl0, KOTAa KyOHuecKaa KpHBasA COCTOMT M3 Tpex Ipd-
MbIX. Torga MH noAy9YaeM sHAMEHHTYIO TeopemMy [Tanna — puc. 18.8.

Puc. 18.8. Teopema [lanmna

JisoitcTBeHHAA KpHBaA K 00beJHHEHHIC TpeX NPAMHX BHIPOXIEHA H COCTOUT
H3 TpeX Todek. COOTBETCTBYIOIIAY 3-TKAHE [TOKA3aHa Ha puc. 18,3, i3 npueeieHHO-
ro BHIIE A0KA3ATEALCTBA WIECTHYTOILHOCTH TKAHK 110 ABOHCTEEHHOCTH CAeAYeT
Teopema [Nanma.

Jpyroit 4yacTHEIA caydaii — koraa I’ cocTOHT M3 IIpAMoH H KOHHKH. B 3ToM
CIydae moNydaeTca 3HaMeHUTas teopeMa INackans (1640) — puc. 18.9.

Puc. 18.9. Teopema [lackana

18.6. CironeHHe TOYeX Ha KyGmieckoil KpHBOH

Teopema 18.2 TecHo CBA3aHA € 3aMevaTENLHON onepatueii CAOKeHUA TOUeK Ha
KyOudeckoit KpuBoii. leoMeTpuYecKoe oNpeAeneHHe STOH Omepauy OCHOBEIBALT-
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cA HA TOM 0GCTOSITENBCTBE, YTO NPsAMas, NepeceKaloman KyOHuKy ABaXKAb, iepece-
4erT e¢ elie OfluH pas.

OmpegeneHye cNOXKeHHA TOYEK BRIMIAZMT Tak. IlycTe I' — HeocoBas KybHde-
ckas kpHeanA. BribepeM Touky E, KoTopas 6yZeT HrpaTe DOk Hynd. Jiad nByx AaH-
HHIX TO9eK A U B noCTPoKM TPeThIO TOUYKY nepecedeHus D npamMoit AB ¢ I' u co-
egnHMM D 1 E. [TyeTs C — TpeThA TOUKA NepecedeHHs »>Tol nmpamoi ¢ I'. Tlo ompe-
aeneHuic A+B=C.

Pazfepem ciepyromuit npumep: I' —rpadux y = x>, Touka E — Hayano Koop-
auHatT. [TyeTs ToukH A, B 1 D uMetoT abeiMeck! Xy, X3 H X3, cM. pHc. 18.10. 3th
TOYKH KOJJIMHEAPHB], O3TOMY

X-X XX

X = X3 X3—Xy’

OTKYJA CIGAYET, 9TO X2 + X1 X3 + X2 = X2 + XpX3 + X3, WM (X — X2)(X; + X + X3} =0,
WIH, HAKOHeN, X; + X3 + X3 =0. Touka C LUeHTPANBHO CHMMETPHYHA D, MOaTOMY
ee nepead KOOPAHHATA PaBHA —X; = X + X,. [lonywaeTcs, 4TO C/I0KEHHE TOYEK Ha
JaHHOM KyOHYecKkoit KpHBOI CBOAUTCA K OGHYHOMY CAOKEHHIO HX abCmmce.

. )

Y

X1

Prc. 18.10. [IpumMep cagxeHus Todek Ha KyGHveckol KPHBOH
Crowenre TodeK Ha KyGudeckoil KpHBOii KOMMYTaTHBHO M aCCOLIHATHBHO.
KoMMyraTHBHOCTb OuUEBMAHA: NpaMas AB coBnajaer ¢ npsamoii BA. AcconpaTms-
HOCTE ClefyeT U3 TeopeMsb! 18.2 (1 sKBUBATEHTHA €i1), KaK Noka3aHo Ha puc. 18,11,
B caMoM JeJsie, H3 TeOpEMBI CIGAYET, YTC TOYKA NepecedeHna NPAMBIX, COeHHA-
mux Ac B+C u A+ B ¢ C, nexour Ha I (Toura Z Ha pHucyHKe). OTciofa

A+(B+C)={(A+B)}+C =W,

a4 3TO K €CTh aCCOHATHBHOCTE.
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A+B

B+C

£ W=(A+B)+C=A+(B+C)

Puc. 18,1, AcCOLUMATHBHOCTL CAOKEHHA

18.7. B npocTpaHcTBe

M= ynoMaHyAk B 1. 18.2, 4To Beakas 2-TKaHb Ha IVIOCKOCTH TpuBHanbHa. Ho
He B npocTpancTee!! TPUBHANBHOMN 2-TKAHBK B NPOCTPAHCTBE HA3LIBACTCA TKAHD,
COCTOSAILAA H3 ABYX ceMelCTB NPAMEIX, Mapa/ieIsHbIX OCAM X M ¥, A TAIoKe BCAKAA
TKaHb, TOAY4aOIAACcsT U3 2Tl TKaHK Aedopmanueil.

ToCcTPOMTS IPeNATCTEHNE K TPHBHANBHOCTH 2-TKaHH B IPOCTPAHCTBE JIaXe Ipo-
Iie, 9€M Ha IUIOCKOCTH, Bo3bMMTe TOYKY A, MPOBEAUTE IEPEs Hee KPHBYIO NIEPBOTO
ceMeifcTBa, BeiflepuTe TOUKY B Ha aTOH KpPHEOH, NPOBEAHTe Hepe3 Hee KPHBYKO
BTOpOTO teMeticTBa, BEIfepHTe Touky C Ha Heil. Temeph MpoBeAHTE depe3 G KpH-
BYIO [IEPBOTO CeMeHCTBa, a yepes A — Broporo (puc. 18.12). [epecexyTca M 3TH
KkpuBEIE? Jla, eC/TH TKAHb TPMBHAMbHA, K HET B ofleM ciygae.

BoT npHMep HeTpHBUANBHOH 2-TKaHA. IlepBoe ceMeHCTBO COCTOMT U3 BEPTH-
KANBHKIX NPAMEIX, 2 BTOPOE — K3 TOPU3OHTANbHHX, IPHYEeM TOPH3OHTAABHEIE 11PA-

1Bcskan 1-TKaHb B NPOCTPAHCTEE TPUBHAILHA.
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Prc. 18.12. YeTpipexyronbHHK MOXET H HE 3aMKHYTBCH

MBie B ILTOCKOCTH Ha BhiCOTe h napasiesbHbI IPYT APYTY ¥ KMEIOT Hak/oH h B aToit
IWIOCKOCTH. MHEIMU CIIOBaMM, BO3bMEM POPH3OHTANLHYIO MAOCKOCTE ¢ CEMEHCT-
BOM MapaJUIENBHBIX NMPAMEIX Ha Heil u 6yaeM CABUraTh ee BAWIB BepTHKANBHOM
OCH, Bpalmas BOKPYT Hee. 3TO BUHTOBOE ABIKEHWe [IPHEeAeT K TKaHH, u3obpa-

SKEHHOH Ha pHc. 18.13,

N D
A
L

—

PRETRTEERREREY -

Puc, 18.13, Herpusuanbias 2-TKaHb E IPOCTPAHCTBE

HeTpHBHANLHOCTE 3TOM 2-TKAHH MMEeT HHTepecHbie cleACcTBHA. JlBe NpAMHe,
HpoXoAdIpe depes TOUKY X, 3aJai0T MIOCKOCTE — oBoaHauvM ee 7t(x). Mel mo-
JIy4aeM ceMeHCTBO IUIOCKOCTei B IPOCTPAHCTBE. DTH IUIOCKOCTH 00/aAaloT cBoii-
CTBOM, HA3EIBAEMEIM NOHOU HELLHMEZPUDYEMOCTEIO: HE CYIHEeCTRYET IOBePXHOCTH
(HepaXHO, HACKONBKO MaJoit), juia xotopoit 7{x) 6etia 61 KacaTeNbHOM ILIOCKO-
CTBIO B KaKA01T ToUKe X. JleficTBUTENBHO, eCIH OBl TAKaA NMOBEPXHOCTE CYHIECTBO-
BaJia, TO YETHIPEXYTONbHHEK Ha puc. 18.12 neskan 651 Ha Heit 1 ObU1 6B 3AMKHYT.

Ha nepBriii B3rAA 5Ta HEHHTEPUPYEMOCTb AOBONbLHA YIMBHTENEHA: OHA NPO-
THBODEYHT HALlell HHTYULMH, OCHOBAHHON Ha IACCKOM CiTy4ae. ECAH B ILIOCKOCTH
(coBCTBEHHO I'OBOPA, U B IIPOCTPAHCTEE J0G0H Pa3MepHOCTH) B KaXKAOH TOYKe
33/]aHO HANpABNEHHE, TAAKO 34BHCHINEe OT Hee, TO HaliZeTca ceMeiicTeo rnag-
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KHUX KPHBBIX, BCIOAY KacATeAbHBIX Kk JAaHHBIM HalIpaBlIeHHAM — cM. puc. 18.14 (a0
HE YTO HHOE, KaK OCHOBHaA TEOpEMa TEOpPHH OOBIKHOBEHHHX AW depeHLMans-
HBIX ypaBHeHH$). BOJIHe HEMHTErpHPyeMOe MO IUIOCKOCTeH B MMPOCTPAHCTEE
Ha3BEIBACTCA Kowmaxkmuotl cmpykmypoii. 3To oueHb NONYNAPHHIH OOBEKT H3yYe-

HHUA B COBPEMEHHOﬁ MaTeMAaTHKE.
A /éﬁ
YOO PP -

YOO
Yo PO
Puc. 18.14. CemeiicTBo HanpapfieHHI MHTEMPUPYETCA A0 ceMeHCTBa KPHBBIX

PO o4

18.8. CeTH YeOnIneBa

MoxHO JM CMOAETHPOBATE HACTOALIYIO MaTEPUI0 MaTeMaTHYECKOH TKaHBIO?

Ilrockmit yq4acToK MaTepHH COTKAH M3 JABYX CeMEHCTB NMPAKTHYECKU HepacTd-
HHMBIX HHTEH, 06pasyiomux MPAMOYTONbHYIO pelleTKY. EcaH mpipkaTh Kycodex
TKaHH K ACKPHBACHHOI TOBEPXHOCTH, TO COCTABAAICINME €€ NPAMOYTOIBHHKH HC-
KaxaloTesd, MpeBpalanch B napanenorpaMMel (puc, 18.15).

Puc. 18.15. Kycok maTepiH

Cemu Yebbtuteaa — 370 2-TKAaHB, ¥ KOTOPOH ANTHHE NPOTHBONIOVICKHEIX CTOPOH
KaX/OT'0 YeTHIPEeXyTONbHAKA, 06Paz0BaHHOTO TapaMi KPHBEIX K3 K&K/0T0 ceMeil-
¢TBa, paBHH (puc, 18,16),
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A B

AD=BC
AB=DC

D c

Prc. 18.16, Cets Yebrnuera

Brigaomuiica pocenitckuit Maremaruk XIX Bexa I1.J1. Yefrimes' UCXOOMT U3
NpHKIaaHoH 3agayy o6 3KOHOMHOM pacKpoe MaTepHH, KOTOPOi OH 3aHHMAaJICA TIO
3aKazy BIagenbua MaHydakTypsl. B TOT MOMeHT 3T0 ObU1a BaXKHAA 3aJa44: B CBA3H
¢ KpriMckoit BoliHOM BOSHHK GONBINOH copoc Ha apMeHCKyIo dopmy.

BoT xoHerpykuuA TKaHM YebHIleBa Ha TwiockocTH. HauHeM ¢ maps! KPHBHIX
a R b, nepeceKalolIHXcA B HaYane KoopauHaT O. [ia ka0l ToUkM A, Texaueh
Ha KpMBOH 4, caenaeM napaieNbHHH epeHoc KpHBoi b Ha BexTop OA. AHano-
I'MuHo, Jnt kAol Touku B Ha xkpuBoii b nepeHeceM KPHUBYIO a Ha BekTop OB
(puc. 18.17). B pesyneTaTe NONYHHTCA HEKOTOpAA 2-TKaHb, H MBI YTBepIKAaeM, HTO

b V. o
B c

Puc. 18.17. KoHerpykaua ceTH YebbIeBa Ha IVIOCKOCTH

aTo ceThb Yebrnnesa. JdeitcTBUTEABHO, M3 puc. 18.17 cnegyer, aro OBCA — mapai-
nenorpamm, IoatoMy ayra AC kpnBoii b’ nonmyvaeTcd U3 ayry OB napaalenbHEIM
nepeHccoM Ha BekTop OA H MMeeT ¢ Heil paBHYIO ANMHY. AHAIOTHYHO — JJIA AYT
0OA ¥ BC. To xe coobpakeHHe IPUMeHNMO K NPOH3BOALHOMH A4eiiKke NOCTPOEHHOH
ceTH. HITak, JIBe KpHBBIe Ha IVIOCKOCTH, MIepecexaiouinecs 1o HeHyNeBEIM YTIOM,
JOCTPAUBAIOTCH B HEKOTOPOIt OKPECTHOCTH HX TOUKH NepecedyeHUs Jo ceTH YebH-
meBa.

MoyKHO yTBepKAaTh W GobIiee: No ABYM KPHBEIM a K b ceTh YeGrimesa crpo-
HTCA eJMHCTBeHHEM o0pazoM. A JoKasaTenbCcTBA MEL elle pas HOCTPOHM STy

10 apyrux paSorax YeGLiliera paccKa3LIBACTCS B EKUMH 7.

10 3ax, 3647
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CeThb, HO Ha 3TOT pa3 cnocoHoM, HCKMIOYAIONHM HPOKIBoA. TIPHOIHIEM HCXOA-
HBIe KPHBHIE JIOMAHEIMH CO 3B€HBAMH AANHOHN & H mompobyeM JOCTPOMTE KX A0
cetH Yebpnmena. fAveitkn cetu Yebuiepa ¢ NpIMOIHHEHHBIMH CTOPOHAMH CYTh
napawtenorpaMMh, NoeTOMY JOMaHHe Ha pHc. 18.18 0AH03HAYHO AOCTPAHBAIOTCH
B0 «COT», COCTOAIKX U3 Iapa/IeJoTPAMMOR CO CTOPOHOM £. YeTpeMItsa € K HyJno,
MHI B fIpefiefie NOYIHM CeTh YeGHIIeBa, MOPOKACHHYO KPHBEIMY a H b.

Puc. 18.18. Cers YeGnimena U3 mapaaneAorpaMMoB

YToORI TOAYYUTE CeTh YeGHIeBa Ha MCKPUBNEHHOH NOBEPXHOCTH, MOXHO Ha-
PHCOBATE ITOCKYIO ceTh YeGbIleBa Ha JHcTe 6yMari ¥ H3OTHYTh JUCT B «pazsep-
THBAIOMYIOCA» MOBEPXHOCTE (CM. JIEKUHI0 13), MOXHO, HAIPHMEDP, PAcCMOTPETh
NOBEPXHOCTD, CACTAHHYIO H3 THCTa MELIMMETPOBKH. OfHaxo xe cet Yebrmmepa
CYIIECTEYIOT 1 Ha IOBEPXHOCTAX, He ABAKICIINXCH PA3BePTHBAIOIEMHCH.

Bot Honee ob1mas KOHCTPYKUMA ceTH YeOrleBa, Ha celf pas — /i HCKPUBJIEH-
Hoii noBepxHocTH. [lycTh @ U b — ABe NPOCTPaHCTBEHHBIE KPUBHe. Jia KaXAoi
maphl To9eK A Ha @ U B Ha b nycTs C — cepesuna oTpeska AB. TeoMmeTpiyeckoe
MEeCcTO TO4YeK C — TTOBEPXHOCTh. JTa NOBEPXHOCTh 3AMEeTAeTCA ABYMA ceMeiCTRa-
MH KPHBHX; ceMelcTBa MOMY9aloTed, eClM B KOHCTPYKUMM BHIE 3adHKCHPOBATE
TOYKY A (nepBoe cemeiicteo) win TouKy B (BTopoe ceMeiicTBo). [TonyueHHEe ce-
MelicTBa XpHUBHX 06pazyioT ceth Yebnimesa.

JleiicTBUTENBHO, PACCMOTPHM ABE Naphl TOUEK: A M A’ Ha KpuBoit a u Bu B’
Ha KpuBoii b (prc. 18.19). CepeguHrl wetsipex orpeskos K, L, M, N nexar Ha mo-
BepxHOCTH, [lapu K, L # M, N 1eXaT Ha ABYX KPUBBIX OAHOTO CEMeHCTBA, A APkl
K, N n L, M — apyroro. Umeem

KL = %AA’ =NM, KN= -%—BB” = LM,

noaToMy Kpusag NM nomydaerca us kpupoil KL nmapainenbHHM NepPeHOCOM Ha
BekTop KN, ¥ aHanorywaHo a4 KpuBeIX LM u KN. MonydaeTcsa, YTo AHHE IPOTH-
BOITOMIOMHEIX CTOPOH KPHBOJAMHEHHOTO 1eThIpexyronbHHKa KLMN paBHHL

CaMa NoBepXHOCTH (PeoMeTpHYECKoe MECTO TOUeK () — PesyibTaT napamiersb-
HOTO IlepeHoca KPUBOH a BAONL KPHBOIi b. TakHe MOBEPXHOCTH HA3HBAIOTCA 10-
aepxrocmamu neperoca. Ecnn kpuBsie a B b nexar B 03HOI IVIOCKOCTH, TO NOBEPX-
HOCTB [IePEHOCA COBMAJRET € ATOH IUIOCKOCTHIO, 4 MOCTPOeHHAN ceTh Yebnmesa —
C CeThlo Ha pHc. 18.17.
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Puc. 18.19. KoHcTpykuua ceti UebrlleRa B IPOCTPAHCTBE

Pac. 18.20. [MoBepXHOCTH BTOPOrO NOPAAKA KAK TTOBEPXHOCTH NMepeHoca

Cpezyt 3HaKOMEIX HAM MOBEPXHOCTEH MOBEPXHOCTRIO NEpeHoca ABAIETCH TH-
nepbonuaeckuii napabonoua z = x2 — y2. CooTBeTCTBYIOIME KPHBhie — Mapa6o-
aut (x, 0, x2) % (0, y, —y?) (puc. 18.20(a)). [apabonouz z = x> + y* ABAReTCA elle
ofHuM nprMepoM (puc. 18.20(6)).
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Bo3sBpalmasch K pasHHULE MEXIY pa3BepTHIBAIOIIMMHUCA IIOBEPXHOCTAMM H IIO-
BEPXHOCTAMH C ceTAMHU YeObllleBa, MOXKHO 3aMETHTh, YTO €CJIM IepBhie — 00pa-
36l OTOGpaXKEHHUI IUIOCKOCTH B MPOCTPAHCTBO, COXPAHAIOMMX AJIMHBI BCEX IVIaf-
KHX KPUBHIX, TO MOCJIeAHHUE ONHMCHIBAIOTCA OTOOpaXKEHUSAMH, KOTOPhIE COXpaHi-
0T JIMIIb JIMHB BEPTUKAJIBHBIX U TOPU3OHTAIBHBIX MPAMBIX. MeHee ¢popMaIbHO
MOJKHO CKa3aTh, YTO IOBEPXHOCTD ABJIAETCA pa3BEPTHIBAIOLIEHCH, ECIH K HEH MOXK-
HO IUIOTHO NPWIOXKHTb KYCOK 6yMaru, B TO BpeMA KakK [MOBEPXHOCTb ZOIMYCKaeT
ceTb YebbllIeBa, €M K HEM MOXKHO IUIOTHO IPWIOKHTH PHIOOJIOBHYIO ceTh. Ha-
npuMep, apabosouzb Ha puc. 18.20 pa3BepTHBAIOLIMMHUCS He ABJIAIOTCA, HO CETh
Ye6rpillleBa HA HHUX €CTh.

BHHBMM Bnsauike YxeHb llleHLIeHB Biaes INackanp
1885—1962 1911—2004 1623—1662

18.9. YnpaxxHeHus

18.1. (a) JokaxuTe, YTO TKaHb, COCTOAIIAA U3 FOPH30OHTAIbHBIX NPAMBIX, BEp-
THKaJIbHBIX MPAMBIX U TUIep6oi Xy = const, TPUBHAJIbHA.

(6) To xe AJst TKAHH, COCTOSALIEH U3 FOPU3OHTAILHEIX NPAMEIX, BEPTHKAIBHBIX
npsaMeix ¥ rpaduxoB y = f(x)+ const, rae f(x) — npousBosnbHasA GyHKIMA C IIOJO-
JKUTEJIbHOM NMPOU3BOJHOM.

18.2. PaccmoTpuM 3-TKaHb, COCTOALIYIO U3 NPAMBIX, MPOXOAAIMX Yepes JAaH-
HYIO0 TOYKY, IPAMBIX, IPOXOAAIIMX Yepe3 APYTylo AaHHYIO TOYKY, U KacaTeJbHBIX
MOMYTIPAMBIX K A@HHOI OKpyXHOCTH. TpHBHaJIbHA JIX 3Ta TKaHb?

18.3. [JlokakuTe, YTO 3-TKaHb, COCTOALIAA U3 KacaTeJbHBIX K GQUKCHPOBaHHOM
OKPY>KHOCTH Y NPAMBIX, POXOAAIINX Yepe3 JaHHYIO TOUKY, SIBJIAETCA IUeCTHYTOMNb-
HOIA.

18.4. PaccMOTpUM TpeyroJbHUK, 0Opa30BaHHBINH KpUBHIMU 3-TKaHH. [ToKaXKu-
Te, YTO CYIIEeCTByeT eJUHCTBEHHEII BITMCAHHBINM B HETO TPEYTOIbHHK, Takke o6pa-
30BAHHBIA KPUBEIMU M3 3TOM TKaHU.

18.5* Jloka)kure, YTO IIECTUYTONbHAA 3-TKaHb TPUBUAIBHA.
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Yra3aHME, [IpoaomKHTe MIECTHYTOABHHK S0 «COT», KAK Ha puc, 18,21, MoxHo
cJeNaTh TAKYIO 3aMeHY KOOPAHHAT, YTo CoTh! GYAYT COCTOATE H3 TPeX ceMelfcTs ma-
panneJbHHX MPAMEIX. ﬂpH YMEeHBIIeHHH HCXOAHOrO INeCTHYTONBHHUKA HCXOAHAA
3-TKaHb B lpeaene npoaeGOpMHDYETCA B TPHBHAALHYIC,

Puc. 18.21. HlectHyronbHas 3-TKaHb TPUBHATEHA

18.6* MoxaxuTe, 4TO BCe TPH TOYKH nepernfa riakoi kyGuueckoit KpHBOi
JIeAT Ha ofHoil npaMoit (3To 0TYeTAMBO BUAHO Ha puc. 18.6).



Jlexuus 19
®opmyna KpodroHna

19.1. IIpocrpanceTBo aydeil n dopMa mwromaan

B ¢popmyne KpodToHa yyacTByeT MHOMKECTEO ODHEHTKPOBAHHBIX NPAMEBIX HA
riockocTH. MHOTAQ, KaK B reOMeTpHYeCKo onTHKe, MH GyAeM fyMaTh o6 opueH-
THPOBAHHEIX MPAMEIX KaK O AY9aX CEET4, H B TAKOM CIy49ae MH OyZeM Ha3HEBATh
HX yYaMH.

OpHEHTHDOBAHHAA IPAMasn XapaKTepHayeTcd CBOMM HallPaBAeHHEM @ K pac-
CTOSIHHEM D OT Havana koopAuHar O. Mul 6yAeM NPHUIMCHIBATE STOMY PacCTO-
AHHMIO 3HaK — cM. pHC. 19.1. 3HauMT, IpOCTPaHCTBO Ay4el — 3To HWIHMHAP C KO-
opauHataMu (@, p) {Koropsiif MEI H3o6paxkaeM KaK efHHHYHHI BepTHKAILHEIH
KPYTVIBOI IMUTHHADP B POCTPAHCTEER).

p<0
O\ p>0

Puc. 19.1. KoopAKHRATE B NPOCTPAHCTBE OPHEHTHPOBAHHBIX NPAMEIX

CMeHe HApaBIeHHA IPAMO COOTBETCTRYET WEHTPAIBHAR CUMMEeTPHS LIVUIHH-
apa: (i, p) — (i + 7, —p). 3HAYNT, MHOKECTRO HEOPHEHTHPOBAHHBIX NPSIMBIX
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TOAY4aeTca K3 MIWIKHAPA OTOKACCTRACHHEM UCHTPAIBHO CHMMETPHYHEIX TOYEK;
TEM CAMEIM 3T0 jiuct Mébuyca,

CABHT HAaYaJa KOOPAWHAT MEHACT KOOPAHMHATH NPAMOIL. A MMeHHO, ecik O’ =
=0+(a, b} — Apyroe Hadano KOOPAWHAT, TO HOBble KOOPAMHATEI CBA3AHH CO CTA-
PHIME CAefyIOUTUM o6pa3oM:

@' =y, p=p-asingp+bcose. (19.1)

YuTaTens MOXKET MOCMOTPETE AOKA3ATENbCTBO 3TOH GOpMYZBLI B JeKuun 10 win
BHIOJMHHTE ynpaxHeHKe 191, B yacTHOCTH, MHOMXeCTBO Aydeld, MPOXOAAIINX de-
pes Touxy (a, b), 3agaerca ypaBHeHHeM p = —a sin ¢ +b cos . 310 mWockoe cede-
HHe Halllero WWIMEpa.

Hwiuuap obnagaer anementoMm wiowane dy dp; sta dopma mwrolagy — riaeg-
HEIH repoii faHHOM nexiun. OHa He MeHSeTCA TIPH H3OMETPHAX IUTOCKOCTH, Jeli-
CTBUTENBHO, H3OMETPHA — 3TC KOMIO3HUYA NOBCPOTA BOKPYT HAYANA KOOPAHHAT
¥ [apa/UieNsHOro nepeHoca. [IoBopoT Ha yToa a AeficTByeT Ha MPOCTPAHCTEE Jy-
qeit caegyompM o6pason:

¢'=¢p+a, p'=p.

3To MoBOPOT UKWIKHIPA, KOTOPHI He MEeHAET Iolaask. [lapannensHHIE nepeHoc
JefictByer cornacHo dopMynam (19.1). 3to mpeofpasoBaHue TaKKe He MEHAET
wiomazay — cM. pHc. 19,2,

Y

Puc. 19.2. HapawnenpHslil nepeHoe coxparaeT GOpMY IIOMAAM Ha NPGCTPAHCTHE OPHEHTH-
POBAHHEIX IIPAMBIX

CTOMT yIOMAHYTH GAKT, M3BECTHEIH ele ApxEMeny. BHOIeM eMHUIHYIO ¢de-
Py B IDUIMHAP U PACCMOTPUM OCERYIO NPOeKiiuio ¢dephl Ha WHAHHAD (KoTopas
He olpefie/ieHa B TIONIOCax). 3Ta IMPOeKUMA COXPAHAET INOLaAL: niowadu aoebotl
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obaacmu na ciepe u ee npoexyuu Ha YUAUHOP coenadaiom (cM. ynpaxHeHne 19.2).
Jror QaKT Ne3BOMAET HEMEJNCHHO HaliTH wiciiags cephl.

Ocesbie IIPOSKINHE NCTIONB3YIOTCA B Kaprorpaduy, rae OHH H3BECTHE 104 Hec-
KONbKMMH MMeHaMH: Tamna—Ilerepca, bepMana, JlamGepra, Bansrasapa u 1.4,
OHH He HCKAXKAIOT IOMAAH, NOITOMY ['DeHTaHARA OKA3bIBAETCA NPHMEDHO B TDH-
HaJUaTE pa3 MeHbIle Abpuki (B OTIHYHE OT NPoeKIHKE MepKaTopa, IpH KOTOPoH
OHM OKa3LBAIOTCA NMPHMEPHO OAHOTO pa3Mepa), HO 3HAYMTENLHO MCKAAeTr pac-
CTOAHNA, OCOGEHHO B OKPECTHOCTH NOMIOCOB. CM. HCTOpHIO KapTorpaduu B [93].

M3 Toro dakTa, 9To oceBaA MPOEKLNA eANHHIHON cdephl Ha LWTHHAD coXpa-
HAET IUVIOMIAAN, CIefyeT, YTo WIolags chepHaeckoro nosca (oGmacTh Ha cdepe
MeX/y AByMA Napa/UIeibHBIMH [TOCKOCTAMH } 3aBUCHT TOJIBKO OT BHCOTEI NoAca h
(T. e. paccToRHUA MeXAY IUIOCKOCTAMME); HMEHHO, Ta INOWaAb paeHa 27th, 3tor
daKkT U3 IMKONEHOM reOMeTPHH HMEET UHTEPECHBIE (ICACTBHA,

[lycTb efUHWYHEIA AMCK MOKPHT MOAOCKAMHE ¢ DAPA/UIENBHBIMM CTOPOHAMHE
(«rnaHKaMH»).

TROPEMA 19.1. CymMma WUPUH NONOCOK He MEHblite, ueM 2,

3710 Teopema Tapckoro (YIRepHACHHE KOTOPOH, KOHETHO, OYeBUAHO, eCIH BCe
TIO/IOCKH TIApa/ie/IbHEL).

JIOKASATENLCTBO, PaccMOTPHM AWCK, TOKPBITHIH MOAOCKAMH, KAK BEPTHKAMh-
HYI0 TIPOeKIIMI0 eAUHHIHOI cdephi, MOKpHTOH chepuieckumu noscamu. O6ias
IIoIaAb MOACOR paBHa CyMMe MX IIKMDHH, YMHOXeHHO! Ha 27, ¥ He MeHblle
mwiomaAn chephl, paBHo# 477, 3Ha9MT, cyMMa INKPHH He MeHBIIe, YeM 2,

19.2, CBA3b ¢ reOMETPHYCCKOH ONTHKOM

Ddopma mwiomaau dp dp Ha IpocTpaHcTBe Mydeil HrpaeT H3BeCTHYIO POIb B reo-
MEeTpHYeckol onTHke. HMeHHO, uaealbHOS 36PKAI0 B Pa3MEPHOCTH 2 MPe/CTaB-
JAETCA TVIOCKOH KPHBOH; 3aKOH OTpaXeHUA — «yTo/ NafeHUA PaBeH YIMY OTpaxe-
HHA».

3HaYHT, 3epKanc 3ajaeT (onpeAereHHOe HE BCIOAY) mpeobpazoBaHHe MpoCT-
paHcTBa Aydeil: npuxosamuii 1y4 oro6paxkaeTca B OTpaKeHHHIH, yXoZAIMKH ayd.
Knogepoe cpoiicTBo atoro npeofpasoBaHHA MIVIMHAPA COCTOHT B TOM, YTO OHO
coxpaHfieT wiowaaH. To e BHNWIHEHO 11 Gonee CIOKHBIX ONTHYECKHX CUCTEM,
BKTIOMAIOIMMX B ce0 HECKOJILKO 3epKan u MiH3. B rexitny 28 5To CBOMCTBO coxpa-
HeHHA Wiomaaeii mogpotHo obcykuaeTed B CBA3Y ¢ GIIBAPIAMH.

KeraTu, cymiecTBoBaHMe Ha MpocTpaHCTBe Aydeil $oPMBI IOWAAN, HHBAPH-
AHTHO} CTHOCHTE/IPHO 3ePKANBHOIO OTPaXeHHA, XapaKTePHO He TOABKO AJ14 H10c-
KocTH. PaccMOTpHM, Hanpumep, eanHUaHYIO cdepy. Polb NpAMBIX UrpaioT 6o/b-
mHe Kpyri. OpHeHTHPOBaHHEH 60bI1noi KpyT OAHO3HAYHO 3ajaeTcA CBOMM NHO-
JIFOCOM — IEHTPOM 3Tore GO/BINOTC Kpyra B chepudeckoli MeTprke (BHOOD H3
ABYX NOMIOCOB NIPOMSBOJICH, HO KaK TOABKO OH CACNAH, AOIKEH OCTABATHLCA HEH3-
MEHHBIM; B YaCTHOCTH, CM€Ha OpPHEHTaHuu GONLIIOro Kpyra MeHAeT MOMOC Ha
NMPOTHBONMOACHHEII),
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3HayHT, NPOCTPAHCTBO Aydei Ha cdepe oToXNAECTBAAETCA ¢ camoit cdepoit (3Ta
KOHCTPYKIHA TIOYTH COBNAAAET C IPOEK THBHOMH BOMCTBEHHOCTHIO, 06CyKAaeMOl
B eknpu 8). Chepa oGnazaeT CTAHAAPTHRIM MEMEHTOM IUIOLAH, YTO AAET HAM
HTEMEHT IVIOMAAN HA 1IPOCTPAHCTRe Aydeil. OTo dopMa Wiomadl HHBapHaHTHA
OTHOCHTeNbHO ABHKeHHI cdeprl (ynpakHeHne 19.3) M He MeHAeTca npy OTpa-
JKEeHHM OTHOCHTEBHO MoBoro 3epkasa, NpecTaBIeHHOro IMagKol chepuaecko
KPHEBOI,

19.3. ®opMmyna

PaccMOTPHM IIaJKYIO [UIOCKYIC KPHBYIO ¥ (He 06A3aTeIbHO 3aMKHYTYIO WIH
TPOCTYI0) U onpeenuM GYHKUMIO n, Ha NMPOCTPAHCTBE OPHEHTUPOBAHHBIX HPA-
MBIX Kak 9HCIIO TlepecedeHH mpAMol ¢ KpHBoH. C 3THM oIipefie/IeHNeM HMeloTed
HEKOTODHI¢ TIPOGEMBI: HATIPHMEP, ECH Y — OTPE30K MPAMOH, To n, Gyaer umeThb
BeCKOHETHOE 3HaUeHNe I [BYX OPMeHTHPOBAHHBIX NPAMHX, er0 COfiepKallHX,
BosHOBaTLCA 1O 3TOMY NOROZY HE HAajo: Mbl coGHpaeMca MHTerpupOBaTh N, TO
[WINHADY, U 9TH «QHOMAHH» He AafyT BKIaja B HHTErpan.

B ofem cy4ae 3HAYeHHE N, USMEHACTCA HA 2, KOTAA NpAMasd, He Tiepecexa-
I010AA KPHEYIO ¥, HAYMHAEeT ee mepecekats (M. puc, 19.3). Ecnu (, p)} — koopau-
HATH NIPAMOIA, MBI 3anuirem GyHkuuIo kak n{g, p).

-

Puc. 19.3. dyHruma n,

dopmyna KpodToHa BHIAARAT CRETYIONNM 06pasoM.
TEOPEMA 19.2.

mnaHa(y) = % _” n,{p, p)dy dp. (19.2)
Ecmua KpHBaA y «He oUeHb IUTOXaw, TO 3TOT HHTErpal KOHEYCH, HanpuMep, TaxK
GYAET B CAy4dae, KOrAA ¥ — OorpaHH4YeHHad JoMaHad,

JOKASATEABCTBO ¢OPMY/AB KPO®TOHA. KpHBad y MoxeT OHITh MpHORMMe-
Ha JIOMaHo#i, TO3TOMY ZIOCTATOYHO A0Ka3aTh (19.2) axa Takoit nomaHoit. [Tpeano-
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JIOXXUM, YTO JIOMaHaA JIMHHA ABNAETCS 06befUHEHHEM JBYX JIOMAHBIX ¥, H ¥,. O6e
qacTd dopMyabt (19.2) agANTHBHEL; NosToMy opMyna Aid ¥ GYAeT BepHa, eciH
OHA BepHa JJ4 ¥ U Yy, SHAYUT, JOCTATOYHO NpoBepuTh (19.2) A)Nq OTpe3ska.

IMycte € — 3HadeHde HHTerpana (19.2) a4 eAHHAYHOrC OTpe3Ka; KOHCTAHTa
He 3aBHCHT OT NOJAMKEHHMA OTPe3Ka, TAaK Kax $opMa Iouaji Ha NPOCTPaHCTBE
NPAMBIX COXpaHAETCA NPH W30METPHAX. PacTsKeHHe B r pa3s YMHOXAET IWIoWa/b
Ha r, TIO3TOMY

” ny (¢, p)dyp dp = Cly|

A/ BCKOTO OTPE3Ka Y.

Ocraercs nmpoBepHTh, 9To C = 4. 3TO Ipolle BCEro YBHACTE B CIyYae, Koraa
Y — eIMHUYHAA OKPYXXHOCTE ¢ IIEHTPOM B Hadane KOOPAMHAT: AJIMHA PaBHA 27t,
B TO BpeM# XaK YUCI0 1, (i, p} paBHO ABYM 1pU Alo6oM @ U —1 < p £ 1 1 paBHO
HY/IO B IPOTHBHOM clydae.

Ananor $opmynn KpodroHa BHIOAHAeTCA LA KPHBHX Ha chepe: KOHEYHO,
HUHTerpan Sepercd 10 OTHOMEHWI) K IEMEHTY IIOMaAl, o6CyRIaeMOMY B KOHIle
1. 19.2; cM. ynpaxxHeHue 19.5.

19.4. IlepBhie MPIIOKEHHS

dopmyna KpodroHa HMEET MHOKECTBO TIPHIOKEHUH. B 3ToM nyHkTe MK 06-
CYOVM TeTHIpe H3 HHX.

1) PaccMOTpHM ABe BAOMEHHBIE 3aMKHYTHE BHITYKALE KpHBole ¥ K I' (pHc.
19.4) anuunl I u L coOTBETCTReHHO. M yrBepikaaeM, uto L 2 1. JdeficTBHTens-
HO, TIpAMayg MepecekaeT BHIOYKIYIO KPUBYIO B [ape TOYeK, MPHYEM KadaAas Npi-
Mas, IepeceKalonlasd BHYTPEHHIOI KPHBYIO, TaKKe NepeceKaeT BHEUIHIOn. JHa-
4HT, M > 1, ¥ PE3YITBTAT CeayeT us dopmynnt KpodroHa.

Puc. 19.4. BaoxeHHEIe OBANDI

2} lllupuHa BHOYKUTOH GUrypHl B 3alaHHOM HANpPABAeHUH — 3TC DACcCTOSAHHE
MENIY Hapoi NPAMHKX 3TOro HANpaBMeHus, KacalolUXcA QHUIypsl ¢ NPOTHROIO-
JOKHHX CTOPOH, DHrypa NOCTOAHHOMK UWIKPHHE HMeeT OfHY H TY K€ IIHPHHY BO
BCEX HafpapaeHudaX. [IpuMepoM ABAAeTCA OKDYXKHOCTE.
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ViMeeTcs MHOMECTBO APYTHX GHTYp mocTodHHON mupuHst (prc. 19.5), HO Koe-
qTo HX BceX o6befHHAeT: OHH HMEIOT MEPUMETp, paBHHH nd, rae d — mmMpuHa.
JlapaiiTe JOKaXeM 3TO YTBEDKACHHE.

Puc, 19.5. Purypa NocTOAHHOK IIHPHHEL

IlycTe y — 3aMKHYTAad BRINYKAAd KPHBaA NOCTOAHHON wWHpKHEN d. Brifepem
HAYaJio KOOPAMHAT BHYTPH Y. PACCMOTPHM KACATeNbHYIO K Y B HANPABANSHHHU ¢,
U nycTh p{y) oboaHavaeT paccTosHHe OT Hee A0 Hauada koopAuHAT. [lepHoauye-
cxan Gyrrumsa p(yp) HaseiBaeTca onopHoH QyHKIMel KpuBoif (cM. mexipno 10).

YexoBme NoCTOSHCTBA WINPHHEI 03HaYaeT, 9To p(y@)+ p(p + n) =d. [To dopmy-
Je KpodroHa uMeem

2n pply) 2r

mnna(‘r)=%J J 2dpd(p=%J. dyp = nd,
4] =plw+m) 0

4TO M YTBEPKAANOCE.

3) PaccrosHue Mex Ay OIpAMEIME Ha THHOBaHHOI Gymare pasHo 1. Kakosa Be-
POATHOCTE TOT'O, YTO MIOJIKA eAHHNYHOMN AAAHE, cIydaliHo GpolneHHasn Ha 6yMary,
nepecever IMHUK? ITO 3HaMeHHTas 3adaya Broddona 06 uzne,

MpeAnOnOXKM, YTO eAHHMYHELA OTPE30K ¥ FOPU3ICHTANEH U CepeANRHA ero COB-
HafgaeT ¢ HAYalloM KOOPAUHAT, B TO BpeM4 Kak AMHOBaHHaA GyMara MOXeT UMeThb
BCE BO3MOXXHEIE HaNpABNeHHA. Tellepk paccMOTPHM BMECTO AKHOBAaHHOH OyMaru
OOHY-€AMHCTBEHHYIC MPAMYIO Ha PacCTOAHMH He Goasmie 1/2 oT Havana xoopad-
Hat. Torza Bo3MOXHEE HOI0KEHNA NpAMOH H306PaKAKTCH TOUKAMH IIPAMOYTO/B-
HHKa 0 @ €21, —1/2< p £1/2, niomazs KOTOPOro PaBHa 27.

Ecn npamand nmepecexaert y, T0 n, =1, B MPOTHEHOM caAydae 7, = (. 3HaYHT,
tpelyeMan BEPOATHOCTh PABHA

(” n,(yp,plde dp) /2m.

Ilo $opmyne KpodroHa MHTErpan B YeTHpe pasa Soiblle JIHHEL ¥, TAK 9TO BEPO-
ATHOCTDH PaBHa 2/ 7.
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4) KpueK3Ha raagkolt npocTpaHCTBeHHOH KpUBOM — 3TO MOZY/E BEKTOPA YyC-
KOpeHUS, eCJIH KpHBadA TapaMeTPU230BaHa AAHHON AyTH (CM. nekuuio 15).

TeOPEMA 19.3. [Tonnas xpususna samxnymoil npocmparcmaetnotl kpueoli ne
Menbitie, tem 27T,

JlokASATEARCTEO. [lycTh y(t) —kpnBan. Korga mapaMeTp ¢ MeHAETCH, BeK-
TOp cKopocTH I'(t) =y'(t) onMceIBaeT 3aMKHYTYIO KPHEYIO HA eAMHHMYHOH cdepe,
HHOTAA Ha3BBAEMYIO KacamenbHoll unduxampucoti. JMHa MHAKKATPHCE paBHA

J Ir'() de = J ly”() d,

9T0 €CTh [IOHAA KPUBH2HA 1. ME XOTHM ITOKazaTh, YTO AAMHA " He MeHEBHIE, 9e€M
2m.

MBI yTBEpXAaeM, YTO HHAMKATPHCA NepeceKaeT KaxALH Gonpinoit Kpyr Mu-
HUMYM ABKAbL ByZeM HashIBaTh HHTEPECYIOIMI HAC GONBINOil KPyr 3KBATOPOM,
# 6yAeM HAZKIBATE VIOCKOCTE, B KOTOPOH OH J€XHT, FOPU3OHTANBHOI. PaccMoT-
PHM Teleps HAMBHICIUIYIO ¥ HAMHH3NIYIO TOYKH KPUBOH 1. B 5THX TOUKAX CKOPOCTE
y’ ropu3oOHTaNbHa, a 3HAUMT, [ mepeceKaeTca ¢ 2KBaTOPOM.

Haxonren, npumMeHuM chepryecKyio GopMyay Kpodrrona: np 2 2 noBCIoAy, IIO-
maas chephl paBHa 477, NO3TOMY /UniHa [ He MeHbllle, 4eM 272,

3HaMeHHTad TeopeMa MiHopa—®apH [JIACHT:

TEOPEMA 19.4, Ecnu 3amkHymas npocmpancmeeHnas Kpusaa 3ay3neHa, mo ee
noAHAs KPUBU3IHA npesbiiigem 4.

To, 4TO MOIHAA KPUBH3HA GobIIe WK paBHA 41T, caedyeT U3 Gosee Wil MeHee
oueBKAHOTO GaKTa, YTO Y3e/I A0IKEH HMETE XOTA OB O ABA JIOKANLHBIX MAKCUMY-
Ma ¥ MHHHMyMa (pHc. 19.6). Mbl He §yZeM OCTAHABIMBATLCA HA TOM, KAK MOXHO
CAENATh 5TO HEPABEHCTEO CTPOTHM.

19.5. TeoMmeTpHuecKoe HEPABeHCTBO «/IHK»

PaccMOTpPHM BHOBD JIB€ BJIOKEHHBIS 3aMKHYThIE IHTOCKHe KPHBHe: BHelHAd, I,
BHIIIYKN4, 4 BHYTPEHHAA, ¥, He 0643aTe/lbHG BHITYKAA H MOXET HMEeTh camoliepe-
CeyeHHs. JTO MOXOKE HA TO, kak H3oBpaxaioT JHK BHyTpH retky (pHc. 19.7).

Onpegenym noHy0 abCoNOMHYI0 KPUSU3HY 3aMKHYTOH KPHUBOH Kak HHTerpan
aBCoMOTHOTO 3HAYEHHA KPHUBHUBHEL 110 A/HHe AYyTH. [lonHas aGcoiioTHAS KPHBH3-
Ha HM3MepsfeT, HaCKONBKO KPHBad 3arHyTa. CpedHas abcomomHuan Kpususia KpH-
BOMH — 3TC e€ NoMHaA abCONIOTHAA KPUBH3HA, IeNeHHad Ha JHHY.

HmeeTcsa caefyoloee reoMeTpHIecKoe HePapeHCTBO.

TEOPEMA 19.5. Cpeduaa abeoniomnasn kpususHa I' He Gonviue, yem cpednns ab-
CONOMHAR KPUBL3HA Y.

MBI HasbiBaeM 3TC HepaBeHCTBO HepaBeHcTBoM JHK. Teopema 19.5 6rita Ao-
KazaHa Nuine HejaBHo [58, 14], 1 AoKasaTeNBCTBO HAa YAMBAEHHE CnoxHOoe, Mbl
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Puc. 19.6. KPHBM € OAHUM AOKaTbHBIM MAKCHMYMOM H OAHHM JTOKANBHMM MHHHMYMOM
HE MOXET BHTh JayancHa

. |

Puc. 19.7. JHK BHYTpH KAeTKH

AokaxeM Sosee cAabbli pesynbTaT, NpHHaAexani Papr (ofHOMY H3 aBTOPOB
reopeMn MumHopa—®apu, ynomaHytoi B i, 19.4). UMeHHO, MBI IPeATOIOKHM,

YTO BHEHIHAA KpHBas [ MMeeT MOCTOAHHYIO IHPHHY (HalpuMep, SBJAAeTCH OKPYXK-
HOCTBIO).

JIOKABATENBCTBO. MBI yixe 3Haem, aro fymea [ pasHa wd, rae d — auamerp,

a No/MHAaA KpUBH3HA paBHa 27, O603HAYMM IONHYI KPUBH3HY v 3a C, a AnuHy 3a L.
M XOTHM ZOKA3ATh, YTO

][

Z

aulbo

(19.3)
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OpueHTUpPYEeM ¥ H ONpefleNHM JIOKANBHO NOCTOAHHYI0 GyHKIHIO q(@) Ha OK-
PYKHOCTH KaK HHCIO OPHEHTHPCOBAHHBIX KacaTeNlbHHX NMPAMAIX K Y, MMEIOMIKX
HampasneHHue . UMeercsa caeayrolian HHTerpaabHad GopMyna A nontHol abeo-
JMIOTHOM KPHUBHAHHIL:

2
C= f qlplde. (19.4)
0

JeiicTBHTENEHO, €CTY t — NapaMeTp AJIMHBI AyTH Ha Y, & ¢ — Halpap/cHAe Kaca-
TeJAbHOH, TO KpMBU3Ha paeHa k =d¢/dt. [lonHaa KpUBH3HA

L L dw
|kidtzj |-——-|dt
J e |

€CTh NMoNHaA BapHanua GyHKUuK o, [TycTh | - HHTEpBaA, Ha KOTOpOM (yHKIHA
q{p) uMeeT mocTosHHOE 3HAYEHKe, CKaMeM, m, Torxa I uMeet m npoobpasos pu
orobpakeHun {t), a 3HaYeHHe HHTETpaNA

dy
j Eap
Ha KaKAOM M3 3THX m UHTepBaNOB paBHO AnvHe I. Orciofa caeayer $opMyna
(19.4).

HcnonesyeMm Treneps hopmyny KpodToHa, 9To6H BRAMCIKTE L. Kmouesoe Ha-
610eHHEe B TOM, UTO

n(¢,p) € qle)+q(¢+m) (19.5)

ANA BCeX p, . JeCTBHTENbHO, MEXAY ABYMA NOCAEN0BATENbHEIME HepPeceyeHt-
SMH Y € IpAMO#, KOOPAMHATHE KOTOPOit paBHH (¢, p), KacaTeJbHAA K ¥ XOTA OH
Pa3 HMEET HalIDARJAEHUE ¢ WIH p + 7 (3TO MO CYINECTBY TeopeMa POJUIL — cM. puc.

19.8).
Y
Y
@

/ \U:

Puc, 19.8, Oann »3 BAPHAHTOE TeopeMbl Pouia
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Obo3nayke onopHyio GyHKIMIO KpHBoi " yepes p(lyp), MpoHHTerpUpyeM Hepa-
peHcrBo (19.5), nprHAMan Bo BHUMaHKe (19.4) 1 ToT dakT, uro p(w)+ply +m)=d:

. AL
L= ff n(p,p)dpdyp < ¢ f f (qlpd+qlp+m))dpdy =
0 J —plp+m)
21

2m
=£:—J (Q(<P)+q((p+n))dga=%J ‘I(‘P)ds0=c7d.
0 4]

Orcioaa HemoCpeACTEEHHO CeAyeT HCKOMOE HepaBeHCTBo (19.3).

MoskHO A06aBUTB, 4TC eciu B (19.3) AocTHraeTcs paBeHCTBO, TO KPHBad ¥ COB-
nazaeT ¢ ' (M, BO3MOX(HO, IIDOXOANT €€ HECKOIBKO pas). JTO TAIOKE CACAYET M3
HAWero JOKA3aTeNbCTBA,

HHTepecHO HecaeAoBaTh NPOCTPAHCTBEHHYIO BepcHio HepaseHcrBa JHK, xo-
Ia ¥WieTKa -— BEIOYKAOe Teo, CofepXaiuee 3aMKHYTYIO KpHBYy0. Ecu wieTka —
map, TO MMEeTCd [0 CYLIECTBY TOT JKe PesyAbTaT, Ho AiA KieTok Honee obuieii
$OpMEI HEMEro HE H3BECTHO.

19.6. Yersepran npobrema M'wmmGepra

B cBOEM H3BecTHOM jfoknafe Ha MexayHapoZHOM MaTeMAaTUZeCKOM KOHTpec-
ce B 1900 rogy M. Tunebepr cdhopMyAMpoBaN ABAALATE TP NpofaeMH, KOTOpHIR
OKa3aJU CWILHOE BAMAHHE Ha Pa3BUTHe MaTeMaTHKH B XX Beke M NpooDKaioT
BAOXHOB/IATE MATEMATHKOR 1O Cell AeHb. YeTBepras npoblema NpefnaraeT «mo-
CTPOMTE M M3YUHTE I'eOMETPHH, B KOTOPHIX OTpe2ok npamoli — KpaTyafimuii nyTs
Mex(ny mapoit Todex». B 3ToM pazgene MBI mokaxem, Kak dopMyaa Kpodrona npu-
BOJMT K pellieHHI0 YeTBepToil npobaeMe: M'wasbepra B pasMepHOCTH JBa.

Bo-nepEeLix, YTo NOApasyMeBaeTcq [od reoMeTpueif? leoMeTpHYeCcKan ONITHKA
npeAiaraeT cAeAyomull oTeeT. PACCMOTPHM pacnpoCTpaHEeHHe CBETa B HEOAHO-
poaHOl ¥ HeHzOTPOMHOIR cpefle (3TO 03HAYAET, YTO CKOPOCTh CBETA 3ABHCHUT OT
TOYKH 1 HaNpapIeHUA). MoXHO onpefeANTs «pacCTOAHIHE» MEXAY TOYKAMH A U B
KAk KpaTyaiimee BpeMd, 3a KOTOPOE CBET MOXKET NpUNTH U3 A B B. Jro onpesens-
€T reoMeTpHIO, Ha3bIBAEMYIO PurcAepoaol zeomempuell, T/ie TPASKTOPHH CBeTA By-
NYT aHANOTAMH HPAMBIX AMAHH (OHH HAZKBAIOTCH reofie3nyeckiMu). Mbl XOTHM,
YToOH 3TH reofesyeckie OLUTH NPAMBIMU.

CKOPOCTE CBETa B KaoKAoH TOUKe X MOXeT OBITh ONNCAHA «eIMHHTHON OKPYK-
HOCTBIO» B X, COCTOAINE!H B3 KOHUOR BEKTOPOR CKODOCTH, OTAOKEHHEIX B JaHHOH
TOYKE U HMEIOIIHX ANHHY 1. ITa «efHHUYHAA OKPYKHOCTh», HA3WBaeMad unou-
xampucotl, — rragxas BRIYKAAS UEHTPANBHO CHMMETPHYHAA KPHBAA ¢ LeHTPOM
B Touke x. Hampumep, B cTaHAapTHOI eBXIHAOBOH NNOCKOCTH BCE MHAMKATPH-
CHl — eJIMHHHYHEE OKPYXHOCTH. ECJIH Bce HHAMKATPHCH — JUIAICH, TO FEOMET-
pHA HA3BIBAETCA PUMAHOBOM (3TO caMBIH BAXHBIH M NOAPOGHO M3y9eHHBIH KAace
TeCMeTpHIA).

HauHeM ¢ mpUMepOB, YAGEBACTBOPAIOINX YenoBuio M'mnsbepra. CaMuill nepBslii,
KOHEYHO, — eBKIMAORA METPHYECKAN TWIOCKOCTE. Janee, pacCMOTPHM eZHHHIHYIO
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cdepy ¢ ee CTAaHAAPTHOH reoMeTpPHeH, B KOTOPOH reofiesnyeckue — GoNbIIHE XpPY-
ri. Cripoenupyem cdepy Ha HEKOTOPYIO TUIGCKOCTE H3 LeHTpa. LleHTpanbHas npo-
eKIIHA OTOKAECTBIAET IVIOCKOCTE ¢ moaychepoil M mepeBoguT GosblIMe KPYrH B
MPAMEIe THHHH. 3T0 AaeT IVIOCKYIO PeOMETPHIO, OTAMYHYIO OT eBKIHAOBOI, reoie-
3HYeCKHe B KOTOPO# — NpaAMEe (A1 YMTATEAR, 3HAaKOMOTO ¢ AnddepeHINaNnbLHON
reoMeTpHEH: 2T0O METPHKA MOCTOSHHOM NONCKUTENBHON KPUBHIHEL),

B crefiyoimeM nmpumepe yyacteyeT reomerpud Jlofadesckoro, OTKPEITHE KOTC-
poit 6610 OAHKMM K3 MIABHBIX JOCTIOKeHHM mMaTeMmaTHku XIX Bexa. Pacemorpum
eAVMHUYHEI HCK HA TUIOCKOCTH | ONpeesiM PACCTOAHME MeXAY TOUKAMK X K Y
dopmynoi

d(x, y)=In[a, x, v, b], (19.6)

rie a 1 b— Toukn mepecedyeHUA NpPAMOH Xy ¢ CPaHHYHON OKPYKHOCTBIO (PHC.
19.9), a [a, x, ¥, b] — daoiinoe omuowiente yembipex moyek, oNpefeneHHOe KaK

(a—y)x—-b)
(a—x)y-b)’

OTa KOHCTPYKUMA TakoKe HaswlBaeTcd Moaenbvio BexnTpamy—Kreiitna (man npoek-
THBHOM MOAEeALIO) IUIoCcKOCTH JloBadeRcKoro.

fa,x,y.b] =

Pruc. 19.9. Moaenp BeasrpamMi—Kaeiina mnockocTH JloBaveBckoro

Ha camoM fiene ko BpemeHM Aoknaga Funsbepra GEUI0 XOPOUIO U3BECTHO, YIO
PHMaHOBEI FEOMETPHH, reodeanyecKie B KOTOPHX — NPAMEIE, MOI'YT GLITh TOIbKO
eBRITHACBOI, chepueckoit ¥ reoMeTpueit obayerckoro (reopeMa BensrpamMu).

Dopmynupya sagawy, MuESepT pyKOBOACTEOBAJNCA ARYMA APYTHMH [IpHUMepa-
MH. OauH 65u1 oTKPHIT ['WisGepToM B 1894 rogy ¥ HazHBaeTCH 2UALGepmoaoi Ment-
puxoii. MeTpuka 'unpbepra — obobmenne moseny Bensrpamn—Knelina, B KoTO-
poil eAHHMYHEIA AKCK 3aMeHACTCH POMIBOIBLHOH BHNYIUIOi obnacTeio. Paccrod-
HHe 3afaeTcA Toil xe dopmynoit (19.6), Ho ek rpaHHYHAA KpHBaA — He 3JLHIIC,
TO 9Ta QUHCAEPOBA METPHKA YiKe He ABNdeTcd puMaHopoil, Jpyroit mprMep 6601
HccAeaoBaH [ MMHKOBCKHM B paMKax TeOpDHH 4ncea. B reomeTpry MHHKOBCKOTO
HHAMKATPHCH B PA2HBIX TOYKAX OTOXKAECTRISIOTCA MapaTelbHEIMH MepeHoCaMH.
3T0 ofHOpOAHAA, HO B OOMIEM CAyIae aHH3OTPOIHAH FreoMeTpHA.
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PemeHue uyeTBepTOil npotinemun MunsHepra 0CHORaHO Ha (opmyne KpodroHa.
IIycre f(p, ) — DONOKUTENBHAA HENTPEPHIBHAA QYHKLIMA Ha APOCTPAHCTEE Ty4YeH,
YeTHad OTHOCHTENBHO CMEHbI OpHeHTaluK npaMoi: f(—p, ¢ + n)= f(p, ¢). To-
ria umeeTcda HoBast GopMa MIOMIAAN Ha KpocTpaHcTse aydell: f(p, w)dy dp. On-
peseniM JNKRHY KpiBoil o dopmyne

Amua(y) = % H n, (¢, p)f(p, p)dy dp. (19.7)

Monydaercd reoMeTpHs HA [UIOCKOCTH, MEl YTBEDKAAEM, YTO BCE reoJesHuYecKHe
B Hell — npAMBe. UTOGH YBHASTL 3TO, HY3XHO MPOBEPHTE HEPABEHCTBO TPEYTQUIb-
HHKA: CYMMa JVIFH ABYX CTOPOH TPEYTO/IBHUKA H0NbINe, 9eM TPeThA cTopoHa. Jeii-
CTBUTENLHO, KAXKHad MPAMas, IePECeKAOIad TPETHIO CTOPOHY, TAICKE IepeceKaeT
NepEyl0 WM BTOPYIO, 4 HHTerpHpoBanue (19.7) npUBOIUT K UCKOMOMY HEPaBeH-
CTBY TPEYTONBHHKA.

Ha camom gene Beakasa GUHCIEpOBA METPHKA, FEOAE3HYECKHE B KOTOPOH -
npaMele, 3agaerca bopmyncii euaa (19.7), Ho Mbi He OyaeM 3ieck 3TC AOKazH-
BaTh. 3TO 3HAUNT, 9YTO B KAKACH TaKoH reoMeTpPUM KMEETCA CBOA Bepcud GopMy-
nu KpobroHa, B BHCIIMX pasMepHOCTAX ueTeepras npobnema T'nasbepra umeer
CXOX(E€ PelIEHHE: BMECTO MPOCTPAHCTRA MPAMKIX HCIIONL3YETCH NPOCTPAHCTRO M-
nepriockocTel 1 sapHaHT opmyau KpodroHa,

B 3aBepmieHHe HAMIEre KPaTKoro o6CyKAeHNA YeTBepToi npobiemsl M'wibbep-
T4 YIIOMAHEM KPacHBOE OIMCAHHE METDHK, regiesHUecKHe AU KOTOPHX — NpA-
Mble. OHo 6buIo monyueHo amenem, yueHukoM [wianbepra, B 1901 rogy, Bckope
noche acknana F'unsbepra,

PUHCIEPOBY METPUKY MOHHO OXapaKTePH30BaTh GYHKLUNEH, KOTOPYIO MEL, CJle-
Ay dusndeckol TePMEHONOIMH, Ha3hiBaeM JarpaHyKHaHoM i oGo3HavaeM L, Jing
BeKTOPA CKOPOCTH ¥ M TOUKM X 3HaYeHUe JAarpamkuana L(x, v) —aTo MOAyns BeK-
TOpa CKOPOCTH ¥ B 6AWHKLAX CKOPOCTH CBETA, TO CTh OTHOMIEHHE I K CKOPOCTH
CBETA B AaHHOH TOYKe M JAHHOM HANpaBIeHWH. JDYTMMM CIOBaMM, HHAHKATpPH-
€a B TOYKE X COCTOMT H3 BEKTOPOB CKOPOCTH U, YACBIETBOPAIOMHX YPABHEHHIO
L{x,v)=1. fcHo, uro ¢pyHxuua L{x, v) ogHopoaHa mo ckopocTH: L{x, tv)=tL{x,v)
A BCEX TMOACKHUTENLHEIX t.

Hanpymep, B eBrIHAoBOH reomeTpry L{x, v) paBeH |v| — eBwinaoBol gmine
BeKTopa. B reomeTpun MEHKOBCKOrO Aarpatxual L(x, v) He 3aBUCHT OT X.

Jnuna rnagxoit xpuBoit y(t) smpamaerca dopmynoci f L{y(®), Y (t)) dt. Tax
KaK JIATPAHXUaH OAHOPOJEH CTENEHH 1, 5TOT MHTerpad He 3aBUCHT OT ApaMeTpH-
3anuH (COOTBETCTBYIOMIAsN MPOBEPKa 3BHAKOMA KAXAOMY CTYAEHTY, NPOXOAUBIEMY
KPUBOAMHEHHEIE HHTETPAJIHL).

JlarparkHaH MOXHO BOCCTAHOBHTB H3 Gopmynet (19.7), npuMends ee K Gecko-
HEeYHO MaloMy oTpesky v =[x; x + ev]. [loay4aerca cnegyroman GopMya:

2
L(xy, x5, 0, 5) = % f jv,cosa+uysinal f(x; cosa+x,sina, a)da (19.8)
0

(cM. ynpaxkHeHre 19.11).
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Tenepb MbI rOTOBH cGOpMY/TpOBaTh Teopemy l'amens.

TeOPEMA 19.6. Jlazpanxcuan L(x, x5, Uy, U,) 3a0aem uHciepogy Mempukxy, 6
Komopoli zeo0e3utecKue S8JIAIOMC NPAMbIMLU, M0O20d U MOAbKO Mozdd, k020d

L _ _ 9L
9x; 9V, ax, ov; *

fiBHas ¢opmyna (19.8) aaeT pelieHHe 3TOro ypaBHEHHUA B YACTHHIX IIPOH3BOJ-
HBIX.

JanbHelimupe cBeeHys o 4yeTBeptoit nmpobieme IMwibbepTa cM. B crathe Byse-
MaHa B [61], a Taioke kHurax [17, 94] u cratbe [22].

Apxume[ Aymxenro beasrpamu l'eopr l'amesnn
287—212 po H. 3. 1835—1900 1877—1954
Jasug 'mnbbepT Moprat KpodtoH Kopx-Jlyn Jlexnepk,

1862—1943 1826—1915 rpa¢ ae Brodppon

1707—1788
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JxoH MwiHoOp FepmaH MUHKOBCKHI
p. 1931 1864—1909
Anpdpen Tapckuit " Vmrsan ®apu
1902—1983 1922—1984

19.7. YnpaxxHeHUs

19.1. Jokaxure ¢popmyny (19.1).

19.2. JlokaxuTe, YTO OceBas IpoeKuus chepbl Ha ONMMCAHHBIN WIMHJP COXpa-
HAeT wiomaas (Apxumen).

19.3. [lokaxxuTe, YTO I€MEHT IUIOMIAZAY Ha IPOCTPAHCTBE OPUEHTHPOBAHHBIX
6GoJIBILIMX OKPY)KHOCTE# Ha cepe, OnpeseleHHBIH B 1. 19.2, THBapMaHTeH OTHOCH-
TeJIbHO BpallleHHii cdeprl.

19.4. IlpoBeanTe KOHKPETHOE BEIYHMC/IEHUE, MpoBepsioee dopmyny Kpodro-
Ha (19.2) pa eJUHUYHOrO OTpe3Ka.

19.5. Ilokaxute ¢popmyiry KpoproHa ans chepsi.

19.6. Ilycte I' —3amMKkHyTas BHIIyKJIasd KpHBaf, a Y — 3aMKHyTas, BO3MOXXHO,
camornepecekaromascsa kKpuBas BHyTpH I. [Tyctb L u | — ux nuHEL. JJOKa)XUTe, YTO
CYLIeCTBYET IpsAMas, epecekarolias y He meHee [21/L] pas.
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19.7. (a) 3aMeHHTe KaxAyl0o CTOPOHY PABHOCTOPOHHETC TPEeyroAbHHKa Ha Ay-
T'Y OKDYXHOCTH C LeHTPOM B MPOTHBOMOAGKHOMH Touke. JoKaxuTe, YTC MOAYIAIO-
10ASICA BBIYKAAS KpHBasA MMeeT MOCTOAHHYIO MPHHY (TpeyrombHUK Peno),

(6} MocrpoiiTe cXoXyI0 GHrypy MOCTOAHHOM MIMPHHL, HCXCAS W3 HPABHALHO-
r'0 n-yroflbHUKA A/A HeYeTHOTO N,

(B) JlokaxuTe, YTO BOKPYT KPHBOH MOCTOAHHON ITMPHHEL MOKHO OITHCATS Npa-
BHNBHBIH MIECTHYTONbHHK,

YKA3AHHME, ONUIIKTE INeCTHYTOARHHK C yrIaMH 120° ¥ NOKaXHUTe, YTo CyM-
™Ma AAHH JBYX MOOHX NOCKeA0BaTeNnbBHEX CTOPOH OHHAKOBA. [ToBepHUTE WeCTH-
YTOABHHK Ha 50° M NOKAKMTe, YTO HEKOTOPHIiL IPOMEeKYTOYHSEIH MeCTHYTOABHHK
NpABWIBLHBIH,

(r)* Hokaxkure, 4TO TPeyroAbHUK Peno HMeeT HAUMEHBHUIYIO TLICIIAAL CPEAH
KPHBBIX AaHHOH MOCTOAHHOMN ITHPUHEL.

¥YKA3AHME. ONHOINTE MPABIIBHBINA MIECTHYTONBHKK BOKPYT KPHBOH IIOCTOAH-
HOll ITHPUHEEL ¥ H BNHOINTE B Hero TpeyrobHUK Peno. [loxakure, 4yTO onopHas
dyuKIA TpeyroasHuka Peo He MeHBHIE, 9€M ¥ ¥, H KCHOAB3YATE yIpaKHEHHE
10.4(a).

19.8. JokaxwuTe, 4TO eclH caydaiiHo YPOHHTH KPHEYIO JUIMHBL [ Ha JHHOBaH-
HYI0 OyMary, To cpefHee KOAHYECTBO NepecedeHnii ¢ npamoii 6yaer 21/ 7.

19.9. TiycTs Y —He ofA3aTeNbHO 3aMKHYTAA KPHBaf BHYTPH eAHHHYHOH OK-
pyxHocTU. IlyeTs € — ee moAHag aGconioTHaA KpUBH3Ha, a L — aavna. Jokaxure,
aro L C+ 2.

19.10. Cdopmymupyiire U aokaxuTe BapiaHT JAHK-HepaBeHCTBa A KPHBOH
BHYTDH HIapa B HPOCTPAaHCTBE,

19.11. IlycThb Y — 3aMKHYTad KPHBaA B IPOCTPAHCTBRE, a C — ee IO/IHAY KPUBH3-
Ha. lnd eAMHHYHOIC BEKTOpPA U PACCMOTPHM OPTOrOHAIBHYK MPOSKIHIO Ha ILTOC:
KOCTE BAoMb . [lycTh C, — monHan aBcomoTHad KPHBH3HA IIGCKOH MPOEKIUH ¥.
JAoxaxuTe, 9TO

C C,dv,

=L
4
r/ie v pacCMaTpHBAeTCA KaK TOYKA eJHHUYHOHK cdephl, 4 HHTerpHpOBaHKe MpoUc-
XOZMT [10 OTHOIEHHIO K CTAHAAPTHOMY HIEMeHTY Iouasy Ha chepe.
¥YKa3aHUE. [IpeamonoxkuTe, 4TO ¥ — NOMaHad IHHHUA, 1 CBeAHTE 3aAa4y K CAy-
YA eAMHCTBEHHOTO yIVIa.
19.12. Jlokakyte HEPABEHCTBO TPEYTOABHHKA B THALGEpTOBOH MeTpHIE.
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Jekmua 20

Kpusu3na 1 MHOrorpaHHHKHU

20.1. Ha mockocTH

KpususHa rnaaxoti miockofl KpHBO# — 3T0 CKOPOCTD, ¢ KOTOPO# NOBOpauYMBa-
€TcH KacaTeNbpHasa IpAMas, KOTHa MH NepeMelljaeMcf o Kpupoi ¢ eAMHUYHON
CKOPOCTRIO. A KaK CNpeAeNHTh KPUBH3HY TOMaHOH?

KpHBH3HOH IIOCKOTC YI/IA a HAa3EIBaeTCA ero defeicm T — @, T. €. YIAIOBasA Mepa
JOTIOHUTEABHOTO Yria. Yem ocTpee yros, TeM Bonbine ero kpieusHa. Kpuerana
JIoMaHol paBHa CyMMe KPHBH3H ee YT/IOE.

CyMMa KpHBH3H YIVIOE BHIIYKIOTNO MHOTOYTOJMBHEKA paBHa 27 (cM. prc. 20.1).
CyMMBI KDHBH3H YIVIOB JByX CEMHKOHEYHEIX 3Be3ll, H300paskeHHEIX Ha pHc, 20.2,
PABHEI COCTBETCTBEHHO 47t M 67T,

Pue. 20.1. CyMMa BHONTHHX YIVIOB BRIEYIUION0 MHOTOTpAHHMKA
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Puc. 20.2. [lpe ceMHKOREYHBIE 3BE3]Ib1

20.2. KpuBHN3HA MHOTOrPAHHOT'O KOHYCA

Kaxas rpadb MHOrorpaHHOT0 KOHYCA €CTh IVICCKHE YT0i1, BePUIMHA KOTOporo
COBNAJaeT C BEPIMHHOMN KOHYca. PacCMOTPHM KOHYC C ITVIOCKHMM YIVIaMK Q, ..., {,,.
OnpegearM ero KpHBH3HY Kak AedekT 27 — (&, + ... + Q). 3aMeTHM, ITO KPHBHz2-
Ha MOXKeT OBITh KaK NOJIOKHTEABHON, TaK M OTPHLATENBHOM; eC/IM KOHYC nAoCKui,
TO KPMBH3Ha PABHA HYJIIO.

KoHyc c Bonee 9eM Tpemd TpaHAMH ABAAETCA HEXKECTKUM. [IpeacTaBMM, 9TO
€T0 IPaHU — JeCTKHE TUVIGCKHE YT — CoefHHeHEl B pefpaX mapHUpaMu Hano-
nobue ABepHHX netedb. Tora KOHYC MOXHO AedOpMHPOBATE TAK, YTO HHKAKaA
rpaHb He GKHMAETCA W He pacTArdBaeTcA, HO ABYTPaHHEIE YIJIBL KOHYca M3MeHd-
o1, [pyn Taxoit zedopManyy KPHBHAHA OCTAETCHA [TOCTOAHHOMN.

IycTe P — BHINYKJIBIHE MHOTOIpaHHEK.

JlEmma 20.1. Cymma xpususn 6o acex gepuluHax MHoz02pannuxa P pasna 47,

JokasaTENbCTBO. IlycTh U, € U f — KQIWYECTEO BeplliuH, pefep M rpaHeit
MHOTOTpaHHMKA P. OTH 4YHCia YAOBIETBOPHIOT COOTHOMIEHMIO v — ¢ + f = 2, Ha-
anBaemomy bopMymo Jivtepa (I0KA3ATEABLCTEO CM. B TEKUHH 24).

BRMHOIMM CyMMy S BCex YIVIOB Beex rpaHeft P, CyMMa YIVIOB IIDHM KaxzaoH
BepIIHHe paBHA 27 MHHYC KPHBH3IHA B 5ToH BepimiHe. CyMMHpPCBaHHE 10 BCEM
BepIIMHAM JaeT HAM paBEeHCTBO

S=2nv—-K,

rae K — nonHaa KpHBH3HA. C Apyro#l CTOPOHE!, MOKHO TAKXKe PACCMOTPETh CYyMMY
e BeceM rpaHAM. CyMMa yIJIoB Ipu i-if rpasu paBpHa n{n; — 2}, TAe n; eCTh KOAH-
9eCTBO CTOPOH ¥ rpaHn. Hrak,

S=an(n, +...+np)—2nf.

TTocKoNbKY Kaxaoe pe6po NPHMBIKACT DOBHO K [BYM IDaHAM, 1 + ... + 1y =2e.
ToaTomy
S§$=2me-2xf.

Takum obpasom, 2nv — K =2me — 21 f. TIpUMeHAa K 3TOMY PABeHCTBY GOPMYIy
Jitnepa, nonydaeMm MCKOMHEI PeayAbTarT.
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Ananor seMMbl 20.1 (¢ IOXOXXMM JOKA3ATENLCTBOM) BepeH K A1A HeBRITYKARX
MHOTOTPAHHHKOB, a TalkKe MA COCTaBAeHHBIX W3 MHOTOYTONABHHKOB NOBEPXHO-
cTelf, KOTOpEIe He 00A3aTeNBHO TOMOMOrHEECKH IKBUEAJIEHTHE Cdepe (Hanpumep,
Ui Topa): MX NOAHAR KPUBH3HA paBHAETCA 27y, e y = v — e + f — siineposa
xapakmepucmuxa HOBEPXHOCTH,

20.3. JBoficTReHHBLIE KOHYCH H cepAYECKHe MHOTOYTONBHHKH

[lycTh 3aAaH BLINYKIBI MHOrOrpaHHLIH KoHyc C ¢ BepmuHoii V. PaccMoTpuM
BHeLIHHEe HOPMAjH K ero rpaHaM, mpoxoadmye yepez V. ITH HOpMaaHM ABJLTIOT-
ca pefpaMu HOBOTO BHIMYKIIOTO MHOTOrPAHHOrO KoHyca C*, HasHBaeMoro Jsoti-
emeennsim K C. [Togo6Han KOHCTPYKUMA A8 YIVIa Ha IUIOCKOCTH JAaeT Yrod, Ao-
nonHACmKH HexoAHEH Ao 7. COOTHOIIEHME MEeXLY IIPOCTPAHCTBEHHEIM KOHYCOM
¥ ABOHCTBEHHBIM K HEMY B IIPOCTPAHCTBE Gojsee CAMKHO, OHO OMHCHBASTCA CJle-
AVIOIEeH JeMMOHH,

Jlemma 20.2. Venst mexcdy pefipamu xoxyca C* donoaxaom do T coomaemcnt-
syroutie dayzpanibie yeant KoHyca C, a 0gyzpanHbie y2awl KoHyca C* donoausiom
do T yenut mexdy pebpemu xkonyea C.,

JIOKABATEALCTEO. [lepBoe yTRep)xAeHUEe CTAHOBUTCA ACHBIM U3 puc. 20.3, a
BTOpOE C/IeAyeT H3 CHMMEeTPHH OTHOLeHHA AROUCTREHHOCTH MeXAy C u C*,

Puc. 20.3. JokasaTenbCcTEO AeMMB 20.2

C 3Toro MOMeHTa B HalHX paccyxAeHHMAX OyZeT ydacTBOBaTh chepHyeckas
reoMeTpust. JIOBOIEHO eCTECTBEHHO MOMHTATLCA 3aAMEHUTh €BKIHAOBY IUIOCKOCTh
céepoit (earrHHMHOrO pagKyca) — B KOHIE KOHLIOB, TIOBEPXHOCTb 3eMIH SBASETCH
{nmpubnusnrensto) chepoitl. Ponb npameix B Heii 6yayT wrpath Gonpinne Kpyrn®

1Chepuueckan reomeTpHA GhUIa HABecTHa ele APeBHHM IPeKaM. ¥ MHOIHX Teopem eBKIHAOBOHM
reOMeTPHM ecTh cepHyeckue SHANGTH; TaK, HanpHMep, SupaoT cepHyeCKHe TEOPEMB CHHYCOB
M KOCHHYCOB.

To ects OKPYHHOCTH, TIOMYGacMble B CeYEHHH cdepbl MMOCKOCTLIO, Mpoxofsumeli uepes ee
UeHTD. — [TpuM. nepes.
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(B OTIHYHE OT NNOCKOCTH, JIIOOHE ABe «IpAMBIe» Ha cdepe mepeceKaoTea B ABYX
ToYKax); chepryeckuil MHOTOYTONBHHK OrpaHHdeH AyraMH GoMbHINX KpyroB. Yu-
TaTeITIO, XEeAA0IEMy NOHATD, YTO ABAACTCA AHAJOIOM TIPAMEIX Ha NPOH3BOABHEIX
TIOBEPXHOCTAX, MbL NIpejiaraeM MoAOXKIATE A0 1. 20.8. Yronm Mexay ApyMA 60b-
INMMH KPYTAMH, NEPeceKalonMMACA B TOUKe X, ompejeNaeTca KaK YTol MeXAY
COOTRETCTRYIOLIMMK KACATEABHBIMA NPAMEIMH, JIeXKAIIHMH B KacaTeabHoH mioc-
KOCTH K cdepe B Touke X.

XapaxTepHo# ocobeHHocThIo ceprdeckoil TeoMeTpHH ABNAETCA OTCYTCTBHE
IIOHATUA MOAO6VA; B JaCTHOCTH, MHOTOYTONBHHK HeNb3d PAcTAHYTh TaK, YTOGH
ero YmIBl OCTANHCH MPEMHHMH, a IUIOMAAL N3MeRwTack. Bonee TouHo, miomwazb
cepHdecKoro MHOrOrpaHHHKA ONpefendercd ero yrIaMy.

TeEoPEMA 20.3. IIyeme P — sntnyicnsiil n-yzonsHUk Ha edutlitnoll cepe, npu-
YeM €20 y2abt PagHbl Xy, ..., &y, @ roujade pasia A. Tozda

A=a;+...+a,—(n—2)7. (20.1)

Q6paTtuTe BHHMaHKE, ITO [UIA TIOCKOTO n-yTOALHHKA [IPaBast 9acTh PABEHCTBA
(20.1) paeHa HymIO.

JOKASATEALCTBO. HauHeM co wrydaa n=2. JIByyTONIBHUK — 3TO OOMACTE, OT-
paHy4YeHHad ABYMS MepHAMaHaMH, NPOXOAAMAMH Yepes nomock. Ecmm a — yron
MeXAY MepuAHaHaMu, TO IVIOWRA/L ABYYTOIbHUKA paBHA -2%-1‘& YacTH IIOUIATH
Beeif chepHl, koTopan pasHa 47, T.e. 2a.

Teneps paccMoTpHM cdeprdeckuii TpeyroasHRK (CM. puc. 20.4). Tpu Gonpmux
Kpyra ofpa3yloT mIeCTh ABYYTONBHHKOB, KOTOPHE MOKDHEBAaIOT Beio cbepy. IIpu
3TOM HCXOAHEI TPEYTONLHHK M MPOTHBONGIOKHBI K HEMY IIOKPBIBAIOTCA TPH-
HABL, a ocTaAbHaA HacTh Cephl OKasbBaeTCA NOKPHTOH ofuH pa3, Ofman mwio-

PHc. 20.4. [Iioniafb cdhepuiecKoro TpeyroibHHKa
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Aajgb 3THX HIECTH ABYYTOJbHIKOE PABHA 2(20:1 + 2(12 + 2(13 ), OTKYAa
4((11 + @y + ag) =4m+4A.

OTcioda creAyeT Hallle YTBep:KAeHHe Npu n =23,

HakoHell, BCAKWIA BEIMYKIBIH N-YTONBHUK [IPH 71 2 4 MOXHO pa3bHTh AvaroHa-
JIAMA Ha n — 2 TpeyrobHYKa. Ero naomans ¥ cymMMa YIios paBHEI COOTBETCTBEH-
HO CyMMe muomajeii ¥ cymme BeeX YIVIOB MONYYEeHHEIX TPEYTONBHUKOB, OTKYAA
H crefiyeT paBeHcTBO (20.1).

W3 noxasaHHOH TeOPeMB CHEAYET, Ir0 MEl MOXKeM HHTepNpeTHpOBaTE KpH-
BU3HY BHITYKAOT'0 MHOTOTPAHHOTO KOHyca C Kak ILTOLIaAL HEKOTOpero chepirde-
CKOTO MHOTOYTO/ABHHKA. [IycTE C* — ABOHCTBEHHEIN KOHYC; PACCMOTPHM eHHHY-
Hy1o cdepy ¢ LeHTpOM B eTo BepuinHe. [lepeceyerne C* co chepoli — 370 BHIYK-
Julit chepuveckuii MEOrorpaHHuk P, Ero miomnaap usMepaeT TeflecHBIT yToa Ko-
Hyca C*,

CaeacTauE 20.4, Mrowjads A cihepuueckozo mMHo20y20nbHUKa P pasHa kpusus-
He xouyca C.

Hoxasarenscteo. [peanonoxum, aro P— 370 n-yroABHUK ¢ yoAaMH a;. [T1o-
WL MHOTOYTONBHKKA P 3agaeTca dopmysmoit (20.1).

YIam a; cyTh ABYTpPAHHbIE YT ABOHCTBEHHOro koHyca C*. IlycTh §; — yrist
Mexay pebpamu xonyca C. ITo aemme 20.2 umeem @; = 1t — §;. [loACTaBUB 3TO
paeeHCTRO B (20.1), nomyvuaem

A=2n—(f+...+5,)
TIpaBasg 4acTe PAaBHA KPHUBU3HE KOHYca C, 4To U TpeboBanock.

Cneactere 20.4 faeT elle oIHO AOKA3aTENBCTEO JeMMEl 20.1: MOKHO CABHHYTE
NBOMCTBEHHEE KOHYCEI BO BCEX BEPIIMHAX MHCTOTPaHHHKA P B LieHTp cdepH, U TO-
rAa KOHyCH TIOKPOIOT BCe [IPOCTPAHCTEO; cM. pHc. 20.5. OTCiona crexyer, YTo CyM-

Puc. 20.5. CyMMa KPHBH3H BRITYKAOTO MHOFOTPAHHHKA
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Ma nAoageif COOTBeTCTRYIOINX chepHiecKHX MHOTOrPAHHHKOB paBHa 47T, OTKY-
Aa BolTexaeT AeMma 20.1. Mz sToro paccy»KAeHHA BKYIE ¢ AOKA3aTEABCTBOM JeM-
Mu 20.1 Taroke caeayeT ¢popmyna Jiinepa.

20.4. MNapayrenbHBIH NEPEHOC U NEpeKaThbIBAHHE

Onpegenum napannensisiil nepenoc Ha HOBEPXHOCTH MHOrOTpaHHUKa P. Mer
XOTHM IepPeHeCTH BeKTop (Has0BeM ero v), Aexamuil B OAHOM W3 rpaseil MHOTo-
rpa’HuKka. [ToKa MBI OCTAEMCA B IPeIeaX OHON rpaHu, MBL MPOCTO IEPEHOCHM U
napanneibHo caMoMy cefe, KaK Ha IUIOCKOCTH. TPYAHOCTH BO3HUKAIOT, KOTAA MEI
XOTHM MepeHecTH BeKTop depea pebpo.

Mycrs Fy u F, — cMekHEIE TPaHy, epecekaioiiecd no pebpy E. OToxAeCTBUM
IIOCKOCTH 3THX FpaHe IpH NOMONIY NICBOPOTA BOKPYT E (Kak ec/n 6Bl 3TH rpaHH
ObumM Gbl coeAWHeHH MIADHUPOM). [TyCTh BEKTOp UV MAPaAENbHO IIEPEHOCHTCH
BHYTPH TpaHH F,. Korga Touka npritosxxeHns BeKTOpa v oKaxeTcd Ha pebpe E, npH-
MEHHM OBOPOT; B Pe3yJETaTe NOAYIHUM BeKTOD i, IeXKamuil & rpani F,, BeKTop u
ARAAETCA Pe3yIbTaTOM NapajIeALHOrO IEpeHoca BEKTOpa v uepes pebpo E.

HHaue roBopd, IpH napaienbHOM epeHoCe BeXTopa v Yepes peGpo E kaca-
TeAbHAA KOMIIOHEHTa v BIOAE E U ero HOpManbHad KOMIIOHEHTA He MeHAIOTCH.
Ha puc. 20.6 uzobparkeH mapaniefbHblil NepeHOC BEKTOPa Yepes TPH CMeXHEE

pebpa xy6Ga.

Puc. 20.6. [TapannensHulil epeHOC Ha KyBe

To e camoe MONHO CKa3aTh W NMo-Apyromy. [10A0KHM MHOrorpaHHHMK P Ha
TWIOCKOCTL TpaHbio F; BHK3 M NepekaTHM ero yepes peGpo E. Tenmeps rpads Fy
OKasKeTCH Ha T'OPHU3OHTANBHOI TiockocTH. OTNevaTkM BeKTOPOB U M U Ha TopH-
30HTANLHOH IMOCKOCTH NapauiensHel. MTak, mapannenbHelil epeHoc 10 MOBEPX-
HOCTH MHOTOIpaHHMKA — 3TO TO JKE caMoe, YTO NepeKaTEHBaHAE 3TOro MHOIOTDaH-
HHKA 10 TOPH3OHTAABHOM IOCKOCTH.

Teodesuueckan y onpegenseTcd KaK KPUBas Ha MOBEPXHOCTH MHOrOrpaHHHKA,
ABNAICIAACA OTPE3KOM [IPAMOIt B Npeienax KaXAOH rpaHy, NpUYeM ee KacaTelb-
Hble BeKTOPH NOMYy4aoTcA APYT U3 Apyra NapauiebHEIM TlepeHoCoM Yyepes pebpa,
KOTOpble nepecexaer y. MEl IpeJno/naraeM, 4To reofeslyeckue He MPOXOAAT de-
pes pepnriELlL. Ha npakTHKe reofezudecKylo MOXKHO NPeACTABAATE cefe KaK JeH-
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TOYKY, KOTOpOii 06BA3kIBaeTCA Kopobka korder. KorAa Mbl nepexaTHBaeM MHOTO-
IpaHHMK [0 IUIOCKOCTH, Teofe3HuecKad OCTABMACT e, ABIAIIIHICA OTPEIKOM
npAMott.

Teome3ruecKue MUHMMM3HDYIOT DacCTOfHHE MeXAY AOCTATOYHO OMM3KMMHU
TOYKAMH,

JlEMMa 20,5, Paccmompum dse nrockocrmit @ npocmpavemae, Fy u Fy, nepecexa-
wwuecs no npssoti E. [Myems A, u Ay — mouku 8 Fy u Fy. ITyeme ¥ — kpamuatfisuil
nyms us A, 8 A, npoxodawull uepea E, ua nosepxrnocmu, obpasosannoti deyma
NOMYMAOCKOCMAMY, pa3deneHHbMU pefipom E. Toeda y — 2eodesuuecian.

JOKABATEALCTBO. [ToBepHeM mnockocTs F, BoKpyr pebpa E, noka oHa He COB-
NajeT ¢ WICCKOCTRIO F . KpaTyaiiinan AHMANA ¥, coefUHAIOIWAA A, 11 A, IPEBPATHT-
cA B OTPe30K; MO3TOMY eJWHHYHEE KacaTelbHbIe BEKTOPE K KPHBOH y B ILIOCKO-
crax Fy u F, noAyvawTes ApyT U3 Apyra napaanelsHBIM IepeHoOCOM.

20.5. Teopema 'aycca—BoHHe

MMycrs V — BepniuHa MHOTOrpaHHore kotyca €. PaccMoTpHM BEKTOP, AeXa-
uuit B 0fHOIM K3 rpanelt koHyca. BriffepeM Ha MOBEPXHOCTH KOHYCA 3aMKHYTHIA
IyTb, KOTOPHH HAYMHAETCA B TOUKE TIPAJIOKEHHA STOrO BeKTopa M 06XOAUT Bep-
IMHY V OIMH pa3s NpOTHB 4acoBoH ¢Tpenk, [lapaiensHo nepeHeceM HAlll BEK-
TOp BAOAL 3TOrC MyTH. YTo npomsciiget? Touxa NMPpHAGKEHHS BEKTOpPA BEPHETCA
B HAYANLHOE TIOAOKKEHHE, 3 BEKTOP NOBEPHETCH HA HEKOTOPLI yran a. OxassBa-
eTcd, TOT yroA He 3aBUCUT Hit OT BRIGPAHHOTO BeKTOpa, HU OT IyTH o6xoza. Yemy
e OH paBeH?

JIemMma 20.6. Yzon a paeex kpueuswe koHyca C.

JOKABATEALCTBO, BMecTo TOro 9rofhl OCYMIECTRAATE MapajineAbHBI mepe-
HOC, NMONMKUM C HA FOPH3OHTANBHYIO IVIOCKOCTh U MEpeKaTHM ero NMocneAoBa-
TeABHO depes Bee pebpa. [lomydeHHan pasBepTa KOHYCa €CTh YIol, Mepa KOTopo-
ro paBHa cyMMe Mep IUIOCKHX YI/IOB KoHyca C. MHrepecyioluii Hac yron Jomnon-
HAET 3TY cyMMY A0 27, OTKYAA H CIelyeT Pe3yaAbTaT: cM. puc. 20.7.

Vv

Puc. 20.7. K poxasatenccrsy nemmut 20.6

Bonee ofimkM 06pa3oM, NyCTh ¥ — OPHEHTHPOBAHHEIA NpocToil 3aMKHYTHIN
NYTh HA MHOFOTPAHHOMN NOBEPXHOCTH P; NPeAIONONKEM TAKOKe, YTO ¥ NepeceKacT
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pebpa TpaHcBepcajbHO M He MPOXCAUT Yepes BeplUMHEL. Kpupad y pasgender P
Ha JiBe KOMTIOHEHTEI, CJIeBa H CNpaBa oT KpHBoH. ByAeM roBopuTh, YTO nepBas
KOMIIOHEHTa OTpaHWYeHa KPUBOH y. BeIfepeM KacaTeNbHBIH BEKTOP U ¢ HA4aloM
B TOYKe Ha KpHBOH y M mapaIe/ibHO [EPEHeCeM erc BAONL y. [IyeTh u — 3T0 pe-
3YABTHPYIOIME BeKTOpP, HAYA/M0 KOTOPOTO COBNAAAET ¢ Ha4aXloM BekTopa v; obo-
3Ha4YHM depes a(y) yroa Mexay v | u. Cleaytouuil pesylbTaT — 9TC 3HAMEHUTAA
meopema I'aycca—Bonne (ToYHEe, ee BepCyA A/l MHOT'OTDaHHHMKOB),

TeoPEMA 20.7. Yeon aly) pasen cymMme KpUBU3H SepltiH MHO202paHHLKka P, Ko-
mopsie Aexcam sHympu obracmu, ozpaHuveHHoll kpusoil v,

JOKASATENLCTBO. [IpoBefeM HHAYKLHIO IO 9NCIY N BEPIIHH, JTMHAIMX BHYT-
pH y. Ecma n=1, To 310 Aemma 20.6.

Ecmu n > 1, To B o6aacTi, orpaHideHHON KPHBOI ¥, MOXHO IPOBECTH NYTh O,
paspessIoWniA 3Ty o6NacTb Ha ABe, B KaXKAOH K3 KOTOPBIX 6yAeT MeHEe it BEpPIIHH
{cm. puc. 20.8). [lycThk Y, — 9TO MYTh, KOTOPHIM COBNAAALT C ¥ HA YYACTKE OT A

Puc. 20.8. K gokasaTenncTBy TeopeMil Faycca—BoHHE

Jo Buc & or B go A. AHanoruaHbIM 06pasoM, IYCTh Y, COBIAJALT C § Ha Y4acTKe
or A no B v c ¥y ot B 1o A, UITak, pesynsTaT NOCASA0BAaTEABHOI'C TIPOXOICHHA ITy-
Tel Y1 M ¥, OTIMYAETCA OT ¥ Ha IIyTh &, MpoiigeHHLI Tyna u o6paTHO. CTano GHITh,
BRNAJABL, BHOCHMEIE ITyTeM §, BaKMHO YHHUYTOXAWTCA, aly)=a(y,)+ a(y,), u pe-
3Y/BTAT CAeAyeT U3 MpeAnoaoKeHHE HHAYKIHH.

20.6. 3aMKHYTBIe FeoJe3HYecKHe Ha MHOTOIPAHHANKAX 06IRero nomoxeHns

Ha puc. 20.9 mokasaHpl NPOCTHE 3aMKHYTHe Teo/e3ideckye Ha IPAaBMIBHOM
TeTpaszpe K Kybe. OHU IpeCTaBIAIoT co00i COOTBETCTBEHHO CedeHHe TeTPadj-
pPa IWIOCKOCTRIO, TAapa/IEAbHOH ape CKpenMeaomuxcs pebep, u cedeHune kyba
MIOCKOCTHIO, NePHeHANUKYAAPHOH €ro MaBHON [HAroHANH,

MokHO AK HaifTH TAKVIO MeofesHYeckylo Ha BHITYKIIOM MHOTorpaHHuke P o6-
miero NofoXkKeHua? 34eck Mox CICBaMH «0BIIero NWIOKeHHA» Mbl IOADAYMEBAEM,
YTO eAMHCTBEHHOE NTHHeHHOR COOTHOLIeHAE (€ palHOHAABHEIMH Ko3hdHIHeHTa-
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Puc. 20.9. 3aMKHYThHIe MeofesHIeckle Ha MHOPOTPAHHHKAX

MH) MeXIy KPHBM3HAMH B BepIIMHAX H YHCIOM 7T-— 3TO COOTHOUIEHKE, YKa3AH-
Hoe B JeMMe 20.1.

TeorEMa 20.8. Ha P He cywecmayem npocmotl samxnymotil 2eo0eauueckoil.

JOKA3ATEABCTBO. JOMycTHM, YTO Takad reofesndeckad Y uMeeTcs. Toraa egn-
HHYHBIH KacarelsHBH BEKTOP K Y NMapajAelbHO NEPEeHOCKHTCA BAOAb Y. B yacTHo-
CTH, 3TOT KacaTenbHEIH BEKTOP BO3BpallacTCAd B HAYAALHYIO TOUKY, HE H3MEHUB
HaTpaBAcHHA.

C apyroii cTopoHH, 1o TeopeMe Taycca—BoHHe napannensHelii nepeHoc BAOIE
Y MPHBOAHT K TIOBOPOTY BEKTOpa Ha YT/, paBHbIH CyMMe KDHBU3H B BEPUIMHAX
BHYTPH Y. MHOXeCTBO 3THX BepllMH £CTh HENYCTOe COGCTBEHHOE TIOAMHOMKECTBO
B MHOXECTBE BCEX BePIIHH MHOTOTpaHHHKa P. TTockonbky P oS1iero monceHns,
CyMMa 3THX KPHBH3H HE MOMKET GHTb KpaTHa 27 — MPOTHBOPEYHE.

B vacTHOCTH, 3aMKHYTHE reofiesudecKde, uzofpaxkeHHHEe HA puc. 20.9, nepe-
cTaHyT OBITH TAKOBEIMH Nocse Manoit AedopMauuu (obiero nonokeHus) TeTpa-
aApa u Kyba.

20.7. BaMKHYTbBIE Teoxe3Hdeckie Ha NPaBHILHBIX MHOTOrPAaHHHUKAX

O6cyxaeHre U3 NpeIHAYINETO NYHKTA NOACKA3kBaeT, YTo 6olee CHMMETPHY-
HEle MHOTOTPAHHMKK MOTYT OKa3aThes Gonee TIOAXOAAMINMHE AN TIOCTPOSHHA 3a-
MKHYTEHIX Teofestzecknx. C aTo#l TOUKH 3peHNd HMeeT CMLICA PaccMOTPeTh CTy-
qail npaBMABHEIX MHOTOTPAaHHHKOB (¢M. HogobHoe paccMoTpenne B [30, 43]).

NpocTeinnmii caygail cOOTBETCTBYET NPABHMALHOMY TeTpasapy. O6o3HawmM ve-
pes T mpapunbHEIH TETpasgap €O CTOPOHOH 1 U HAa30BEM €ro BepIIHHH A, B, €
1 D. PacCMOTPHM CTAHZAPTHOE 3aMOIICHAE IUIOCKOCTH PABHOCTOPOHHHMH Tpe-
YTQIBHHKAMHE €O CTOPOHOM 1 H nomeTum ero yarn Gyksamu A, B, C 1 D Tak, Kak
TioKazaHo Ha puc. 20.10. HMmeeTcs ecTecTBeHHOoe oTobpaxeHHe f H3 ILIOCKOCTH
B TeTpasAp, NepeBoaAllee Y3AH 3aMOHICHHAA B BEPIDHHH TeTpasgpa T, moMeveH-
HBIe TeMH e GyrBamu, 1 oToGpaxaoniee pefpa B pelpa, a TpeyTONbHIKH B Ipa-
HH TeTpasipa.

BoapMeM cHCTEMY KOOPAHHAT Ha IUIOCKOCTH € HAY4/I0M B OZHOM M3 TOYEK, Io-
MEYEeHHEIX OYKBOI A, M KOODANHATHEIMH BeKTopaMu AB u AC, rae B HaxoauTcs
HEMOCPEeACTBEHHO CTIPAaBa 0T A, a C HenocpeaCcTBeHHO Haa AB. BoabMem TouKH
X={(a,0),0<a<1,Ha AB u X' =(a+2p, 2q), g2 p =0, q> 0, Ha KakoM-1nGo
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Puc. 20.11. 3aMkHyTad reoesHueckas Ha TeTpasgpe

JAPYTOM H3 OTDe3KOB, IOMeqeHHBIX Kak AB. Ecnu (p,q}=1 u qu € Z, To orofipa-
KeHUe T mepeBofuT XX’ B npocTyio (T. €. HE NOBTOPAIOLIYIOCH )} 3aMKHYTYIO Teoge-
angeckyr Ha T sl «/ p? + pq +q2. Bonee Toro, 3Ta reofieanyeckas He ABAET-
©f caMoNepecexaloleiics, H BCe 3aMKHYThIe reofe3iyecKHe CIIKCHBAKOTCS TAKHM
06pazoM; B JACTHOCTH, BCe 3aMKHYTHe Teofesdyeckde Ha T HecaMomepeceKaio-
mueca (cMm. ynpaxueHue 20.8). eogesuueckas, COOTBETCTBYIOMWAA p =2,q4 =3,
H3obpaxeHa Ha pHc. 20,11, OHa AeHT TeTpasap Ha ABE YACTH, TAIOKE H306paeH-
Hule Ha pue, 20.11. (CormnacHo Teopeme laycca—BoHHe Kax/as M3 3THX dacTeil
CO/IepXKUT AB€ BeplUIMHH TeTpasgpa.)
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Monxoe onKcaHKHe 3aMKHYTHIX Teoje3HYeCKHX Ha MPaBIUIbHOM OKTA3Ape MpH-
BECHO B ynpaxXHeHHH 20.9. C TOYHOCTRIO 0 NMapaNeNAbHEX IICPEHOCOB H CHM-
MeTpHHA OKTamapa MMEeITCa POBHO ABE HeCaMollepeceKalomHecd 3JaMKHYTHIE I'eo-
Jesudeckue, AnvHH 3 M 2+/3 (pefpo oxTadApa cUMTAaeTCA HMEIOUWHM AIHHY 1);
OfiHA H3 HHUX IUIOCKas, a Apyrag — Het. Taie UMeeTcs GeckoHeYHO MHOTO Hema-
Pa/LIeNBHEIX CaMonepecekalomuxed reofesndeckux. O6e HecaMonepeceKaome-
¢A reQlie3MYecKhe M OHA caMoniepeceKanmancd HsobpakeHH Ha prc. 20,12,

Puc. 20.12. Tpw 3aMKHYTHIC Fe0Ae3NYecKiHe Ha OKTadpe

Moyt NONHOE ONNCaHHe 3aMKHYTHIX I'e0Ae3HYeCKMX Ha Kybe NpHBEAeHo B YII-
paxcHeHuM 20,10, ViMeeTca TpH THIIA HeCaMOIIepeceKalOnIMXCA 3aMKHYThIX Ieofe-
3UYeCKHX (WX JJIWHEL PaBHBL 4, 32 1 2+/5) u BeCKOHEYHO MHOTrO caMonepeceka-
IOUTHXCA 3AMKHYTBIX reofie3uueckux. Bece Tpy HecamonepecekaloliUecs Teofest-
YecKMe H TPH CaMoTlepecexalouxces UaoOpaxeHH COOTBETCTBEHHO Ha pHc. 20.13
H 20,14,

VR A,
£

Puc. 20.14. CaMenepecexaloniect 3aMRHyTHe reoflesueckue Ha xkybe
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Ha ukocasgpe uMeeTed TpU (€ TOYHOCTBIO A0 NApaLiebHOro NepeHoca ¥ CHM-
MeTPHH HKOCA3pa) HeCaMOTIePeCceKaoLIUeCs 3aMKHYTRIE FeOfeIHIecKye; UX -
HH PaBRH 5, 3v/3 1 2+/7, K TMIIb OHA U3 HUX SBAAETCA Iockoi. OHY ITOKasaHbl
Ha puc. 20.15. Taroke HMeeTes HeckoOHEYHO MHOTO CAMOIIEDECEKAIOMIMXCSA 3aMKHY-
THIX reojesHdeckix (noapoGHOCTH oM. B [43]).

Puc. 20.15. TlpocThie 3aMKHYTHE regae3ndecKne Ha HKocaz/pe

20.8. I'maaxue noBepXHOCTH: 0630p

B auddepenunansHoit reoMeTpHH Bee Te OHATHSA, KOTOPHIE ¥ HAC 3AeCh BO3-
HHKAIH, OTIPeAeNAIOTCS AN MMaAKyX NosepxHocTeii. ['py6o roBops, cCOOTHOmMEHVE
MexJy NOBEPXHOCTSIMH MHOTOTPaHHUKOB M [IaJKHMK NMOBEPXHOCTAMM TAKOE 3Ke,
KaK Me)XAy IOMaHEMH ¥ IIafKMMH KPHBEIMH, KOTOPEE BOJHMKANH B 1. 20.1.

Onpefienenye KPUBHIHK MOMYYAETCA H3 yTBepKAeHHs caeacTeua 20.4. Iycts
X — To4KA MOBEPXHOCTH. PACCMOTPHM MaNyIC OKPeCTHOCTh TOYKH X, HMEIOLIYIO
Wiomaab A. B KaxA0i TOIKe OKPeCTHOCTH PaCCMOTPHM eAHHIYHHBN HOpMabHEL
BEKTOP K NOBEPXHOCTH (B pe3ynnTaTe 3Ta OKPECTHOCTh CTaHeT TIOXoXKel Ha exa).
Ilepedecd HaYaNbHKHE TOUYKH 3THX HOPMAJILHBIX BEKTOPOB B HaYyalo KOOPAWHAT,
MBI TIONYYMM 4acTh eAuHp4Hoi cdeph. Hycrs A’ — ee mromaas. Kpreuzaxoit no-
BEPXHOCTH B TOUKe X HasHBAaeTCs NpeAeibHOe 3HaYeHHe oTHoweHws A’'/A npu
CTPeMJIEHHH OKPECTHOCTH K TOUKe X.

Hanpruep, KpUBH3HA MIWIKHADPA WIH KOHYCa PABHA HYIK: KOHIIE e {HHHYHBIX
HOPMaJIbHHX BEKTOPOB A€HAT Ha KPMBOH, IIOMAAL KOTOpo# pasHa Hymo. [lno-
maAs chepsi pauyca r pasHa 1/r%.

11 3ax. 3647



322 [nasa 6. MHOrorpaHHHKY

B3aMMOCEA3L MeXIY 3TUM OMpedefeHHEM U olpeAeaeHHeM KPHBH3HEL MHOTO-
rpPaHHOIO KOHYCa, NpHBeAeHHBIM B 1. 20.3, caman HenocpeAcTBeHHaA. ITyeTh C —
MHOTOTPaHHHK KOHYC, Ero pefpa u BepLiMHY MOXHO CKPYIVIMTB, TEM CAMEBIM IO-
AYYUB TAAAKYIO MOBEPXHOCTE, aMPOKCHMHIDYIOLTYIO KOHYC. EfUHIIHEIE HOpMank-
HBle BEKTOPH K 3Toi OBepXHOCTH OMMCEIBAIOT 0fjlacTk Ha eJUHHIHOM cdepe.
Jlna koHyca ZaHHad o6acTh CTAHOBUTCA cdepUdeCKUM MHOTOYTOABLHHKOM P, K0-
TOPLIH ABMAETCA epeceyeHHEM cOEepr ¢ ABOHCTBEHHEM KoHycoM C*, Kak MEI 3Ha-
eM U3 caeacTerA 20.4, wiola s MHOTOYIOJIBHKKA P M eCTh KPHUBH3HA KoHyca C.

'Y KPHUBH3HBL HMEeTCA 3HaK. JTO CBA3aHO ¢ TEM, YTO IIolaAb A’ ToXe MMeeT
3Hax. MiMeHHo, 060#iaeM rpaHHIy HEKOTOPOH OKPECTHOCTH TOUKH X APOTHE Yaco-
poit crpeaxy. KOHUBI eAMHUIHEIX HOPMAJIBHEIX BEKTOPOB IPH 3TOM ONHCHBAIOT
HeKOTOPYIO KPHMBYIO Ha e JUHHIHOI chepe; ecni 3Ta KPHBasA OPHEHTHPOBAHA [TPO-
THB YaCOBOH CTPENKH, TO KPHBH3HA NIOJAOXKHTENbHA, 0TH TIO YacoBOH CTPENKe, TO
oTpHuaTensHa. CM. puc. 20.16 1A cay4an Topa.

Puc. 20.16. lNonoxnTeabHad ¥ OTPHLIATeNRHAA KPHBH3HA (061acTh OTPALATENbHOH KPHBH3-
HH 3alITPHXOBaHa)

o aHanorun ¢ n1eMmoii 20.1 MOKHO BUZETH, YTO TIOJAHAaA KPUBH3HA 3aMKHYTOM
BHITYKAOH NOBepXHOCTH paBHa 4. [ Gosee o61HX 3aMKHYTEIX TOBEPXHOCTEH
OTBeT paBeH 27y, Tie y — diiiepoBa XapaKTepHCTHKA.

KpuBH3Ha MHOIOTPAHHOTO KOHYCa He MeHAeTCA NIPH JedopMaunax, coXpaHa-
IOLIMX IJIOCKHME YIVIEL, AHAZOTHYHHM 00pasoM, KPHRH3HA MIafKoH MMOBEPXHOCTH
OCTaeTCHd HeH3MEHHOH TPH KaoMeTpudeckux AedopMalluay, T. e. IpH aedopmann-
X, He MEeHIONMX BHYTPEHHIOK recMeTpHIO NoBepxHoctr.! Hamprmep, Bee pas-
BepTHBAIONIHECA TTOBEPXHOCTH, T. €. IOBEPXHOCTH, KOTOPHE MOTYT OHITH MoJyte-
HBl M3 GYMa)KHOTO JIMCTA NPH NOMOIIM crubop (6e3 pacTaxeHNit), HMEIOT Hyse-
BYIO KPHBH3HY; CM. JICKUHIO 13.

[IyCTh ¥ — OpUEHTHPOBAHHAS IMIa/iKad KPHBaA Ha raaaxoii mosepxHocTH S. [la-
payensusil mepeHoc BAOML ¥ OMUCHBAETCA KAK PE3YIbTAT epeKaTBaHkA (Gea
CROMBXKEHRA) KacaTelbHOM IUTOCKOCTH K S BAOAE KPHBOH . DKBHBAJIEHTHHIM 00-
paszoM, MOXKHO MOACKKTSL S Ha IVIOCKOCTE ¥ TIPOKATHTE IIOBEPXHOCTh BAOML KPH-
BOH v,

1976 Tak Haswpaeman Theorema egregium K. @. Taycea.
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Teopema l'aycca—BoHHe BepHa U 414 MajKHX IOBEPXHOCTeH: npu napainess-
HOM NepeHOce KACAMeABsHOL NA0CKocmU K nosepXHocmu S 400 OpUeHMUPOSANHOT
NpocMOU 3aMIKHYMOL KPUBol ¥ KACAMEALHAA ILROCKOCHTL ROBOPAUUBAEMCA HE Y20,
paembtil noRHOI KpusuaHe nosepxHocmu S sHYmpu .

Teodesuyeckan Ha riagxoil MOBePXHOCTH S oIpeAeigeTea Kak KPHBadA y, Kaca-
TEIBHEI BEKTOP K KOTOpOii apanneAbHo NepeHOCHTCA BAIE Y. EC/IH MpOKaTHTE
TIOBEPXHOCTE BAOAB Teofie3ndeckoii, cies Ha FOPU3OHTANBHON IIOCKOCTH OKAXKeT-
¢ oTpe3koM mpamoif. leoaeandecKe — TpaeKTOPHU CBOGOAHON YacTHIIEL, yAep-
XMBaeMoii Ha TOBEPXHOCTH S: €€ CKOPOCTD OCTAETCH NOCTOAHHOM, a ee yekopeHue
HepreHAUKYIMPHO NoBepXHOCTH (T. 8. eJUHCTBeHHAA CHIA, AelicTBYIOINad Ha Ya-
CTHILY, — HOpManbHas K IOBePXHOCTH cyia peakyn). HanpumMep, reogesuueckne
Ha cepe — aro Sonbvonie KpyrH. Kak u B cIyyae MHOTOTpaHHBIX NTOBePXHOCTEH,
reofesHIeCKre MEHHMH3NPYIOT PAacCTOSHHE MeXKAY TapaMy A0CTATOYHO GIH3KIX
TOUEK.

B omH4He oT yrBepKAeHHA TeopeMst 20.8, Ha BCAKOM 3aMKHYTOM riagkoit BH-
MYK70ii TIOBEPXHOCTH HMEIOTCS IPOCTHIE 3aMKHYTHIE I'eofie3ndecKie, o MeHbHIeH
Mepe TPH; 3TY THIOTE3Y BHABMHYI ITyaHKape, a ee AOKA3aTeNbCTBO OMyOAHKOBA-
7 B 1930 roay JiocrepHuk ¥ [luupensMan. 3TH TPH reofesHyecKde XOpoluo BUA-
HBl HA 3UIMIICOMAE: 3TO CedeHHA JUIHIICONAA TpeMs TLI0CKOCTAMM CHMMETPHH,

HakoHen, onpegennM 2e00e3uueckyio KpUsiiaHy OpUeHTHPOBAHHOH KpHBOi Ha
rmaakoii nopepxHocTH. [IpUGIHM3NM KPHBYIC IOMAaHOR Y M3 OTPE3KOB recjesHye-
cknx. [eoAe3ndeckan KpHBH3HA 3aKTIOUECHA B YITaX IOMaHOM, U ee 3HaUeHHe ecTh
YIIOBag Mepa ACTIONHWTETHhHOrO YIIA, TIOIOKHUTENBHAA, eC/IH ¥ TOBOpaYHBaeT BAe-
BO, ¥ OTPHIATENBHAR, ecliH BIpaBo. [eofe3ndeckan KPHBHU3HA re0AesndecKoil KpH-
BOH paBHa HYAIO.

[IycTE ¥ — OPHMEHTHPOBAHHEH NMDOCTOH reofesndecknii MHoroyranbHUK. Ila-
PaANeNbHEI TEPEHOC BAOAE ¥ IIPHBOAUT K MOBOPOTY KAacaTeNLHOH IVIOCKOCTH, H
YTOIL 3TOTC MOBCPOTA AOMOAHAET NOJHYIO Me0/ie3n4ecKylo KpHBH3HY MHOTOYTOMb-
HHKa 7 &0 27} eM. puc. 20.17. Oto gaeT Apyroit BapuaHT TeopeMH laycca—BonHe:

Puc. 20.17. TapannaenbHEli nepeHoc Ha OBEPKHOCTH
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noaHas 2e0de3uiecKan KpusuUsHa optienmuposantoll npocmoil samiciymoil kpuaoil
¥ 8 cymMe ¢ NOAHOL! KpUBUSHOL NOBEPXHOCIU SHYMPU Y paaHa 27,

20.9. Tpu npuMepa: TeHHUCHBIH M4, MagaTHHK Dyko
M BEeJIOCHIIEAHOE KOJIeco

Ha nmoBepxHOCTH TEHHHCHOTO MAYa HAPHCOBAHA 3aMKHYTaA KPHBAs CAOXKHOHN
bopMul, OTMeTHM HA 3TOH KPHBOH TOYKY M MOMOKUM MAY Ha MO Tak, YTOGH
OH Kacaicqd NofAa B 3Toi Touke. Temepr mpokaTuM MAY Ge3 CHONBKEHHA BAOAD
aToi KPUBO}i, MOKAa OH BHOBb He KOCHeTCAl TIoIa B OTMedeHHO# Touke. Havane-
HOE H KOHEeUHOE NONOKeHHS MAYA OTIMYAIOTCH Ha HEKOTOPEI HOBOPOT BOKPYT
BepTHKANLHOH ocH. YeMy paBeH YTQJI 9TOTO 1OBOpOTA?

Teopema Tl'aycca—BoHHe gaet oTBeT. VHTepecylomuii Hac yron — 310 noHaA
KPWBH3HA MOBEPXHOCTH, OrpaHWYeHHOMH 3Tofi kpuBoil. Ecm mocMoTpeTh Ha TeH-
HHUCHBI MAY, BHAHO, YTO, XOTA KPHUBas Ha HEM BHIVIAMNT CIOXKHEIM 00pa3oM, oHa
CHMMETPHYHA ¥ NMOITOMY OPAHHYMBAET B TOYHOCTH NOJOBHHY BCeH MOBepPXHO-
CTH MA4a, TO €CThH MONHAA KPUBH3HA 3Toil MOBepXHOCTH paBHa 27. Mrak, yron
NIOBOPOTA PaBeH HYIO.

Hamr BropoHl nmpuMep CBA3AaH ¢ MAaATHHUKOM PYKO, KOTOPHH AEMOHCTPHPYET
BpauieHde 3eMaH. [Tepsuit Takol MasTank 661 cAenaH Jleonom ®yko B 1851 roay
ans IMapokckoii o6cepeaTopiii. 310 GHNT MAATHUK BecoM 28 KWACTPaMMOB, NoA-
BelIeHHBIH MOA KYNOJIoM NMapikckoro IlaHTeoHa HA NMPOBONOKe AMHHOK 68 MeT-
POB; IWIOCKOCTh €ro KovieOaHwii MeJIeHHO TTOROpaYHBaach o JaCOBOH CTpenke
OTHOCHTENBHO MOBEPXHOCTH 3emmn’. Ceronust MaaTHUK PyKo AeMOHCTPUpYeTCd
HOTTH BO BCEX MY3eAxX HayKH.

IpeacTaBrM cebe, 9To MasTHMK $yxo coopyxeH Ha CeBepHoM Tiomoce. [xoc-
KOCTB ero Kosie6aHuii ocTaeTed HelTOABKKHOL, B TO BpeMA KaK 3eM/is IOROPaYHBa-
@TCsT K BOCTOKY. 3HAYHT, IUTOCKOCT: KoneSaHUi MasTHHKA BPallaeTcs OTHOCHTENb-
HO 3eMJIH C YIVIOBOH CKopocThio 360° /24 = 15° B 9ac. Yem Gnrmke MecTo noaseca
MaATHHKA K 3KBaTOpY, TeM caabee 6ygeT aToT addexT; Ha 3KBaTOPE IVTOCKOCTD KO-
AefaHMit MagTHIKa He ByaeT BpalaThed Bobee (U3 coobpaskeHuit cuMMeTpun!).

MasaTHEK $yKO — 5TO YHCTO reoMeTpudeckHii peHoMeH. Ero noseaeHne onpe-
ZAENAeTCs ABMKCHHEM TOYKH BojBeca, [IpeacrasiM cebe, aro 3emns He BpamiaeT-
cf, a TOYKA IIOABeca MAATHWKA ABIKETCHA BEOAL KPHBOH y NG IIOBEPXHOCTH 3eM-
JH. Taxxe AOMYCTHM, 9T0 ¥ — ChepHiecKail MHOrOyroALHHK. [Toka MBI ABKXeMCT
BAONE OTpe3Ka reofe3nteckolf, INoCcKocTs konebaHnil MagTHIKA He MOBopa4YKBa-
eTcA OTHOCHTENBHO HAIPaBMeHHA 3Toit reodesnyeckoil. B yriy MHOTOYTONIBHUKA
IUIOCKOCTH KoneGaHmii MasTHUKA TaIoKe OCTAETCA HEM3MEHHOH, HO HallpaBleHH’e
NBIDKEHUA TOUYKH I0ABECa M3MEHAeTCH Ha BHelWHHIt yron kpHBo# y. Mrak, noc-
KOCTb KofleGaHHA MaATHHKA IO OTHOIICHHIO K HANPABACHHIO ¥ NOBCpAYHBaeTCA
HAa yToJi, paBHEIH BHEIIHEMY YTy MHOTOYTOALHHKA Y.

BeIBOA: CyMMApHBI YTON MOBOPOTA IUTOCKOCTH KOJieOaHns MAATHMKA paBeH
TIONHOM reoZe3nvecKoil KpHBH3HE TPAGKTODHH ero TOYKH noAseca. Ilo TeopeMe

!pexomenayem unTaTemo pomaH Ymbepro Jxo «ManTHRK Pyxoo,
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laycca—BoOHHE OH paBeH 27T MUHYC NOJHAA KPUBU3HA NMOBEPXHOCTH, 3aKII0YEH-
HOH BHYTDH 3TO TPa€KTOPHH.

PaccmoTpuM MaaTHHK Pyko Ha mmpore 1. TpaekTopHsA TOYKH IoJgBeca — 3TO
napaJuiesib, COOTBETCTBYIOIIas JaHHOM mupoTe. [To/Has KpUBH3Ha OrpaHHYeHHOH
3TO OKPYXXHOCTBIO «IIANOYKH» chepEl paBHA IUIOMIAAX TaKOMH JKe «IIAaOYKHU» Ha
eauHu4HoM cdepe. Ee HeTpyaHO BEMUCINTE (cM. yipakHeHHe 20.3); OTBeT paBeH
27(1 —sin ). TakuM o6pa3oM, pu 06HOCe MO TaKOH TPAaeKTOPUH IUIOCKOCTh KO-
Jie6aHMii MaSTHHKA ITOBEPHETCA Ha 27 sin ).

Jna [apirka 1) mpuMepHO paBHAETCA 48°, a yIJIoBas CKOpOCTh MasTHHKa Dyko,
ycraHoBJeHHoro B [laHTeoHe, paBHa 11° B 4ac.

B ¢usmke cuuTaeTcs, YTO BpallleHHe IUIOCKOCTH MasTHHKa oOBACHAeTCA AeH-
ctBueM cwibl KopHonuca. 3Ta ke cwia BAUAET Ha JBM)KEHHE OCHOBHBIX BO3AYII-
HBIX TIOTOKOB Ha 3emsie. 3aMe4yeHO, YTO peKU B CEBEPHOM MOIyIIApUU IOAMBI-
BaIOT NpaBklii 6eper ciwibHee, YeM JIEBHI, a B I0)KHOM, Hao60pOT, JieBblii Geper
MOAMBIBAaeTCs CHIbHee, YeM MpapBbiif. 3TO 0COOEHHO XOpOIIO BHAHO Ha IpHMe-
pe GONBIIMX POCCHICKHX peK, TEKYIIUX Ha ceBep: O6H, JleHr u Exuces. Yacro
yTBepXXJaeTcs, YTO 3TO TAKoKe BHI3BAHO JleiicTBHEM CIbl KopHosuca, XOTa 3TOT
BOIIPOC SIBJIAETCA JOCTaTOYHO CIIOPHBIM (@ YK C HallpaBJIeHHEM BpalleHUs! BOAbI
B pakoBHHe cwia Kopuosica TouHO He cBa3aHal).

Cnezys M. JleBu [59], ais pusmgeckoi peanmsalii napauieJibHOro nepeHoca
MOXXHO HCIIOJIB30BaTh BeJIOCHUIIEJHOE KOJIeco ¢ IMOAINNHUKaMu 6e3 TpeHus. Ilo-
MeCTHM KOJIeCO Ha IIOBEPXHOCTh TaK, YTOOBI ero IVIOCKOCTh 6bUIa KacaTelbHO
K TIOBEPXHOCTH, U IIOJI0KUM YIJIOBYIO CKOPOCTb BpallleHMs KoJieca OTHOCHTEIBHO
ero ocu paBHO# Hymio. Korza MBI mepeHOCHM IIEHTp Kojleca BAOJIb HEKOTOPOit
KPHBOIA 10 IOBEPXHOCTH, K KaXKJOM CITHIle, pacCCMAaTPHUBAaeMOi KaK KacaTe/lbHbIi

BEKTOp, IPUMEHAETCS NapajliebHblii TepeHOoC BAOMb KpHBOii. O6BsCHEHHE 3TOrO
SIBJIEHUS — B TOYHOCTH TaKoOe ke, KaK B ciiydyae MasTHHKa Pyxko.

IIvep BoHHe Kapn ®puapux Iaycc Jlazapp ApOHOBHY
1819—1892 1777—1855 JliocTepHuk, 1899—1981
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Anpu IlyaHkape Kan BepHap Jleon Pyxo JleB I'eHpuxoBHY
1854—1912 1819—1868 IIaupensMan
1905—1938

20.10. YnpaxxHeHHUA

20.1. Haiizure cymmy KpuBHU3H (n, k)-3Be3/bl, T. €. N-KOHEYHO# 3Be3/bl, COeH-
HAOIIEH BEPLIMHEI N-yToJbHUKA Yepe3 Kaxsle k, rae yucia k ¥ n B3aMMHO Ipo-
CTBI.

20.2. IycTs C — BHIYKJIBIH KOHYC, C* — ABOHCTBEHHBIH K HeMY KOHyc. IToka-
JKHUTe, yTo (C*)*=C.

20.3. Bpluuc/IMTE IUIOMIaAb «IIAMlOYKKU» HAa eAMHUYHOH cdepe, orpaHMYeHHOM
NapauleNibio MUPOTHL Y.

20.4. Ha xoHyc HaGpOCWIH NETIIO U MOTAHY/IN ero BHU3. ECJI KOHYC OCTpBIi,
TO NeT/Is1 OCTAHeTCA Ha KOHYCe; eCJIH JKe OH JOCTaTOYHO TYINOYTOIbHEIH, TO MeTIA
COCKOJIb3HET (pa3yMeeTcs, MBI IpeAIoiaraeM, 4YTo TpeHue paBHO Hyimo). Haliaure
«KpUTHUYECKHIi» YTOJl pacTBOpa KOHyca, pa3Ae/aiomMii 3TH ABa CIydas.

20.5. Ha riockocTH HapycoBaHa 3aMKHYyTas I1ajKas npocTasa KpuBas. B Heko-
TOpOi1 TOYKE KPUBOI Ha IUIOCKOCTb IOMECTWIHN BHIIYKJIOE TeJIO ¥ POKATHIM €ro
(6e3 TpeHws1) BAOMD 3TOM KpUBOii. JIoKaXXuTe, YTO cJieJ KPUBOi Ha IOBEPXHOCTH
Tejla He MOXeT GBITh 3aMKHYTOM IIPOCTOI KPUBO.

YKA3AHME. Hcnone3ayiite Teopemy I'aycca—BoHHe U yTBEpXKAEHHE O TOM, YTO
IOJIHasA KpUBU3HA 3aMKHYTO! MPOCTO¥ IUIOCKOI KpUBO# paBHa 27T.

B ciiegyoneii 3aaye roBOpUTCA O reOMETPUN KPUBHIX; OHA CWIBHO CBf3aHa
¢ maTepuajom Ir. 10.2.

20.6. IlycTh Y —npocTas BHIIyKJIasd KpHBasd Ha eJuHH4HOM cdepe. Ilepeme-
CTHM KaXKAYI0 TOYKY KPHUBOI Y Ha pacCTOsIHYE 7T /2 BAOJb BHeLIHeil HopMaiH (T. e.
BAOJb GOJIBILIOro Kpyra, OpTOrOHAIBHOTO K KpUBO# B laHHOI Touke). O603HaYuM
MOJTyYEHHYIO KPUBYIO Yepe3 y* U Ha30BeM ee 080LiCMeeHHOl K ¥ .

(a) Jokaxmwure, yto ((y)*)* — KpHBas, aHTUIIOAAIbHAA K .

(6) JokaxwuTe, YTO AJMHA KPHUBOI T* paBHAa 27T MMHYC IUIOLIab, OrPaHHY€eH-
HasA KpUBOH Y.
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(8) ITycTs ¥, — KpHBafd, TTOAyYEHHAA M3 ¥ TIepeMelleHHeM KaKAOH TOUYKH Ha
paccTogHHe £ BAGNH BHelWHeH HopMany, HaHAATe IJINHY ¥, H OTPaHHYEHHYIO €10
IVIOINAAD.

O603HaYAM 4epe3 ¥’ KPHBYIO, TIOMYYEHHYIO U3 Y NepeMelleHHeM KaKAON Tou-
KA Ha PacCTOAHMe 7T/2 BAOAbL KAcATeNLHOro GaibLIoro Kpyra K KpuBoi y. Kpu-
BY1I0 ¥’ 6yAeM Ha3BIBaTh NPOu3e0OHOI! OT Y.

(1) ITycts ¥ — napasnens wHpoTs ¢. Hailgure v/,

(1) JoxasxuTe, uro v’ AeAuT cdepy Ha ABE YacTH paBHold maommay.

20.7. Ana AaHHOrO BHITYKAOTO MHOTOTpaHHMKa P o6o3HaguM yepea S(P) cym-
MY TeMeCHRIX YIVIOB B €T'0 BepPITHHAX, a uepes D(P) — cyMMy ero ABYTpaHHLIX YTIIOB.

(a} Ecau P — TeTpasap, fokaxauTe, 9ro S(P)— 2D(P)+4m =0.

Yra3aHHE. [lapaanensHo NepeHecuTe Bee TPaHH TeTPasZpa B Hadano KoOpau-
HAT H pacCMOTpHTe pa3fueHHe eAHHUIHON cdephl COOTBETCTBYIOLIHNMHE NOMYTIPO-
CcTpaHcTBaMH, Janee HCoAb3yiTe GopMyny BKIIOTEHHN H MCKIIOYSHHHA,

(6) B ofwem cnyvae poxaxure, avro S(P)—2D(P)+2nf —-4n =0, rae f—
4HCNo rpaneit MHororpanHmka P (teopema Ipama).

Yiazauve. Paz6eitTe P Ha TeTpasiphl ¥ AOKamUTe afAUTHBHOCTE HCKOMOTO
COOTHOIOEHHA,

20.8. (a) JdokaxwuTe, 9TO MPH MOMONM KOHCTPYKIWN, ofycaHuoi B m. 20.7,
MOTY4AloTCA BCe 3AMKHYTEIE reofe3dyeckie Ha MPaBWILHOM TeTpasipe.

(6) JdoxkaxkHTe, 4TO BCe 3aMKHYTHIE Teo/ieaHuecKie HA NIDAaBHILHOM TeTpasape
ABJTIOTCA HecaMOIe PeCceKaloUfHMHICA.

20.9. PaccMOTPHMM IJIOCKOCTB, Pa3bUTYIO Ha TPEYTONABHMKM, KaK Ha puc. 20.10,
TOTBKO Ge3 GyxBeHHBIX 0603HaYeHNUM 1A BepimkH, OTpesok NpAMoii Ha 31oii mioc-
KOCTH, He NMpPOXOAALHit Yepe3 BepIDMHB TPEYTOALHHKOB, NMPH OTOKAECTBICHHHA
TPEYTONBHHKA, COASPHANIEro HAYANLHYIO TOUKY TOTO OTPE3Ka, C rpaHplo OKTa-

3Apa JAeT reofe3WuecKyio Ha okrasape. PaccMOTpHM OTpe3ok ¢ KoHHaMH (a, 0),

(a+k 1), tae O<a<1, kleZ lzk=0,1>0, -(-E!-i-}-aéz, xaK Ha puc. 20.10.

Hazsorem mapy (k, I) xopoweil, ecnu Taxoil OTPE30K COOTBETCTBYET 3aMKHYTOH reo-
AeandecKolt 6e3 kparHocTell. JoKaXHTe Caeayiolee,

(a) Oycre (p,q)=1,g2p =0, q>0. Ecnu p =¢ (mod 3}, To napa (2p, 2q)
xopomasn. Ecav p 2 g (mod 3}, To napa {3p, 3q) xopomas,

(6) C TOYHOCTLIO JO napaiienbHbX NepeHOCOB H CHMMeTPHI OKTasgpa NapH
43 1. (a} JalOT BCe 3aMKHYTRIE TeofesHdecKrie Ha MPABIWILHOM OKTazipe.

{B) U3 HRX HecaMonepeceKalOILHMHACA ABASIOTCA JHIIL Teofe3HuecKne, COOoT-
BETCTBYIOUNe XopommM napaw (0, 3) u (2, 2).

20.10. OTpe3ok Ha IUTOCKOCTH, He IIPOXOAAIIKIA Yepes Y3kl CTAHAAPTHOTO pa3-
6HeHUs IIOCKOCTH Ha KBafparhl, COOTBETCTBYeT reodesHueckci Ha kyGe, ecn
OTOKAECTBHTH KBaJpPaT, COLepXAalMH Haval0 OTpPe3Ka, ¢ KakoH-1nG0 rpaHsio Ky-
Ga. McnonbayeM ecTeCTBeHHYIO CHCTEMY KOOPJAHHAT, B KOTOPOH BepIMHLL pasbu-
eHHA 3aHYMepOBaHbl TOYKAMHU C LelOYHCIeHHEMH KoOpAHHaTaMH. PaccMOTpHM
HHTepBaJ ¢ KoHUaMmH (a, 0), (a+k, 1), rae

O<a<l, kileZ I1zkz0 I>0, ﬁaqéz.
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CHoBa HasoBeM napy (k, I) xopouieti, eClH TaKoif OTPE3OK COOTBETCTBYET 3aMKHY-
TOH reopeaudeckoit Hes kpaTHoCTel,

(a) ITycte (p, ¢)=1. Ecsit ¥ p, U ¢ HeveTHEI, TO napa (3p, 3q) ABAgeTCA XOpo-
mreit. Eciu of(HO M3 YHICe P K g YE€THO, To IRbo (2p, 2q), nubo (4p, 4q) — xopoias
napa (kakad HMeHHO M3 9THX I1ap X0poLIas, Mbl HE 3HaeM).

(6) C TOYHOCTEIO O MAPANASNLHEX IEPEHOCOR M CHMMETPHI Ky6a mapel K3
n. (a) JamT Bee 3aMKHYTHE T'eofeanyeckile Ha kyfe.

() V2 HUX HecaMollepeceKaIoMMHCH ARNAIOTCA JIMILUE PeofesHYecKHE, COOT-
BETCTEYIOIIMe XopomuM napam (0, 4), (3,3} u (2, 4).



Jexnusa 21
HeBnuceiBaeMeie MHOTI'OrpaHHHAKH

21.1. OcHOBHasA TEeopemMa

BepuisHs! BHIGPaHHOrO HayraZ BBIIYKIOr0 MEOTOTPAHHMKA 00RO He JeKaT
Ha cbepe. Hanpumep, mipaMuaa Ha puc. 21.1 He apasercs BMcaHHOii B cdepy,
€C/TH 4eThIPEeXYTWIBHHMK B €€ OCHOBAHHH HE ABIACTCA BIKCAHHEIM B OKPYKHOCTB.
Ho dopMy OCHOBAHMA HECAOMHO KIMEHMTE Tax, IT0 OHO CTaHEeT BIIMCAHHBIM de-
THPEXYTOALHUKOM, H TOTHA NMpaMUZA CTaHeT BITHCAHHKIM MHOTOT'PAHHHUKOM . Boa-

Puc. 21.1. Mupamuza npH AedopMalyi CTAHOBHTCA BIHCAHHOM B chepy
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HUKaeT OLYIeHHE, UTO BCAKHIT BRITYKIRN MHOTOTPaHHHK MOXHO TTpofedopMu-
pOBaTh TaK, YTO OH CTaHeT BIIHCAHHHM B chepy.
Ho 310 coBceM He Tak! B 1928 roay 3. lliTeitHi foKazan cieAyIOWYIo TEOPEMY.

TeOPEMA 21,1, [ycme P — abinykaniil MHO202PAHHUK, GEPLUIUHBL KOMOPOZ0 HO-
Kpawenst 8 Oenbill u wepubill ysem max, MO YePHbIX SePuuH GOALUILIHCMED,
U Hukdkue 0ge uepHbie sepliitHet He coedunenst peGpom. Tozda P nensaa enucams
8 cihepy.

DTO YCAOBHE ABASETCH YNCTO KOMOMHATODPHBIM, TAK YTO HUKAKad fedopManis
He MOXeT NPHBECTH K TOMY, YTOOKM MHOrorpaHHuk P ¢Tan sanMicaHHuM. Takum
obpa3oM, P — nesnuchiadembiil MHO202ZDAHHUK.

BoT mpuMep MHOTOTPAaHHHKA, YIORASTBOPAIOUIETO ATOMY YeAORHI0. BoabMeM
OKTa3Ip M TIOKPachM BCe ero BepIOMHEI B GeablH KReT. IIpHIUIEEM K KRXKAOH ero
TPaHH HO TeTPasapy (¢ AOCTATOYHO Maoil BBICOTOMH, yTOOB He Hapyimasach BEL-
TMYKIOCTE) M HOKPACHM MONYYEHHLIC HOBBIE BEPUIHHK B YEDHBIHA [BET. ¥ Hac fo-
JIYYHAOCH BOCEMDb Y€PHEIX K LIeCTh OeARIX BepLUINH, MPHYeM HHKaKKe JBe YePHbe
BEPIDKHH He COSAMHSAIOTCA pebpoM —cM. puUC. 2L.2. C TeM e YCIexoM MOXKHO
GLUIO HAYATE HE C OKTAAPd, a ¢ MKOCasapa.

Puc. 21.2. HepnucrBaeMblil MHOTOPPaHHHK

Ha mepBHIif B3aMIAA CHTYaALMA KameTcsd napajgoxcanbHolf. [IpapuabHei oxra-
3Ap y)Ke ABJAeTCA BIMCAHHHIM B cdepy. Herpyato BbIGpaTh BRICOTH TETPAa3fpoOB,
KOTOpBIE IPHKJIEHBAIOTCA K €70 TPAHAM, Tak, 4To0bl HOBEEe BepPHIMHHE TOXE JexKa-
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JU Ha Toi xe cdepe, — MPH 3TOM IOIYIHTCS BIUCAHHBI MHOTOrPaHHKK. QHAKO
AeJIO B TOM, YTC 3TOT HOBHIH MHOPOTPaHHHK He 6yAET BhIMYKITIM!

JokazaTEnbcTEO. PaccmoTpum cdepy S 1 aByrpanHsiil yron (o6pasopaHubil
ABYMA IUIOCKOCTAMH), pebpo KoTOporo NepecekaeT S B Toukax A M B. [lepeceue-
HHUe cdepH ¢ ABYMA [UIOCKOCTAMH, 06pa3yloliMH YToJ, eCTh ITapa OKpYKHocTeill.
IlycTe @ — yTOII MeXAY 3THMH OKPYXHOCTAMH, BHYHCACHHBIN B ToIxe A. Hazo-
BeM BeJIHYHHY « Mepoif ABYTPAHHOrO VIMIa OTHOCHTEABHO chepsl § WAH MPOCTO
OTHOCHTEILHEIM ABYTPAHHEIM YTAGM. SICHO, UTC ecyH 6b1 MBI BHOPAH He TOUKY A,
aToury B, MBI GBI TOAYYWIH YOI, PABHHIH JaHHOMY; CM. PHC. 21.3. BHeIHUIH OTHO-
CHTenLHbIE ABYrpaHHEIH YTOI PaBer 7 — d, e d — OTHOCHTENbHEIH ABYTPaHHLIA
yTou.

Puc. 21.3. OTHoCUTeNbHEIE ABYTPAHHEIE YT

Teneps paccCMOTPHM BHITYKIHE MHOTOIDAHHHIET KOHYC, BEpIIHHA KOTODPOro
(oBo3HawM ee uepes A) JeXHT Ha chepe S, a peGpa nepecekator cepy. Toraa
CYMMa ero BHEIIHHX OTHOCHTEMLHEX ABYIPAHHBIX YTACE paBHa 27, JIeHCTBHTENb-
HO, PACCMOTPHM KAaCaTeALHYIC IVIOCKOCTh K § B TOUKE A M BEIMHUCAHM OTHOCH-
TeNbHEE ABYTPaHHEIe YIVIH cregylomuM obpasoM. [lepeHeceM STy TWIOCKOCTE Na-
patesbHo camoil cebe BHYTpb cdephl Tak, ITO0H OHa mepeceKkana Bee peGpa Ha-
miero KOHyca. B cedeHdm IMOMyMNTCA BEIMYKABH MHOTOIPaHHHK, YIH KOTOPOTO
PaBHH OTHOCHTENBHLIM ABYTPAHHEM yriaM, HO cyMMa BHENIHHX YIVIOB Jd1060ro
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BEITYKAOTO MHOTOrpaHHHKAa paBHa 27, YTO M AOKA3BIBACT Hallle YTBEDMKACHHE;
CM. pHc. 21.4.

Puc. 21.4. loxazatenscrso TeopeMet 21.1

Tenmeps, korga Mbl IPOAENANK 3Ty MOATOTORKY, PACCMOTPHM BITHCAHHEIA MHO-
rOrpaHHNK P, YACBAETBOPAIINN YCIOBHIC TEOPEMBL JINd KaAoH BepIIHEL CYM-
Ma BHeUTHHX OTHOCHTENBHHX ABYTPAHHBIX YI7IOB paBHa 27. IlycTh L —3T0 CyM-
Ma BceX 3THX YI/IOB, B3ATHIX CO 3HAKOM «ILNIOC» AJis GekIX BePOIHH H CO 3HAKOM
«MHUHYC» AJIA OTPHUATENBHEIX. C OZHOH CTOPOHH, WEPHEBIX BEPIIMH GoNbile, yeM
6ennlx, moaToMy T < (.

C npyroit cTOpOHH, ecTh JBa THNA pelep: Te, KOTOPEIE COSAMHAIOT ABe Genle
BEPINHHEL, ¥ TE, KOTOPHE COSNHHAIT HeMyro BePUIHHY ¢ TePHOIL. BHellHVe oTHo-
CHTENLHBIE ABYTPAHHEIE YINH B KOHUAX Kaxaoro pebpa paeHsl Jna pe6pa, co-
eAUHAIOWErO ABe Gelbie BepIIMHEL, 06a ero KOHLA BHOCAT B o0llee 3HAYeHHE T
TIONCKUTENBHEIN BKIAJ, a AnA pebpa, coeguHamLero Seyic BepIIHHY ¢ IepHoH,
3TH BKJIajbl B3aHMHO YHHuTOXatoTcA. TakuM oGpasoM, T 2 0 — ipoTHBOpedne.

21.2. Eme oaHH npuMep

Teopema 21.1 AaeT ZOCTATOYHOE YCIOBHE IS TOT'O, 9TOOH BRIMYKJIHIE MHOrO-
IPAHHHK GBUT HEBNHCHIBAEMbIM, OAHAKO 3TO YCAOBHE HE ABIALTCA HEOOROMMMEIM.
PaccmoTpum npuMep, n3o0paxkeHHB Ha puc. 215, 3ToT yeedeHHHI Ky P He
YOOBAETBOPAET yCIOBHAM Teopemel 21.1. TIpoBepiM, 4TO OH He ABAACTCHA BIUCHI-
BaeMBIM,
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Puc. 21.5. YcedeHHil ky6

PaceMOTpHM TpPeXTpaHHEI KOHYC ¢ BepIMHOM B Touke A, pebpa koToporo
nepecexaloT chepy S.

JIEMMA 21.2. CymMma omHOCUMeRtHbLX (8Y2PAHHBIX Y208 MeHblULE, DASHA URU
Gonvie T, eCAU MOUKA A JeHCUM COOMBEMCIMBEHHO aHe CPepbl, HA cepe URU CHA-
Pyokcu om Hee.

JokasaTEnbcTBO. TpU rpaHu KOHycCa nepeceKaioT cdepy Mo TpeM OKPYKHO-
CTAM, YIJIE MEXAY KOTOPHMM PaBHE! OTHOCHTE/LHLIM ABYTPAHHBIM YT/aM. Bribe-
peM Touky Ha cdepe, He TPHHAAEKAIIYIC ITHM OKPY?KHOCTAM, H CTIPOCKTHPYEM S
crepeorpadudecky U3 3Toil TouKH. MBI TOTY4NM TPH OKPYKHOCTH Ha TJIOCKOCTH,
YI/IBL MEX/Ty KOTOPBIMH TaKie e, KaK YIVIE MEXZKY OKPYKHOCTAMHY Ha cepe (110-
CKONBKY cTepeorpadudeckas IMPOeKIMA COXPAHALT YIVIBl M NePeBOAHT OKPYKHO-
CTH B OKPYKHOCTH).

Ecmu A mexur Ha S, TQ TPH OKPYKHOCTH NepeceKaloTcd B OfHOH ToYKe, U CYM-
Ma Tpex yTJIOB paBHA T, cM. pHc. 21.6(a). Ecau A He fexuT Ha S, TO BO3MOMKHEI
JABa C/Iy4ad, moKasaHHEe Ha puc. 2L.6(6) 1 21.6(B). OHH OTBEYAIOT CHTYAIUAM, KO-
rIa A HAXOAWTCH COOTBETCTBEHHO BHe i BHYTPH cdepHl. B nepeoM ciayyae cyMMa
YI7IOB MeHsllle I, 2 BO BTOPOM — Bablile 1.

\/s ﬁ Y £
o
a
(a) 6) (8)

Puc. 21.6. BaasiMHoe pacnonoXeHne TpeX okpy:HocTeH

BepreMca X yceueHHoMY KyGy. [Ipeatonoxum, 4yTo OH BIMCaH B cdepy S. O6o-
3HaYMM Yepes Q VICXOAHBIA Ky6, T.e. MHOTOIPaHHMK, U3 KOTOPOro P Nmomydaerca
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oTpe3aHHeM BepIIMHEL. [lokpacHM BepUIMHH MHOTOTpaHHHKA Q B YepHhIil 1 Ge-
JIEII L{BET TaK, YTOOHI kKaxzoe pe6po COeUHSIO BEPUIMHBI Pa3IUYHBEIX LIBETOB.
O603HaYMM OTpe3aHHyIO BEPLIMHY Yepe3 A M NPEeANOJIOKUM, YTO OHa uMeia Ge-
JIBIH IIBET.

ComnocTaBuM KaXAOMy peOpy MHOrorpaHHMKa Q BHEIIHMII OTHOCHTEJbHBIH
ZBYTPaHHEI YTOJ PH COOTBETCTBYIONEM pe6pe MHororpanHuka P. Jnis kaxaoi
BepIIMHBI MHOTOTpaHHUKa Q, KpOMe A, cyMMa 3THX yIJIOB paBHa 27t. BepmnHa A
JIeXUT BHe cdephl S, TaK YTO COINIACHO JieMMe 21.2 cyMMa OTHOCHUTENbHBIX /BY-
rpaHHBIX YIVIOB IIpM BepIIMHE A MeHblIIe 7, CJIeZloBaTeIbHO, CyMMa BHEIIIHUX OT-
HOCHTEJIbHBIX ABYTPaHHBIX YIVIOB Gosblie 7.

Teneps, kak ¥ B JOKa3aTeJIbCTBE TeOpeMEHI 21.1, CJIOKMM € y4eTOM 3HaKa CyMMBI
OTHOCHTEJIbHBIX IBYT'PAHHBIX YIJIOB IPU BCeX BepUIMHaX MHororpaHHuka Q. C og-
HOM CTOPOHEBI, MBI JOJDKHBI IOJYYHUTb HY/Ib: OAMH KOHeI] Ka)XA0ro pebpa YepHhIii,
a gpyroii — 6esbrii. C Apyroii CTOpOHEI, 3Ta CyMMa IOJIOKHUTeIbHA: BKJIaZ OT Bep-
HIMHE A GoJblle 7T, a OCTaBLIMECS CEMb BEPUIMH MHOTOIpaHHUKAa Q — Tpu Gesbie
M YEeTHIpe YepHBIX — AAI0T CyMMapHBbIi Bkiaz —27. [IpoTuBOpeyne.

B 3axmoyeHre yIIOMAHEM, YTO BO3MOXKEH U ellle OUH THI B3aMHOI'O pacrio-
JoxeHus cephl M BHITYKJIOrO MHOIOIpaHHHKA: Koraa Bce peGpa kacarores cde-
pelL. I1.Kébe B 1936 rozy Jokasaj, 4TO TaKKe MHOTOTPaHHMKH MOTYT MMETH JIO-
6011 KOMOGMHATOPHBII THIT BHITYKJIOrO MHOTOrpaHHHKa. MHOro mnoaxe, B 1992 roay,
O.IllpamMm B cTaThe Noj HasBaHHWeM «Kak IOMeCTHUTDb SAHLIO B KIETKy» [72] moka-
3aJ1, 4To cdepa MOXKeT OBITh 3aMeHeHa IPOU3BOJILHBIM OBAJIOMJO0M.

Ogep LllpamMm OpHcr LlTeitHurg
1961—2008 1871—1928

21.3. YnpakHeHHS

21.1. Ilpy moMoIM ABHBIX BHYHUCIEHUI NMPOBEPHTE, YTO €CJIA NPUKIIEUTD TET-
PaszpHI K BepLUIMHAM OKTasZpa Tak, YTO6GBl MX BEpLIMHEI JieXXaiu Ha cdepe, OIHU-
CaHHOM BOKPYT OKTasZApa, TO IOJY4YEHHbIH MHOTOTPaHHHMK He GyZeT BHITYKJIBIM
(puc. 21.2).
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21.2. IIpoBepbTe, YTO CTEpEOrpadHIeCcKaT MPOEKIIHA H3 Cephl Ha MIOCKOCTh
MEPEBOAUT OKPYRHOCTH B OKPYKHOCTH H COXpaHAeT YEIB MeXAY HHUMH.

21.3% TlycTs P — MHOTOrpaHHMK, TPaHH KOTOPOTO pacKpalleHbl B YePHHIH H
Heneiii 1[BeTa TaK, 9T0 YepHEIX rpaHed Gonbile, 9eM Genblx, 1 HUKaKHe jBe Yep-
HBIE IPAHM He CMEeKHEI MexKay ¢o6oii, Toraa P He ABIMeTCA OMHCAHHHM BOKpYT
cepat,

ITpocToit npAMep Takoro MHOrorpaHHKKA NTOMYdaeTcA, ec/Id cpe3aTh BCe Bep-
IMHH Ky6a; cM. puc. 21.7.

Puc, 2L7. HeonuchBacMEri MHOTOTPaHEWK

21.4. PacCMOTPHM MHOIOIDaHHMK, KQKAAA BePITKHA KOTOPOT'O IIPHHAJIEXHUT
OHOMY ¥ TOMY & yHc/ay rpaneit, [MokaxkuTe, YT €¢I ero BepliKHH MoKpale-
HEI B YepHEIH ¥ GenHif LBeTa Tak, YTO HAKaKHe ABe BeDUIMHE OZHOrC [[BETa HE
CMEXHEL, TO YHC/AC YeDHHX BepIIVH PaBHO SHCIY GefblX BepIIHH.

21.5. Jokaxure, ITO BePIIMHE MHOTOTPAHHIKA HelNb3s OKPACHTE B YepHHIA
1t Benwii aeTa Tak, YTOOL HEKAKHe ABe BepIIHHEL OfHOrO L[BeTa He GEUTH cMex-
HEIMH, TOTAa U TONBKO TOTAA, KOTAA Y KaxckH rpaHH YeTHoe YHcio pebep.

YkaszaHue. [lokpackTe Kakylo-HUOYb BepIIHHY, IOTOM CMeXHEE ¢ Hel, I1o-
TOM CMEXHBE CO CMEXHBIMH M T.J. Torga au6o ara npoueaypa JAacT MCKOMYIO
packpacky, oo HatlaeTca 3aMKHYTEIH TYTh, NPOXCAMIOMIH N0 HEIETHOMY THCITY
pefep MHOrOrpaHHMKA,



Jlexnusa 22

Mo3kHO JIH ¢Zle/IaTh TETPasAp U3 Kyba?

22.1. TpeTtsa npobGaema Muisbepra

Boamodicro nu paspesams iyG KOHEUHBLM MHONCECTNEOM ILROCKOCMELl 1t CroXcums
13 NOAYUEHHBIX MHOZ0ZPAHHUIKOS NPABLIBHELL mempaadp mozo xe obsema?

Jro Heboubiman MoFHUGHKALIMA CAHOI M3 JBafLATH TpeX mpolneM, MpeacTap-
JIeHHEIX JlasuaoM Funp6epToM B ero 3HaMEHHTOM AoKAafe Ha MaTeMaTHIeckoM
KoHrpecce B [lapixe 8 aBrycTa 1900 roga; oHa umeeT Homep 3. I1poGaeMe k-
GepTa oxazand rpoMafHoe BANAHKE Ha MateMaTHky. Béibmad yacTh U3 HUX 6Bl-
Ja penmieHa B TeueHMe XX Bexa, M ¥ Kaaoll M3 HMx Opra ceof ocofas HCTO-
pHA. U Bee e TpeThA npotiiemMa OCTAETCA HCIUTIOUHTENBHOM BO MHOTHX OTHOLIe-
HHAX,

ITpexAe Bcero, 3To mepead K3 npobaem Mwmbepra, kotopas 6euia pemena. Pe-
KA ee ABAALIATHTPEXIETHHIT HeMellkHil reoMeTp, yieHHMK I'uabbepra Maxke JleH
[34]. Ero craTea nosBiiack 4epe3 ABa rofa mocie [TapiKcKOro KOHrpecca, HO
pemienye 6610 HalileHO paHee, BO3MOKHO, JaXe A0 TOro, Kak M'iasbepr nocTaBmn
aty npobremy.

JoxasarenbeTeo JleHa (IpHMepHO TO e, YTO Mbl HANOXUM Jaiee) Bwuio Ko-
POTKHM H ACHEIM, K MO3TOMY OHO CTaJC OZHHM H3 H3M0OACHHBX CHMKETOB A
TIONYNMAPHEIX JEKOWiE, cTaTell B KHUT BPOZAE TOH, KOTOPYIO BHI celdac AepiKHTe
B pykax. OaHaKo paboTaioue MaTEMATHKHA 0 HeM NIPAKTHYeCKH 3a6LLTH.

[Ipn aroM nMa JleHa 3a6HTO BOBCe He 6Ht0. OH CTaja OAHUM M3 HeGobIIoro
yKcaa BeAYIIMX 3KCIIEPTOB B TOMOJIOIMH TPEeXMEPHHX MHoroofpasuii, a pabora
1902 rofa HUKOTZA He PaCCMaTPHBANACE KaK €r0 OCHOBHOE AOCTIDKeHHe.
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B 1976 roay AMepHKaHCKoe MaTeMaTHYeckoe oSHlecTBO omyGAHKOBANC ABYX-
TOMHOe cobpanHe cTaTel Noj OOHIMM 3arooBKOM «MaTeMaTHuecKHe JOCTHIKE-
HMA, NpOHCTEXAIOIHEe B3 npobnaeM Manb6epra» [61]. ITo oYeHb cephe3HELH 0030D
CEMHZECATRIATHICTHEH HCTOPHH 3THX TIpoGaeM; pelmeHHs (YACTHYHbIE WIH 110N
Hule), 06ob1eHI, ToX0MXIe NPOBIeMst ¥ T, A, B 3TOM HagaHHH noApobHo paceMar-
PHBanHCh ABaAUATE JBe M3 ABAAUATH TpexX npobiteM IinsbepTa, U TOTBKO TPETHA
npotneMa He obcyxaanack. [Io MHeHMIO pPeJaKTOpDOB, TYT BCe ObUIO OYEBHZHO:
HHUKAKHUX HOBHIX AOCTHXKeHHH, HUKAKOro BAMAHNA Ha MaTEMAaTHKY, TaK 9T0 M ro-
BOPHTH He O YeM.

CKQME CTPaHHO 3TOC BCe CMOTPeNoch JAHHIL HecKolbKo JieT chyera! TeopeMa
Jena, Teopusa JeHa, MHBapHaHT JleHa CTaAM oFHO H3 monmyAApHeiAIHX TeM B reo-
MeTpud. [IpudHHOH 3TOr0 CTaI0 poXaeHHe K-TeOpHH — HOBOH 3aXBATHBAKOIIEH
ofMacTH MaTeMaTKKH, TOABUBIICHCA Ha CTEIKe aareGpsl U TONoMoruK. Mut e Gy-
JeM o6eyxAaTs cB43b ¢ K-TeopHeH, a TMINb M3JI0KHM CAMy TEODEMY H ee JoKa3a-
TeNbCTRO.

22.2, Ana aHaMOTHYHOM 3a//a49H HA IUIOCKOCTH OTBET MONOKHTEILHEIH

TecreMa 22.1 (Yonnec, Boiian, I'epsuH). Ifyems Py u Py — dsa nnockiix mHo-
2gveonbruka odunakosoil nowadu. Toz0a Py moxcHo paspeaams ompeskamu npa-
MUBIX HQ HACTU, U3 KOMOPbIX MONCHO CAOMCUMD Py,

JOKAZATEABCTEO. Bo-NepBEIX, ACHO, YTO AOCTATOYHO PACCMATPHBATD CAyYail,
Korga P, — NpAMOYTONBHHK, OJHA CTGPOHA KCTOpOTC paBHA 1, a mnomaas —P;;
NpeANoNOKHB 3T0, MBI MOXEM 0603HaUMTE: P| IpocTo epes P,

Bo-BTOPBIX, HOCKONBKY BCAKMIA MHOTOYTONBHHK MOYKHO pa3peaarth Ha Tpeyroib-
HuKH, o0yt ory4gali MOXKHO CBECTH K (Iydal0, KOrla P — TpeyroakHuK (puc. 22,1},

<Z-<z-l-L

Ta e IMoWAAL,
qTOo Y P

Puc. 22.1. CpefieHue onydas MPOM3BOALHONO MHOTOYTONLHHKA K CIY4MAK) TPeYTONLHHKA

B-TpeTEHX, HAM HYXHO NpeoOpasoBaTh NpH IOMOIOM pa3pe3aHUM H CIEHBA-
HUii JaHHEI TPeyrolbHUK B NIPIMOYTOABHHK, OFHA H3 CTOPOH KOTOPOTO HMeeT
JAKHY 1. 3TO MOXKHO CAeNaTh 3a YeThlpe HIara, Kak IOKa3aHo Ha puc. 22.2,

CHavasa ¢AeacM Ha Hallero TPeYroTbHMKA napaaneacrpamm (mar 1). Ha sro-
POM lllare oTpeXXeM Ma/JeHLKHit TPeyroMLHUK ¢ OAHOH CTOPOHH Napajiienorpam-
Ma H NPUKAEHM eTo X Apyro#l cropoHe Tak, 4ToOH AAMHA OfHOH U3 CTOPOH CTaNa
BRIPAXKATHCA PALMGHANBHEIM YBCAOM p/g. Ha TpeTheM mare cieliaeM M3 STOTO



338 Tnaea 6. MHOTOTPAHHHKH

——

o |

mar 4

1) L)
) )
) )
- -
L) L)
) )
) )
.- | .
) )
) )
1 )
1 -
) L)
L) 1
L) +

0
&

Puc, 22.2. Kak ¢Zenats 13 TpeyToAbHHKA NIPAMOYTOIBHHK

napaniejorpaMMa NpAMOYTOABHUK (YKC/I0 HeOOXOAKMEIX AJIA 3TOTC Paspe3os 3a-
BHCHUT OT GpopMBel Napamenorpamma), Ha mocnesiHem MAare paspexeM IpAMOYToib-
HHK Ha pq PaBHBIX YacTell npu noMomu p — 1 TOPH3OHTANBHOIO H g — 1 BepTH-
KAJIBHOTO OTPEe3KOoB (CYMTAasd, YTO BHICOTA NPAMOYTOIbHHKA PaBHa p/q); HaKOHel,
cofepeM M3 3THX pq 9acTeil MpAMOYTOABHUK BEICOTEI 1.

22.3. IInockana 3a7a4a, KOTopas BHIIJIAANT HeNoXokell Ha TPeThIo
npobaemy F'ansbepra, HO pelIaeTcs AHANOTHYHBIM 00pa3soM

BO3MOMCHO U PASPE3ANTS NPAMOY2ONbHUK PASMEPA 1 X 2 HA KOHEUHOE HUCAD
MEHBULLX NPAMOY2ONLHIKOS, CMOPOHbL KOMOPbIX NAPALIEALHbL CMOPOHAM UCX0D-
HO20 NPAMOY20REHLKA, U CRONCUIS U3 HiLX keadpam pasmepa v'2 X V2?7

OTBeT Ha 3Ty 3afauy — HeT. JloKasaTenbCTBO cKopee anrebpaMueckoe, 4eM
reOMETPHYECKOE, HO BCE 3KE, B OTMMHE OT npobneMbl [ub6epTa, s Hero Tpeby-
eTca HeGONbIIAA TEOMETPHYECKAs TTOATOTOBKA.

22.3.1. TeoMeTpH9IecKas NOATOTOBKA. [1ycTh HAM AaHH ABA NPAMOYTOIBHY-
Ka C BepTHKA/JBHHMH H OPU3OHTAIBHEIMH CTOPOHAMH (Janee MBI OygeM Haswl-
BaTh HX OpocTo BI-mpAMOYTOALHHKAMM), H NPEANONOHHM, ITO HX MOMHO pas-
pesaTh Ha MeHpIOme BI-TIpAMOYTOMBEHMKH TaK, 9T00H NMOMyYeHHBEIE H3 NEPBOTO
NPAMOYTOMEHUKA KYCOUKH GBUTH PAaBHEL (KOHTPY3HTHEL) COOTBETCTBYIOMIMM KYCOd-
KaM, MOAYYHBHIMMCA H3 BTOPOTO IPAMOYTOALHHKA.

Toraa cymecTeyeT Ha6op H3 N (emle MeHBIIMX) Bl-NpAMOYTQIBHKKOR, AN KO-
TOPHIX KKABIA K3 3afaHHBIX NPAMOYTOMBHHUKOB MOXKET GHITH IONYJYEH MOCAENo-
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BaTeNBHOCTBIO H3 N — 1 donyemumozo xoda. JoycTUMBIM XOA0OM HA3BEIBASTCA ClIe-
Zyiolllad NpoHeAypa: BO3bMeM KaKHe-TO JBa HAIIKX MaJeHBKHX NPAMOYTONBHHKA,
HMEIIIME PABHYIO ITHPHHY WK PABHYIO BEICOTY, M CHIEHM U3 HHX OJWHH IIPAMO-
YPOALHRK TOi ke BRICOTH WK MIHpHHEL ToTAa Halll IPOUEece paspesaHud 3aMeHa-
eTcq Ha IpoLecc NPRKIeHBaHHA NIPAMOYTONbHUKOB. Kak aTo cenaTs, nokazaHo
Ha pHc. 22.3.

3
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Prc. 22.3, TonyveHWe OpAMOYTOILHHKOB IPpH ITOMOLIM AOITYCTHMBIX XOA0B

TIpeanonoxuM, 9To ABA NPAMOYTOABHHKA pa3pe3aHbl HAa PaBHEIE YacTH, KakK
Tpe6yeTca B yoIOBHM 3agayd (3TO NpAMOYToIbHUMKH (A) H (B) Ha puc. 22.3; pas-
HEle NPAMOYTONEHHKH NOMedeHH OAMHAKOBHIME UH$pamu). Torga mpoaooxmmM
CTOPOHHI KYCOYKOB MPAMOYTONBHMKA (A) Ha BCIO ZNHHY WIH IIHPHHY NDAMOYTONb-
HuKa (TOAYYHTCA IPAMOYTOAEHUK (B) Ha puc. 22.3). HeKOTOPEIE H3 KYCOUKOB B pe-
syabTaTe OyAyT paspe3aHH Ha MeHBIIMe YacTH (oMedeHHBIe JATHHCKUMH OyKpa-
M B npamoyroasHuke (B)): Tax, npaMoyronsHeK 1 monydaerca Kax ofpemamHHe-
HUe a U d, IpAMOYTOABHUK 2 IoNydaeTcsd Kak ofbeAuHeHHe g U h, H T. 4. 3aTeM
pasobbeM TeM e crnocoGoM COOTBETCTBYIOUME KYCOYKH BTOPOTC AaHHOTO NpH-
MCYTONBHUKA (Nomy4nTes npaMoyronbHUK (I Ha pue. 22.3; npaMoyronbHYK 1 B
npaMoyronsHuKe (B) 6yaer pasbuT Ha 9acTH, KOHTPY3HTHHE a H d, NpAMOYTONb-
HHK 2 —Ha vacth g u A, B T. 4.). MK noxy9win HoOBoe pa3bHeHne BTOPOro 3aaH-
HOTO NPAMOYroAbHMKa, (B), HA MeHBIIME NPAMOYTONBEHUKH, Teneps MPOROMKUM
CTOPOHBI 3THX (MeHBILIMX) KYCOUKOB HA BCIO MIHHY H HIMPUHY TMPAMOYTONBHHKA
(cm. npamoyroneHUK (1) Ha puc. 22.3). [Toryurpnntecd B pesyJaETATe STOTO NPAMO-
YTONBEHHKY ¥ JafyT Ham HaGop. OueBMIHO, YTO NpAMOYTONBHKEK (B) MOXHO C/io-
KUTh U3 HAX TIPH DOMOIIH ZOILYCTHMAIX XOO0B, Jpyrie AonyCTHMEE XOALL ARA10T
M3 3THX MaJeHBKUX NPAMOYTOIBHUKOE YacTH Golee Menwxoro pasbHUeHKA NPAMO-
yronsHuKa (A) (To ecTb a, b, ¢, ..., i), 2 ¥3 3THX YacTell TP NOMOIEH ACIYCTUMEIX
XOJ0B MOMXHO COKHTL BeCh NPAMOYTOAbHUK (A). TeoMeTpHyYeckas NMOATOTOBKA
3aBepHIeHa,
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22.3.2. Anrefpanyeckoe J0Ka3ATeNLCTEO. YTOGH AaTh OTPHEATE/LHELA OT-
BET Ha NOCTAaBAeHHBIH B 3TOM MyHKTE BOIIPOC, HAM OCTAeTCA A0KA3ATh Clefyiomiee
YTBEPXACHHE,

ITycmy dan xoneunsiil #a6op Br-npamoyzoasukos obueti nrowadvio 2. Iped-
NORONCLM, WINO UF SINUX NPAMOYZONBHUKOS AUlb NPU NOMOWU JoNycmuMbX X0008
MONCHO CROHCUMS npasmoyzonsHuk pasmepa 1% 2. Tozda ua amux npaMOyeoRbHUKOS
npu nomowu GonyCMuMbix X0008 HeAL3A CAONCLMb Keadpam paamepa V2 x V2.

[TycTh AAMHBI FOPH3OHTANBHAEIX CTOPOH NPAMOYTOIBHUKOB M3 Halero pastue-
HUA PABHHL U, ..., Wy, & JTAHB BEPTHKANBHHX CTOPOH PaBHH h, ..., hy.

PaccMOTPHM NOCAeAOBATENRBHOCTD

1, V2, Wy, ..., Wy (22.1)

H YAAJIMM BCe WIEHBI 3TOH IIOCIEA0BATEALHOCTH, KOTOPhIE ABAAIOTCA THHeAHBIMH
KOMOHHALMAMH NIPEABIAYLINX WICHOB ¢ PAUMOHUILHHMU KoaddunuentamMu. (Tak,
MH He yAanieM 1; MB TaloKke He yAansem v'2, NOCKONbKY 3TO MPPAHHOHANBHOS
9UCII0; MBI YAANAEM W), €CIM H TONbKO ECIH Wy = 1y +1,v/2, TAe Iy U I PaHOHARD-
HH, ¥ T.Z.). [lycte 4y, ..., @, — OCTAaBIIMeCH Yucaa (MpU 3ToM a, = 1, a, = v2).
BaxxHOe 3amMevaHHe: BCAKOE M3 THCeT B mocieuBaTensHoeTH (22.1) MoxeT BRITh
MpeACTABNICHO B BHAe DPAlMOHAARHOH NHMHeHOH KOMOHHALIMM 9HCed dy, ..., dy,
MpUYeM eJHHCTBEHHEIM 06pasoM.

(2To cTaHAApTHAA TeopeMa K3 INHeHOH anreOpEl, HO paAN IOAHOTH MANCKE-
HUA NMPHBEAEM 3Aech e¢ JoKa3aTenbCeTBo, MH 3HaeM, 410 1=a, €CThb palUoHalb-
Has JMHeHHAaA KOMOHHAINA YHCEN dy, ..., Gy, H TO 3Ke CAMOe BEPHO 1A dy = v/ 2.
TpeAnONOKKM MO UHAYKIME, 9TO BCe YHUCTA B TocAeAoBaTeNbHOCTH (22.1), npep-
IeCTBYIOLINE Wy, CYTh PalHOHANBHHE AMHeHHBe KOMBHHALIIN YHCEN d), ..., O;;
€U/ wy He ABAAETCA PALMOHAJBHOR JWHEHHOH koMOUHALMEH NpeablIymMX Y-
CeJl, TO OHO ABJAETCA OZHHM M3 a; U TeM CAMEIM ARNAETCH PALKOHANBHOMN JIKHER-
Holt koMOHHanmel @, ..., d,,, a eClIH Wy, ABIAETCA PATHOHANBHOH AMHeHO KoM-
OMHanmet NpegbAyIMX uicel, TO OHO ABAAeTed PalHOHATBHOH THHEHHOH KoM-
6unayweil ay, ..., a,,, TOCKOJIBKY Bee NPeJHAYIINE YMCIA NPeACTAaBHMEL KAK JH-
HeifHEIe XOMGHHALMH a4, ..., ;. OCTaNOCE AOKA3ATH SANHCTBEeHHOCTE. Ecau ABe

m it
pa3/IMYHBIE THHEKHbIE KOMOHHALIMN YUCeN 1, ..., Gy, PABHBL, 3, F{a; D, r/aj,as—
i=1 =1
5=1 r;' —_ r_”
MAKCHMANBHOE 9UCIO OT 1 0 m, AN KoToporo r! # 1), To a,= 3, T
=17
KyAa TIOMyYaeTcs, YTo d, — PallHOHaJIbHaA JHHEeHaA KOMOHHANNA NPeABIAYIHX
9HCeN @;, 9TO NPOTHBOPEYNT HalleMy BHIGODY 4y, ..., Gpy.)

Tenepb IIpoaenaeM TO e caMoe ¢ MOCNeJOBaTCIbHOCTRID

1, V2, hy, ..., By (22.2)

a;, oT-

Mu nonyustm nabop uucen by, ..., b, tae by =1, by = V2, 1 IpH 3TOM KaXz0e K3
uncen us Habopa (22.2) MoeT GbITh NpPeACTAaBAeHO B BUAE JUHEHHOH KoMOHHA-
OuK qucen by, ..., b, eAMHCTBEHHEIM CTIOCOGOM.
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HaszoBeM MpAMOYTONBHHK JONMYCTHMEIM, €CIH €TO IIMPpHHA €CThE palldoHAND-
Hag AuHelHan KOMOHHAKNHA 9HCEN 4y, ..., (0, @ BHICOTA — PallHOHANLHaA AMHeit-
Hast KOMGHHanuA 9ucen by, ..., b,. [TycTe P — 2onycTHMEIR NPpAMOYTOALHHK ITHPH-

m n
HH W ¥ BBICOTHL h, M MyCTh w= Y, nag; uh= 3, $;bj, TAe BCe I; U §; PALMOHAJIBHEL
i=1 j=1
HazopeM cumaonom Symb{P) npaMoyronbHHKA ]i Matpuruy {|S;i| pasmepa m x n
€ palMOHANIBHEIMM KoaddunneHTaMu, B KoTopo#t S; =r;s;. Mul 6yAeM ucnonb3o-
BaTh A1 CHMBONOB oGo3HaueHHe Symb(P) =3 r;s;a; @ b;; 3T0 Bcero JHIIL Apy-
if
roe obozHadeHHe AnA yKasaHHON MaTpuI. MTak, MBIl paccMaTpHBaeM CHMBOJIEBE
KaK «popMaNbHEE INHeiHbe KOMOUHADNH» ¢ PauHOHAIBHHMHA koadduupeHTa-
MU «BHpaeHMit» q; ® b;. Takne dopmanbHbie JTHHEHHbIE KOMOHHAIIN MOXHO
CKNAJBIBATE GUEBUAHLIM 06pa3oM; Ase GopMaNbHEIE PALMOHANBHHE JTHHEHHEE
] 7] o
KOMOHHAIIHH iz.:tiia" ®bj H iz_:tf.ja,v @bj CYATAIOTCA PABHBIMH, CCHH f; =t AIA
of J

Beex i, .

Mycts P/ u P” — fBa AOMYCTHMHX TIPAMOYTOABHHKA PABHOM BBICOTHI WIH PaB-
HOM mrHpuHEL TorZa MX MOXHO CKIEUTh B OXHH MPAMOYTOABHHMK P HpH HOMO-
L JONYCTHMOTO X0Aa. OYeBHAHO, YTO P TaroKe SBAACTCA AONYCTHMEIM NPIMO-
YrOMEHHKOM, ¥ Symb(P) = Symb(P’) + Symb(P”). B camom jese, eCAH MIMPHHA

m m
NPAMOYTONBHUKOB P’ u P” paBHa cOOTBETCTBeHHO w' =) ria; M w” =), rl'a;,
i=1 i=1

It
a BHICOTHI MX OFHHAKOBH M PaBHB! h = ) s;b;, TO MIAPHHA NIPAMOYTONLHKKA P

J=1

m
paBHa W' + 1w’ = Z(ri’ +1;")a;, a BHICOTa paBHa h, TO €CTh
i=1

Symb(P) = Y(r/ + r{')s;a;®b; = 2ris;a; ®b; +2.r's;a ®b; =
iJ iLJ iJj
= Symb(P’) + Symb(P").

VITak, eciiu y Hac uMeeTca Habop JOMYCTHMHX NPAMOYTONBHHKOE Py, ..., Py,
M MBI MOKEM NP NTOMOITK N — 1 JOTIYCTHMOTO X0/ CKIEHTh U3 HHX NPAMOYTONb-

N
Hux P, T0 Symb(P)= Y. Symb(P,). Ecu MH TAKHM 06pasoM MOXEM CKACHTH ABA
i=1
PA3THYHBIX TPAMOyroasHNKa P u P/, torga Symb(P)=Symb(P’). Jro 3apepia-
€T [oKAJATeNnbCTBO Hallelf TeopeMEt, TaK KaKk CHMBOJ NPAMOYTONBHHKA pasMepa
1 x 2 paBen 2(a, ® b,), a cuMBon KBagpaTa pasmepa v2 X 2 paBeH @, ® by, TO
€CTh OHH Pa3/INIHBL

22.4. NokasaTenncTBO TeopeMel Jlena
Haina uear — JoKa3aTh cAegyiolee YTBepaeHHE,

TEOPEMA 22.2. Ilyemb C u T —xy6 u npasuashulil mempasdp odunakosozo
obsema. ITycme kamowiill U3 HUX DA3PE3aH AAOCKOCMAMU HA 0JUHAKOB0E YUCAO Ya-
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cmeil, (Umeemca a8 sudy, Wm0 MHOZOZPAHHUK PA3Pe3aemca HE 08e Yacmu, nomom
odna u3 amux dayx uacmetl cHosa paapeaaemca nHadeoe, NOMOM OOHA L3 RONYHUS-
unees mpex uacmetl chosa paspesaemca, u mak éanee.) Tozda noryuusutiecs Ha-
60pbl MHO202PAHHUKOE He MOZYM Gbimb 00UHAKOBBIMLL

JOKASATEALCTBO. Ilyers [, ..., [y — ANMHE Beex cTOPOH BCEX MHOTOTDaHHH-
KOB, KOTOpHE YUACTRYIOT B npollecce paspesaHua. [IycTb @, ..., ¢y — COOTBETCT-
BYIOILHeE ABYTPaHHBIE YTAK (MBI mpeAnonaraeM, 9To O < i; < 7 g1 Beex {). Boss-
MEM TIOCAEA0BATENBHOCTE [, ..., [y M YIANHM U3 Hee BCe Te WieHE!, KOTOphie AB/f-
TCA PANHOHANBHEIMH THHEHHEMH KoMOHHALMAMEK NPeABAYIINX WICHOB; MBI IO-
JIYMEM MOCAAOBATEARHOCT d, . .., Gy, TPHYEM KXKAOe U3 Tucen [, mpeAcTaBaseT-
¢4 eIMHCTBEHHEM 06Da30M B BHE JHHEHHOH KoMOMHAIMH a;. Janee cAenaeM To
¥e caMmoe /A OCAEA0BATENBHOCTH 1T, 1, ..., {Py; OO03HAUHM TIOMYUeHHYIO oche-
JOBATEMBHOCTD 9EPE3 U = T, Ay, -.., Ay, HPH ITOM KAKAOE @ SAUHCTBEHHBIM 00-
PasoM NpeACTaBIAeTCA B BUAe MuHeHHON koMOHHALMY pasInYHEX a;. Hasosem
BLINYKIBLIH MHOTOTPAHHHK AOMYCTHMEIM, eCIH JJTHHA KK ZOTo erc pedpa ecTs pa-
LUHOHANBLHAA JWHEHHAA KOMOHHALNA THCEN Ay, ..., Ay, @ KAKALIH €0 ABYTPAHHHIIA
YTOJI eCTh PallHOHAaNbHAA AVHEHHAaR KOMOHHALHUA Oy, O, .o\, Oy

Mycts my, ..., My —ANMHBL CTOPOH JIONYCTHMOrO BRINYKJIOTO MHOTOTDAHHH-

m
kKa P, a ‘4!1, ...,‘l,bq—COO'l‘BeTCTBYIOI.LlHe ABYTPAaHHBIE YTJBI. HYCTI: m, = Z il
n i=1
H ’!}J = z skja i [lo aHAJIOTHH C CHMBOAOM, KOTOprf«'I MBI paCCMATPHBANH B IIPeAEHI-
j=0
AymieM IIYHKTe, OIpeaeINM UHsapUaHrt Hena MHOrorpaHHHKA P NpH NoMOomIIn

dopMysIH
Dehn(P) = E: i (i rkiskj)ai @a;.

i=1 j=1 \k=1

Baxcnoe 3ameuantie. Bropoe cyMMHpPOBaHWe MPOH3BOIHTCA OT j =1 o n, a He
oT j =0 aco n. 3T0 He oNMevYaTKa: MH He BKTIOYaeM B MHBAapHaHT AeHa ¢laraemoe
Sox 0. Cl€oBaTENBHO, €C/IM H3MEHHTh KaKoH-TM60 yron Ha panyoHanbHOe KpaT-
HOE THCJIA 7t, TO HHBAPHAHT JleHa He MU3MEHUTCA; eCIM Kakoi-1uGo U3 AByrpaH-
HBIX YTJIOB R8/1A€eMcR PANUOHANBHBIM KPaTHBIM 7T, TO COOTBETCTBylOINEe pebpo
BOBCe He BXOJUT B BRIpaXKeHHe A1 HHBapuaHTa JleHa.

[TruMEP 22.3. UnBapuauT Jena xyGa (wm mo60oro Apyroro NpAMOYroiIbHOTO
napannenenynesa) papeH Hymo. JelicTBUTENbHO, BCE €r0 YIIB PaBHEL /2.

JIEMMA 22.4. ITycmb P — euinyibtil MHozoepanHuk, [Ipednonoscum, umo oH
paspesan nrockocmsio L na dse vacmu, P’ u P”. Toeda (npu ycrosuu, ymo P, P’
u P" donycmumot)

Dehn(P) = Dehn{P’) + Dehn(P").

HOKASATENBCTBO. [IycTh S={¢,,...,;} — MHOXECTBO Brex pebep MHOrOTpaH-
Huka P, [, — anvMHA CTOPOHH e, a Y); — COOTBETCTBYIOWKH AByTpasHbi yToi. Pa-
306beM S Ha d4eTHpe MOAMHOXKeCTBa: S, OyAeT coCTosATh U3 pefiep, KOTOphble He
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VMMEelOT BHYTPEHHHX TO9EK, MPKHALACIKAIINX L, U JeXKaT B NOAYIIPOCTPAHCTEE, CO-
JEPHALIEM MHOTOTPAHHNK P'; MHOXECTBO S, ONPE/IEIAM TAK JKe, B3SB MHOTOTPaH-
HHuK P” BMecTO P'; S5 cocTouT us pefep ¢;, KoTopsle pasBHBaIOTCA IAOCKOCTBIO L
Ha pe6po e, MuororpaHHuka P’ u pe6po e; mHororpannmka P”; HaxoHem, de-
pes S, 6603HAYHAM MHOXKECTBO Tex pebep, KOTOpEIe elTHKOM cofepikaTca B L. Ana
KaXkz0ro pebpa e, €S, ABYTPaHHBIH YTOM 1) AETUTCA Ha ABE YACTH, 1) U ). Tak-
JKE paccMOTPHM nepecedenne LN P. 3To BHRYKUILIE MHOTOYTIOABHUK, BCe &, €5,
ABNAIOTCA €10 CTOpoHaMu; mycts T ={fi, ..., f,} —MHOXeCTBO BCexX OCTAJNBHBIX
ero cTopoH. Jiio6oii oTpesok f, ABASeTea pe6poM Kak P/, Tak u P”; nycTb my —
IMVHA fi, @ X, X — COOTBETCTBYIOIINE ABYTPaHHBIE YIVIH MHOTOTPAHHHKOB P’
u P, Ovesnano, y; + X, =7.

Pe6pa P’ —aro:
¢ pefpa ¢, €8;; UX AMHH PABHK [, YI/TH DABHBI 1}

* peGpa ¢, TAe ¢, € S3; UX UTMHH PAaBHBI [;, YI/IH DABHBI 1y ;
* pefpa ¢, €8,; UX JUTMHB PABHBI [}, YI/IB PAaBHE 'gb",;;
* pebpa f; € T; MX AMMHBI PaBHBIL M, YTABL PaBHEL ¥, .
PeGpa P —ato:
* pebpa e, €5,; KX ANHHBI PaBHBI I, YIVIBI PABHE 1]
* pe6pa e, T/Ie € €S3; MX ANHHL DABHE I, YIWIBI PABHH 1;;
* pebpa e, €S,; MX ANMHbI PABHEL I, YIVIbI PaBHBL 3/} ;
* pe6pa f; € T; UX ANUHBI PaBHBI Ny, YTAE DABHH ¥,/ .

HupapuanT JeHa XaXZ0r0 N3 MHOTOTPAaHHMKOB P/, PY U P COCTOBT M3 YeTHI-
PEX TPYIN c/aTaeMBIX; AL P’ 1 PY 3TH rpynnel COOTBETCTRYIOT NEPETHCIEHHEM
YeTHIpeM rpynnaM pedep; And P oHM COOTBETCTBYIOT MHOMKECTBAM S\, 83, S3 U S,
flepras rpynna ciaraeMbIX B BhIpakeHHH ana Dehn(P’) Takad ke, xaK nepeas
IpyIIa ¢laraeMelx B BeipakeHn ana Dehn(P). MepBas rpynna ¢iaragMulX B BH-
paxerun ansa Dehn(P™) coBnazaer co BTopoi rpynnoil craraeMeiX B BHIpaXKeHUR
Zna Dehn(P). Ecu CIOKHTD MeXAY co60ii BTOphle IpyImns! craraeMbix B Dehn(P’)
u Dehn(P"), mosy4nTes TpeThA rpynna caaraeMbix B Dehn(P), nockomsky I +1; =
=], CyMMa TpeThHX rpymmn cnaraeMex B Dehn(P’) u Dehn(P”) zaet weTBepryio
rpynny cnaraemsrx B Dehn(P), nockamsky ¥ + 1) = ;. HakoHel, JeTBepTHe
rpymub cnaraemeix B Dehn(P') 1 Dehn(P”) B cyMMe AaloT Hyib, IOCKONBKY Xy +
+ y; = m. Wirax, Dehn(P) = Dehn(P’}+ Dehn(P”), Jlemma AoxasaHa.

Ha puc. 22.4 naobpaxeH npumMep. MHOrOrpaHHHK P (HeTblpexyroibHas IpUs-
Ma C HeMapaalelbHEMA OCHOBaHMAMM, CM. CNIEBA B BEPXHEH CTpoKe) paspesaer-
o NAOCKOCTHIO Ha ABa MHOTOTpAHHMKA (pa3pes MoKa3aH B BepxHeil cTpoke, a
MHOTOrpaHHUKM P’ u P” uaoGpaxeHbl B HIDKHeil cTpoke). Pefpa MHOrorpaHuy-
Ka P oGoaHavueHEl 9epes ey, ..., €,5; NPK 3TOM MHOxecTBa S; 6VAYT TAKOBRL: S, =
={e1, €3, €4, €5}, 52 = {eg, €5, €9, €10, €115 €1z}, Ss=1{eg}, S4=1e,}.

BepHemca Teneps K Teopeme 22.2. Eciid ABa MHOTOTpPaHHMKA MOXHO paspe-
3aTh HA OAMHAKOBOE KQJIMYECTBO IONApHO PABHBIX YacTel, TO HHBApHaHTH JleHa
3THX MHOTOTPAHHHKOB paBHBE CYMME KHBAPUaHTOB JeHa NOAyIUBIINXCA JacTed,
B YACTHOCTH, PaBHH Mexay coboii. Ho nuBapHanT JleHa f/1a KyGa paBeH HyIIo,
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Puc. 22.4. JloKasaTeALCTBO JeMMBbL 22.4

MOCKOABKY BCE €To YIAH paBHE 71/2 (cM. mpumep 22.3). MuBapranT Jena mpa-
BWILHOPOG TeTpasfpa paeeH 6(1 ® a), rae I — gmuna pefpa, a a — ABYTPaHHLIA
yroa. HaM ocTaeTca NpoBEPHTE, YTO ¢ HE ABAACTCA PaHOHANBHEIM KPAaTHRIM fT.

JBYTpaHHHH yToN IPaBUIBHOTO TeTPasApa — 3T0 HanGonsmuit yron B paBHO-
OeppeHHOM TPEYTIBHHKE CO CTODOHAMH [, Ig, l% {cm.
TeopeMe KOCHHYCOR,

puc. 22.5). CornacHo

e (I§)=+(I§ p _

DI




JNexumsa 22, MoXHO AM cAeNaTh TeTpasip U3 Ky6Ga? 345

Puc. 22.5. JIsyrpaHHHIl yTon NPaBWIEHOTO TeTpasipa

JIEMMA 22.5. Ecau cosa= %, mo % — UPPAYUOHATLHOE HUCNO.

JokAZATENLCTBO. Ec/nH 3TO He Tak, To cos na =1 gng Hexoroporo n. OgHaKo
M3 TPUTOHOMETPHH H3BECTHO, YTO

cosna = P,{cos a),

rAe P, — MHOTOWIEH CTelleHH i ¢o cTapimum xoadduupentom 21 (em. nexipo 7).
DTO MOXKHO AOKA3aTh [10 HHAYKUMH. YTBepAeHHE: I BCEX N

cosna = P (cosa), sinna=Q.(cosa)-sina,

rae deg B, =n, deg @, =n — 1, a crapmue xoapdrurieHTE 060HX 2TUX MHOTOWIE-
HOB pabHel 2% L, Jas n=1 ato sepHo (P (t)=t, Q,(t) = 1); npeanonoKuMm, I9TO
YIBEPKACHHE BhIMTONHEHO ANA HekoToporo i, Torda
cos(n+1)a = cosnacosa—sinnasina =
= P,(cos at) cos @ — Q {cos a} sin’ a =

= P,(cos a)cos a+ Q,(cos a)cos? a—1);

sin(n+4 1)a = sinnacos a+cosnasing =
= Q. (cosa)sinacosa+ P (cos a)sina =
= (Q,(cos a) cos a+ P,(cos a)) sin a.

Hrax,
Py () = Py ()t + Qu(t)(t% - 1),
Qn+1(t) = Qn(t)t + Pn(t)s

OTKYAA Y CEAYET YTBEKACHUE O CTENeHAX K CTaplinX KoaddHoueHTax.
TeM caMBIM AOKa3aHO, YTO

l) _ 21 . [efoe HCio

cosna =P, ( 3 % 31 ’

4 3TO BbIpOKEHHE HE MOXKET 6HITH LEJBIM YHCAOM, B YaCTHOCTH, e,H,HHHIlEﬁ.

Jlemma 22.5 aoxasaHa. JIOKA3aTeNLCTRO TeopeMel JleHa 3apepliieHo.
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22.5. JansHeliue pe3yiIbTATE]

Ec/ri nob30BaThCA A3HIKOM aNnreOphl (0H MOXKET OKAa3aThCH YATATEMO TeXHHU-
YECKK HEITDUBBIYHBIM, HO TIPHBE/IEHHEE HIUXKe QOPMYNEL], KAK HAM KAXKETCA, JOMDK-
HEI FOBOPHTB CaMu 3a cebq), To moCcTpoeHYe H3 NMpeAbIAYIIEro IyHKTa COMOCTAB-
N9eT BCAKOMY BHIOYKJIOMY (M faxe He ofg3aTenbHO BRINYKIOMY) MHOTOTPaHHIKY
HEKOTOPHH UHBAPHAHT

Dehn(P) = R®g (R/nQ),

(BEIpajKeH}e B MPABOM YaCTH HASLIBASTCA MeH30pHLLM npousaedentiem R u R/ (),
a Teopema JleHa yTBEDKIAET, 9TC €CTH 1Ba MHOTOTPaHHMKa F| M P, pABHOCOCTaB-
JieHsl {TO ecTh MOTYT GEITH paspe3aHsl IVIOCKOCTAMM Ha OAMHAKOBEIe HAGOPH Ya-
creif), To

Dehn(P,) = Dehn{P,).
JTO B TOUHOCTH Pe3yJ/IbTAaT NPeAbIAYINEro IYHKTA,

PasymeeTcd, 3TO MOXHO IPYMEHATH HE TOABKO K KyOam u TeTpadapaM. Kera-
TH, B HCXOAHOM npobneme Fanbbepra paccMaTpuBaca Apyroi npumep: IinbpbepT
NPeANIOKIA, YTO ABa TeTpaafpa ¢ paBHEIMHM OCHOBAHHAMH M PaBHBIMH BBICOTA-
MM (KaK, HanpHMep, H300pakeHHEE Ha pUC. 22.6) He 06A3aTeNbHO PABHOCOCTAB-

Puc. 22.6. DTH TeTpasApH MOTYT He SWTE PABHOCOCTABNEHHEIMH

Puc. 22,7, CpaBHeHHe 00BEMOE TeTPasAPOR NPH NOMOUIH [IEPEX0Aa K Npefeity

3TOT BONIPOC BOCXOAMT K OCHOBAHHAM reoMeTpUH. Bea Teopus o6beMos npo-
CTPAHCTBEHHBIX T/ OCHOBAHA Ha JIeMMe, YEBepHAaouled, uto obsemn H3obpa-
*KeHHBIX Ha PHC. 22.6 TeTpa3fpoB OAUHAKOBL. AHAMOTHYHAA JIeMMA JJIA TUIOCKHX
buryp m ux wiomageit MMeeT IpocToe AOKasaTeNLCTBO, OCHOBAHHOE Ha paape-
3aHUM U NeperragplBaHui. Ho TpexmepHoe yTBepkAeHUE TpefyeT npejenbHoro
Iepexofa B «CTYNEHYaThX KOHCTPYKIIUAX» Harrofobue Tofl, 4ro usofpaxeHa Ha
puc. 22.7. Bompoc cocTOMT B TOM, AeHCTBHTENLHO MM 3TOT NpeAeAbHEIH TIepexoa
Heo6X0AHM, H OTBET Ha HEeTO NOMIOKHTE/NBHEIN: U3 TeopeMs! JleHa HaTIpAMYIO cie-
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AYeT, YTO TeTpadAphl, H306pakeHHbIe Ha pUC. 22.6, BoobILe roBops, HE PaBHOCO-
CTaBJIEHHI.

Boree yeM yepe3 mIeCThAECAT JieT nocie paboTsl JleHa ¢ppaHIy3cKuii MaTeMa-
THK Cupie (J.-P.Sydler) mokasas, 4To MHOrorpaHHHMKH paBHOro o6bema C ogu-
HaKOBBIM MHBapHaHTOM JleHa paBHOCOCTaBJIEHH [79]. AHAJIOrHMYHEIE pe3y/IbTaThl
uMeloTcs B chepudeckoii 1 runepboyindecKoii reoMeTpUsX.

HHBapuaHT JleHa MOXXHO 06061IMTh HA MHOTOIPaHHUKHA IPOM3BOJIBHOM pas-
MEPHOCTH: VISl N-MEPHOTO MHOTOrPaHHUKa P

Dehn(P) = > 06beM(s) ® [AByrpaHHbIil yron npu s] € R ®q (R/7Q)
(n — 2)-MepHBle TPaHy §
MHOrorpaHHvka P
(aTot yron obpasoBaH AByMA (n — 1)-MepHBEIMH I'paHAMH MHOTOTpPaHHHMKA P, npu-
MBIKAIOIIMMU K S. B pasMepHOCTH 4, KaK 1 B pa3aMepHOCTH 3, JBa MHOTOT'paHHUKA
PaBHOCOCTaBJIEHbl TOTZa U TOJMBKO TOTZAA, KOTAA MX 00beMbl U MHBapWaHTH Jle-
Ha paBHbl. OHaKO B pasMEpPHOCTH 5 3TO MepecTaeT GHITh BEpHBIM: MOABIAETCS
HOBBII1 MHBapHUaHT, «BTOPUYHEIN WHBapHaHT JleHa», B KOTOPOM y4acCTBYeT CyM-
MUpoBaHue 1o pebpaM (A1 n-MEpHOro MHOTOTpaHHHUKAa — HO (N — 4)-MepPHEIM
rpaHsAiM) MHOTrorpaHHuka P. ViMeeTcs runoresa, YTO «THI paBHOCOCTaBIEHHOCTH»

n-MEPHOr'o MHOrorpaHHHKa OIMUCHIBAE€TCA HaﬁOpOM Hu3 [HTH] HUHBApHUAHTOB: 06%-

€MOM, HHBapHaHTOM JleHa, BTOpHYHEIM HHBapHaHTOM JleHa U Tak Aajiee, IpHYeM
3TH MHBapHaHTH MIPUHHUMAIOT 3HaueHHs BO Bce Gosiee U 6ojiee CJIOKHBIX TEH30D-
HHIX npou3BeJeHUAX (Tak, k-ii MHBapuaHT JleHa BKIOYaeT B cebsd CyMMHpOBa-
HUe 1o (n — 2k)-MepHHIM IpaHAM; B YaCTHOCTH, IS OZHO- U JByMEpPHBIX MHOTO-
rPaHHUKOB (OTPE3KOB M MHOTOYTOJIbHUKOB) HMEET 3HAYEHHE TOJMbKO UX «00beM»
(T. e. AJIMHA U IUIOLA/b) ; B pa3MEPHOCTAX 3 U 4 ellle NOABJIAETCA MHBapHaHT JieHa,
H TaK Jajee).

JanbHeiiye cBegeHusa 06 3TOM CIO)KeTe MOXXHO HAMTH B MOMYJIAPHO#N KHHUre
B.T. Borranckoro [4], B gokinase Kaptbe Ha cemuHape Byp6aku [28], a Taxke
B kHurax [39, 70, 94].

Makc Jlen JaBua I'wis6epT
1878—1952 1862—1943
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22.6. YopaxmeHUA

221 JoxaxWTe, YTO HHBAPHAHT JleHa BeAKOH IPAMOYTOAEBHO IPUAMH C MHO-
T'OYTONBHHKOM B OCHOBAHHMH PaBeH HY/IO.

Yopamyenua 22.2——22.4 — 3T0 YacTHHIE CAyY9aH TeopeMH Cuane (oM. m. 22.5).
TocKONEKY Mbl HE HOKA3KIBANH 3Ty TECpeMy, Npeaiaraer YTHTATEN PEINHThL ITH
yHpaxKHeHHA MPH NOMOILH HeNoCPeACTBeHHBIX KOHCTPYKIIHIA.

22.2, JloraxuTe, 4TO ARa Habopa mapaaieenvneAoB paBHOTC CYMMapHOTIO
o0beMa pPaBHOCOCTABACHEL

22.3, TlparunsHER oxTasgp O ¢ peGpoM 1 MOXKHO HOAYIHTE K3 NPAaBHABHOTO
TerpasApa T ¢ pe6poM 2, ecan OTpesaTh MeTHpPe NPABHWIbHBIX TeTpasapa T co
CTOPOHOI 1, COAEPANIAX YeTHPe BEPINHHE TeTpasApa T . [IoCKONEKY, CUeBUAHO,
Dehn(T) =2 Dehn{T), nmeem

Dehn(Q) = Dehn(T") — 4 Dehn(T) = —2 Dehn(T).

Jlokaxwre, uToc Habop M3 okTazApa O ¥ JBYX TeTpasapoB T paBHOCOCTABNEH KyOy
nmoaxoasuiero covema (6 vol(T)).

22.4. (a) Mycts T u T — Takue xe, Kak B TpeAAYILEM yIPaXHEHHH. JOKaKH-
Te, uTo T paBHOCOCTABNEH HABOPY M3 ABYX Kommit T U Kyba.

(6) (OBobmenue.) ITycTh P — NPOM3ROALHEIA MHOFOTPAHHHK, a P — TaKoil xe
MHOTOTPaHHMK, TONBKO YBE/IHYSHHHIH B ABa paza (ero o6weM paseH 8 vol(P)). o-
KakuTe, yTo P paBHOCOCTaBNeH HaBopy M3 ABYX Kommuit P u ky6a o6bema 6 vol(P).

YKA3AHHE. (a) caepyeT us ynpaxHeHua 22.3; yTobul gokasaTh (6), sameTsTe,
710 (a) HMEET MECTO ANA NPOH3BOALHOrO (He 00A3aTeNbHO NPABHABHOIO) TETpA-
afipa, a 3aTeM pa3pesTe P Ha TeTpasApH.

22.5. MHororpaHHUK P HasHIBAeTCA KPUCMAAROM, €CNTH CYHIECTBYET 3aMolle-
HHe BCEro NMPOCTPAHCTBA MHOTOTPAHHHKAMHE, PaBHHME P. JlokaKHTe, 4TO HHEA-
PHAHT JicHa V19 KPUCTaIIa paBeH HYIIO.
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HeBO3MOXHBIE 3aMOLICHHSA

23.1. Beeaenue

3Ta JeKIHA NOCBANIeHa 3aMOLICHHUAM TUIOCKUX MHOTOYTONLHUKOR IIPH TOMO-
LM APYTHUX MAOCKUX MHOTOYTOMBHHKOB. BoT MpuMep Takoli 3aaad, KOTOpPEIH, Be-
POATHO, H3BeCTEH YKTaTemo. W3 maxMaTHoH AOCKH BEIpe3aHEl iBe YIAIOBHE AHaro-
Ha/MbHO MPOTHBONONOMHEE ¥MeTkH (al 1 h8). Moo I 3aMOCTHTE MOMYUeHHYIO
«YCeeHHy0» MaXMaTHYIO JOCKY AOMMHOIIKAMH pasMepa 2 x 17

L

]
R

Prc. 23.1. Moxkno A1 2aMOCTHTE AOMUHOIIKAMH MIAXMATHYIO JOCKY 63 YIVIOBHIX KIeTOK?

TurmiaHER dparMeHT 3aMolleHHA AOMMHOIIKAMH NIOKa3aH Ha puc. 23.2. Ou-
TYPKH, COCTABNAIOIIME 3aMOLIeHHe, He MEPEKPHBAIOTCA (GHH KACAIOTCA APYT ApY-
ra TONLKO IO I'paHuIe), H NPH 5TOM KaKAas TOYKA JOCKM MPHMHALIEKHT Kakoii-
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mbo ¢urypre, OTMETHM [Ba MOMEHTA; BO-TIEPBHX, AOMHHOMKH paspemaercs
KI3aCTh KAK BePTHKANBHO, TAK H POPHU3OHTAMLHO; BO-BTOPHIX, ¥ CONPUKACAIOLIAXCT
JOMUHOIIEK He 0693aTeNbHO A0MKHA GHITE Hefad ofian ctopoHa. OfLad nocra-
HOBKa 33/1a4H 0 3aMOILIeHWH 3BYYHT TaK: eCAH JaH MHOTOYTONEHHK P K HAGOP MHO-
FOYTOABHHKOB Q, Q3, ..., BO3MOKHO JIH 3aMOCTHTh P H30MeTPHYHBIMH KOITHAMH
MHOTOYTONBHHKOB Q7

| |
L]

Pue. 23.2. OparMeHt aaMormeHds

YuraTenb, KOTOPOMY He yAaA0Ch PENTUTh 3a/jauy O MAXMATHOH JOCKe 6e3 yrlo-
BBIX KJIETOK, CMOKET MpoYecTb ee (OTPULATENbHOE) PEMICHHE B CIEAYIOLIEM MYHK-
Te. Jlajee Mbl yBUANM MHOXKECTBO ADYTHX PHMEPOB HEBO3MOXHBIX 3aMOIIEHHH,
HO AOKa3aTeAbCTBa 3TOH HEBO3MOKHOCTH GyayT Bee Somee U Sonee CAOKHEME,

23.2, Packpackn

Yro6Hl pelnTh 3ajady O IHaXMaTHOH A0CKE ¢ BHPE3aHHKMH YI/IaMH, BCTIOM-
HUM, YTO NOJA WaXMaTHOH JOCKM OKpauieHkl B YepHEH 1 6ensril usera, Oba BH-
pe3aHHbIX AHATOHAIBHO IPOTUBOMOIOKHEIX YT/ia YePHBIe, TO €CTh AOCKA COCTOHT
#3 TPHALATH YepHHX ¥ TPHAUATH AByX Geibix nofeif. C Apyroit cTopoHbl, Kaxaad
AOMHMHOMIKA pasMepa 2 X 1 HaKpHIBaeT 0fHO GeJioe H OAHO YepHOe Tovie, 3HaYHT,
TAKOE 3aMOLIeHUe HEBOSMOXKHO; CM. pHC. 23.3,

//

4 i,
/;//
b

Puc. 23.3. PaceyxeHHe ¢ HCHONb30BAHHEM PAcKpacku

BoT apyroii cnocol MANOXHMTE TO e AOKA3ATENLCTBO, 3aNHIIEM Ha KKAOM
GesoM mosle HyNb, @ HA KaXIOM YePHOM — eZHHULY. O61Wan cyMMa BCeX dHCed
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Ha AOCKe ¢ BHIpe3aHHBIMH YTWIaMH cocTapifeT 30. Ho Ha kaxgoit AOMHHOLIKe
Hanmcansl KaK 0, Tak # 1, ¥ TPHALATH OAHA JOMHHOUIKA AaeT cymMMy 31, a He 30.
3HAYWT, TAKOTO 3aMOLIEHNA He CYLIECTRYET,

Bor papualya Ha TY e TeMy. MoxcHo au aamocmume xeadpam 10 x 10 I'-06-
pasHuiMu duzypxamu, usobpaxcennbimit Ha puc. 23.4? 3aMeTHM, UTO ¥ KaXAOH
GHTYPKH MOMET OBITH BOCEMb PAIIMYHLIX OpPHEHTALMIA!

OTBeT CHOBA OTPHUATENEHEIA. 3aNKOIEM B KIETKAX KBAApAaTa Yiciaa 1 H 5, Kak
TOKa3aHo Ha puc. 23.4. Kasxaaa purypka HaxpeiBaer AM60 TPH eAUHULEL U OAHY
IATEPKY, MO0 TPH NATEPKH ¥ OHY eAMHELY. B JI060M H3 3THX CAYYAEB CyMMa
yucen Ha $urypke xpatHa 8. C Apyroif CTOpPoHH, 06IUasa cyMMa HCeN Ha JOCKe
pasHa 300, aTo Ha 8 He AenuTcd. 3HAYUT, TAKOTO 3aMOIIEHHA He CYIIECTBYeT,
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Pue, 23.4. Packpacka Mo MOAYMo 8

23.3. Koraa packpacky He IOMOTAIOT

[IpeAnoncxUM, 9TO ¥ Hac CTh ABA THNA PHIYPOK: OOLIMHLIE, IONOKHTENLHEe,
Gurypu — 1 oTpruaTenpHsle GUIypKH, CASIAHHEE U3 «aHTHBellecTBa», Ham pas-
pelraeTcA HakNafHBaTh GUIYPKH Apyr Ha Apyra, M IPH 3ToM oblie 4aCTH moa0-
JKHTeIbHBIX K OTPULATENBHHX GHIYPOK B3aKMHO YHHYTOKAIOTCA; CM. pUc. 23.5,

D 1" ] o

1
—_ '
[

Puc. 23.5. PHIYPKH H aHTHOHIYDKH

3T0 MOYXHO NPeACTABUTE cebe mo-ApyroMy: HaHOIEM Ha KaX A0 oN0KHTEABHOH
durypke upcac 1, a Ha KaKA0H oTpHLaTeABHOH ynwio —1. Kpamuocmble B TOIKE
HasLIBAETCA CyMMa 3THX %1 1o BceM GHrypxam, B2daTas B 3Toi Touke. Mu1 6yznem
FOBOPHTB, YTC MHOTOYTOMBHHK AONYCKAET 3AMOUEHUE CO 3HAKOM, eClH TOMOMH-
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TeJbHblE H OTPHLATENbHEe QUIYPKH MOXHO NMONOKHTE TaK, YTOOH KPaTHOCTH
B kakpo# Touke BHyTpH P paBHsIach 1,

flcHo, 9TO ecnu paccyx/ieHHe ¢ HCIIONB30BAHHEM DAaCKPacox Hartofobie Toro,
910 oScyuaanoch B M. 23.2, ZoKa3bIBaeT, YTO MHOTOYTONBHHMK HeNb3s 3aMOCTHTD
HEKOTOPHM HabopoM GHIYPOK, TO U3 3TOPC e AoKa3aTeNbCTRa UISAYeT, UTO 3aMo-
IMeHUs O 3HAKOM TAIOKe He cyllecTByeT. OaHako OBIBAIOT 3aja4H, KOTOpPble HMe-
10T pemeHHe TONBKO JUIA 3aMOLIEHNH €O 3HAKOM W HEDaspemNMEL A1 OOBIHEIX
saMomeHKRH.

PaccMoTpuM Habop Touek, paclo/ioxeHHRX B BUAe TPEYTOALHUKA, KAK MOKa-
3aHO Ha puc, 23.6. MK XOTHM 3aMOCTHTE 3TOT TPeYTONBHHK MPAMBIMHY TUIANIKAMH,
KaXZag M3 KOTOPHIX CONEPIKHT TPHM TOYKH; KaXAad TaKas IUIAIHKa MOXeT OHTh
ODHMEHTHDOBAaHA OAHHM M3 TpeX BO3MOMHHEIX CNOCOGOB. JrA kawuwx 3naueHuti n
cyujecmeyent makoe 3amoujerte?

it TOYEK

Puc. 23.6. MoxHO TH 3aMOCTHTB STOT TPEYTQILHHK IUIAIIKAMH H3 TPeX Touek?

1A Hagana, ITO6BE TAKOE 3aMOLIeHHe GBUIO BOIMOKHEIM, YHCHO TOUEK AOK-

nin+1
HO AeNHTBECA Ha TpH. Hx ofiiee yHCAO PaBHO %, H NMO3TOMY 1 CPABHHMO

¢ 0 unn 2 o Monyao 3.

Tenepr «packpacum» TOYKH TaK, Kak MOKAa3aHO Ha pHc. 26,7. Cymma umcen,
TIOKPHITHIX OFHOH ILmamkoi, SygeT Torfa KpaTHa Tpem. Q6Was cyMMa 3aBHCHT
OT N NepHOANIECKHM 00pasoM c MepHOAoM 9; ee BHaUYeHHA N0 MOAYITIO TPH PAaBHH

0,2,2,2,1,1,1,0,0.

TozroMy n mo mMoayae 9 AomkHO paBHAThed 1, 8 wiM 0. M yxe 3HaeM, 4To
n=0wmwH 2 (mod 3}, NO3TOMY OCTAIOTCA TOALKO MOCHEeAHME ABA Cydas.

IMokaxkem, 910 ecnd n =8 wid 0 {mod 9), TO TPEYPQIBHHUK U3 TOYEK MOXHO
3aMOCTHTE CO 3HAKOM IIPH MOMOIOM TPEeXTO4YeYHHX IUiamex. Ha puc. 23.8 Takoe
3aMollleHie MOKa3aHo HpK n =8, a Ha puc. 23.9 H300paskeHo, KAK CTPOMTE Tpe-
YTOMBHHKH GOALHIEro pasMepa N3 TPEYTOIBHIKOB O CTOPOHO! 8 M pAAOB TPEXTO-
YeqHBIX TIameK.,

H3 3Toro HoaydaeTcs, YTo CISAYIOUYIo YAUBUTEABHYD TEOPEeMYy HEBOZMMKHO
AOKA3aTh KAXUM YTOAHO PacCy:KAeHHEM, HCIIOAL3YIOIMM PACKPACKH,
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Puc, 23.7, Packpacka 1o Moaymo 3 Puc. 23.8. 3amonieHNe co 3HAKOM IIpH n =8

A B KA
ATAY oo

Puc, 23,9, MocTpoeHKe GOABIINX 3aMOLIEHHTE 00 3HAKOM H3 MEHLIITHX

TeEOPEMA 23.1. Hu 014 XaKo20 HUCAQ I MPEY20bHYI0 Mabauyy moqex co cmo-
POHOTL N HEABL3S 3AMOCIME MPEXTOUEHHBIMY NAAUIICAMLL

23.4. Tpymna Koupea 3aMOImMeHns

Ja aokazarenbcTBa TeopeMbl 23.1 HaM MOHAAOGHTCA HEKOTOpas IpeABapH-
TeNbHaA MOATCTOBKA. JJIf Havaia IIpeArnoiokiM, YTO Bee HAlIX MHOTOYTONEHIKH:
H 0f1ACTD, KOTOPYIO MEI COOHPAeMCH 3aMOCTHTE, M 3EMEHTH 3aMOLIeHUA HapH-
COBaHH Ha KneTyaToli GyMare 4 COCTaR/IeHH K3 e{MHHYHEIX KBagpaTHKOB. Takxe
YCIOBHMCS, UTO HY B KAKOM M3 3THX MHOTOYTONBHUKOB He GyAeT AMPOK: rpaHuLA
KaOKAOTO U3 HUX OYAeT COCTOATE U3 eAHHO 3aMKHYTO! KpUBOIi.

12 Jak. 3647
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ITyre Ha wieryaToii Gymare 6YAEeT OMMCHIBATHCA CAOBOM, COCTABICHHEIM H3
6yKe yeThpexbyxsenHoro andasuTa X, ¥, x~! 1 y~!: mar snpaeo ofosHadaeTcs
Yepes X, LIAr BEBO — YEpPes X1, IIar BEepX — Yepes y, | IMIAr BHU3 — depes y .
[Mpumep mzobpaxeH Ha puc. 23.10. Mu 6yzeM sanmHceBATE kK CHMBOIOB X WIH
x~1, uaympx moapag, xak x**; to xe camoe ana y. TpuBHManbHEI MyTs Gyzer
o6o3HaYaThCA depes €. Taloke YCJIOBUMCA, YTO UAYIIME MOAPAA CHMBOA X U X~
{wm y 1 y~!) coKpalawTesa: HanpuMep, xyy ~x ! =e.

xyay T xty

-——

Puc. 23.10. ITyTs H COOTBETCTBYIOLLEE EMY CIOBO

KoMITo3HIIHA ABYX C/IOB a M b GyZieT ONpenesaThCs TaK: PacCMOTDHM HX KOH-
KaTeHanHIo (T.e. 3aMMmeM CHAYana ¢l0Bo @, a TOTOM CIOBo b) # CoXpaTumM B Ho-
AYYEHHOM CIOBE BCE WAYNIHE NOAPAJ Naphl, COCTORIMMe U3 X U x ' uuay ny™ L.
MomygeHHOE CNOBO YoIOBAMCA 0H03HAYaThL Yepes ab.

KoMnoauiua yaoBNeTBOPAET 3aKoHy acconnaTuBHocTH: (ab)c=a(bc), rae ve-
pes a, b ¥ ¢ 0603HaYEHH MPOK3BONBHEIE C10Ba. CI0Bo w1, 06paTHOE K JAHHOMY
CIOBY W, NOAYIAETCA TAK: HAJ0 MPOYKTATH CIOBO W CHPABa HANEBO M 3aMeHHTh
BCe oKa3aTenu crelleHel ua npoTrsononoxHue, Hanpumep, (xy ™)t =yx 1. sc-
HO, yTO ww ! =e.

Iiyets T, ..., T, — MOJIHBE Habop GHIypok, PasTOKEHHBIX Ha KieTyaroil 6y-
Mare Bo BCEX BO3MOKHEIX OPHEHTAIMAX (HAIpHMep, ¥ AOMHHOMIKH PasTHYHEIX
opueHTanHH ABe, a y I'-ofpasHoit $urypri — BoceMs). BeifepeM Ha rpaHHue du-
rypku T; HAYaILHYI0 TOUKY Y ipoiigeM BAONL TPAHMITH MPOTHB YACOBOH CTPeIKH.
TonyseHHB1 3aMKHYTHI! MyTh OYJeT COOTBETCTBOBATh clOBY W, cocToAleMy U3
6yxs x, x~!, y u y~1. Pasymeercs, 3T0 ¢I0BO Gy/feT 3aBMCETh OT BRIGOPa HaYals-
HOM TOUKH.

[oxa 4To eAMHCTBEHHEIM KMEBUIMMCS ¥ HAC IPABIJIOM pafoTH €O C/OBaMM
ObUT HA60p PABEHCTB

1 1

xxt=xx=e=yyl=yly,

JobaBuM K 3TOMY NpaBuiy HOBHE paBeHcTBa: W, = W, =...=e, DTU npaswia
3HAYAT, ITO eCH ONHO U3 ¢JI0B W; BCcTpevyaeTca B 6onee AIMHHOM CIOBE, TO ME!
MOMeM 3aMeHHMTH ero Ha e, H, Hao0opoT, Mbl MOEM BCTABJATH B JIoBoM MecTe
mo6oro ciaoBa Kakoe-TH6o uz coB W;. Ecam coBo V), MoxceT GBITh IOMydeHO U3
croBa V, NOC/AeA0BATENbHEM NpPHMEHEHNEM 2THX NPAaBWI, ME OyAeM HasHBAThH

Taxue C/10BA IKBUBAJCHTHEIMHM 1 3alTUCHIBATD 3T0 KaK V) =V,
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Ham Hy>KHO eme pasoSpaThea C HEOZHO3HAYHOCTHIO BIGopa cinosa W, a uMeH-
HO, C €r'0 3aBHCHMOCTERIC OT HavyaibHOii Towit. [1ycTh p’ — Apyrad HavyanbHad TOY-
Ka Ha rpanune ¢urypku T;, ¥ mycte W, — c/ioBo, Mony4eHHOe B pesyibTaTe Npo-
XOXACHHA BAOIb TPAHUI{M HaYHHAS C TOYKH P,

JIEMMA 23.2. W/ =e.

JOKA3ATENBCTBO. [IyCTh C/IOBO U KOAMPYET MYTH H3 p B p', a CJIOBO U — MYTh
u3 p’ B p (cM. puc. 23.11). Torna W, =uv 1 W/ =vu. [ockonexy W;=e, To H uv =e.
Toraa vu=(u~ u)vu) =u~(uv)u=u"tu=e, vr0 U TpeboBANOCH.

p <:>p'
Li

Puc. 23.11. K gokazaTenscTBy AeMMbl 23.2

IFycTh P - MHOTOYTONBHEK. [IpoHzenM BAQIE o IPaHALH ¥ NONYyYHM cioBo U
(cHoBa 3aBHCAINee OT HAYARLHOH TOUKK). CIeAYIOee NpeAnoXKeHHe AAeT HeOOX0-
AUMO¢E YCIOBYE JUIA CYIIECTBOBAHMSA 3aMOLLCHHA.

NpEanOKEHNE 23.3. Ecnu mHozoyzonbiux P samowen duzypramu Ty, ..., T;,
mo U=e.

JOKAZATEABCTEO, UHAYKIMA no KonngecTBy ¢urypok. CHagajna Impeanono-
XHM, 9TO P 3aMolneH oAuoit duryproii, ckaxem, T;. Torsa cnoso U paBHC Kako-
MY-TO Y3 OTIMCAHHEIX Beile W/, i yTBepxAeHHe CeAyeT U3 IeEMMHI 23.2.

Teneps npeANoIoKUM, ITO PHUIYpPOK Heckonbko. Toraa MHOTGYTOABHUK P MOX-
HO pa3speaaTh Ha ABA MHOI'OYTOAbHHKA P, U P, NpH NOMOIOK ITYTH, NPOXOAALIEro
BHYTPH P U3 0fHOH TOUKM rpaHUlB! A0 APYrofl TOUXKM IPaHHOB (HAZOBEM 3TH
TOYKY p M p'), IpUYeM HMATH 3TOT NyTh AWDKEH JIMMb O rpaHHIaM GUrypok;
oM. puc. 23.12, IIycTh W -— CJIOBO, COOTBETCTRYIOLIEE ATOMY NYTH pp’ BHYTpH P,

4

p

p

Puc, 23,12, IlJar HHAYKUHH B AOKA3aTEAbCTEBE NpeAIoNeHns 23.3
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H IIYCTh U, H U — C0BA, COOTBETCTEYIONIME MYTAM 110 I'PAHHIE MHOTOYIrOALHH-
Ka P v3 p B p' ¥ U3 p’ B p COOTBETCTBEHHO.

3aMKHYTHIt OyTH 1O TPaHALE P TPOTHB YacoBOM CTPENIKH, HaUMHAIOWIHHCA
B TOYKEe P’, COOTBETCTBYET CAOBY v, [Ipm sToM v, = (vyw™1)(wy,), CoBa B
CKOOKax COOTBETCTBYIOT 06X0AaM IO IPaHMIIAM MHOTOYTOJILHHKOB Py U P,. B cuny
Halllero BHOGOpa MyTH pp’ HTH ABA MHOPOYTONBHHKA 3aMOLLeHB MEHBIUHM KOJIH-
yecTBOM ¢urypox. o npeanonoKeHUIo MEAYKIMH, ty w1 =¢ U wiy = e. [loaTomy
u U, =e.l

Haxonen, croso U, cOOTBETCTBYIOWEE OOXOAY BAOND IPAHWLEL, MOXET OTIH-
YaThCA OT U1V BHIGOPOM HAuanbHOR Touknk. HO MEI YXe 3HaeM K3 AeMMHl 23.2,
YTO ecliu OAHO H3 ATHX CIOB 3XRHBANEHTHO ¢, TO H APYTOe TOXKE SKBHBANEHTHO.
TeMm camBIM AOKA3aTENBCTBO 3ABEPIIEHO.

YpotHo nepedopMyTHPOBATE KOHCTPYKLHH, ONHCAHHBIC B 3TOM NMYHKTE, Ha
assike rpymn, HaGop durypox Ty, ..., T, onpenensaeT rpynmy ¢ AByMs o6pazyiouuy-
MH X H Y ¥ C COOTHOIIEHHAMH W, ..., W,. OTa rpynna HaselsaeTcA 2pynnotl Konaest
3gmoujerua. [paHHYHOE CIOBO MHOPOYTONBHHKA P ABAAETCA 3IEMEHTOM I'PYIIE
KoHBed 3aMoIeHHA, ¥ ecil P moxer GurTh 3amolled ¢urypkamu Ty, ..., T, To
ITOT MEeMeHT eAUHHIHEI,

IMpumEP 23.4, BepHeMca K 3ajjade O MAXMATHOM JOCKe ¢ BRIpe3aHHLIMH yIJia-
MH, C KOTOPOH MBI HAYaIH 5TY JCKLHUIO.

JLByM TIOIOEHUAM JOMHHOLIEK PasMepa 2 X 1 COOTBETCTBYIOT FPaHWHMHbLIE CAO-
Ba W, = x2yx~2y~! u W, =xy®x~1y~2, a rpanuuHOe CJIOBO MIAXMATHON AOCKH
¢ BHIpesaHHEME yriaamua — 310 U=x7y"x"1yx~7y 7xy~1; eM. puc. 23.13. Mu xo-

x77 y |—r
«
. CI xzyx“zy*l

-2

xy*x~ly

X
I

-

Puc. 23.13. CHoBa 0 IaXMATHOH JOCKe C BHPE3aHHHIMH YITaMHK

THM JA0Ka3aTh, YTO U3 paBeHCTB W) =e m W, =e He cnefiyer, uTo U =e; comtacHo
npeanoxKeHno 23.3, u3 aToro Syaer ¢neJ0BaTh, ITO HCKOMOTO 3aMOIeHKA AOCKH
He CyIecTByeT.

1OTMeTHM, 9TO 5TO HANOMMMAET pacCyKAeHHe, KOTOPOE HCIOMBIORANOCH B JOKAIATENBCTBE TE0-
penzi Taycca—EBonHe Ana MHOTOTpaHHUXOE (TecpeMst 20.7).
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3aMmeHUM X nepecraHobkoif (12) (mepecTaHOBKA 3MEMEHTOE 1, 2 M 3, MeHAWD-
masa MecTaMu 1 1 2), a y — nepecTaHoBKoiM (23). Toraa u x2, u y2? craHoBATCA
PaBHHMHY TPHBHAABHONR HepecTaHOBKE, M 1103TOMY 06a cnoea W, u W, cTaHoBATCA
TpUBHaALHEIMH, (lefoBaTeABHO, ecny U =e, To Nociie 3aMeHE X U ¥ Ha flepecra-
HoBKH (12) # (23} MBI OMKHEL IOMYIHTE TPHBHAIBHYIO NEPECTAHOBKY.

Ho aro He Tak! Yuratens He3 TpyZa poBepHrt, yTo U =(312), 1. e. U cooTser-
CTBYeT HeTPMBUATLHOI TlepeCTaHOBKe. !

23.5. JokazaTeabCTBO TeopemMhl 23,1

HeyAUBUTENIBHO, YTO TeopeMa 23.1 norpebyeT Sonbiueli paGoThl, HeXeMH NPH-
Mep 23.4: B KOHIE KOHIIOB, Y 3aja4i © MaXMAaTHOH JOCKe ¢ BhIpe3saHHHMH YTIaMH
€CTb NPOCTOE pelieHne, HCTIOAb3YIOUEEe PACKPACKH,

Bo-mepBEIX, B 0. 23.3 MBI BRIACHH/IH, YTO CYLIECTByeT HeoOXoAMMOe yCAOBHE
IUIA CYLIeCTBOBaHHA 3aMOINEHHA: N AWDKHO OhITh cpaBHHMO ¢ 0 MAu 8 no Mo-
Aymio 9. Ecid 3aaMollleHHe CyulecTBYeT NpH it =8 (mod 9), To, Kak noKazaHo Ha
puc. 23.9, oHo Takeke cywecTsyeT H AR i =0 (mod 9). Utak, AocTaToyHO AOKA-
3aTh, 4TO 3aMOLICHIE HEBO3MOXKHO IIPU 11, KPATHOM 9.

H306pasum TpeyToNsHMK M3 TOYEK HHAYe: KaK «JIeceHKy» Ha kieTdaroil Gyma-
re, Nepeas CTPOUKa KOTOPOH COCTOMUT U3 OfHOH KIeTKH, BTOpas — U3 ABYX, M TaK
Aanee, TorAa HANIM IUTAINKH JVIHHEL TPK GYAYT H3c6pakaTheA B BHAE GUHIYD ¢ PHC.
23.14. Ha ToM e PHCYHKE YKa3aHBl M rpaHWYHbIE C/IOBA )M 3TUX MHOTOYTONBHH-
¥0B. MH XOTHM J0OKa3aTh, YTO AJA BCAKOTO It M3 papeHCTB Wy =W, =W, —¢ He
cnepyer pasedcrso U, =e,

: ‘]—| Wy=xy3x"ly  Wh=(yx Py Ix)?

Up =y "y )"

Puc. 23.14. PUrypkH H COOTBETCTBYIGILHE HM CAOBA

~ PaccMOTpHMM Tenepb TPH CeMelCTBa OpHeHTHPOBAHHLIX TIapa/IeAbHHX NpA-
MEIX, H300pakeHHEe Ha puc, 23.15. 3TH NpAMHe OTCTOAT ADYT OT APYTd Ha paB-
HEE paccTOAHUA U MepeceKaloTed Mog yrrioM 60°; oHK 05pasyioT 3aMollieHKe Ioc-
KOCTH PABHOCTOPOHHHMH TPEYTOALHHKAMHE H IIPaBWILHMMHY IIECTHYTOMBHUKAMH.

1B TeopeTHKO-TPYNNOBEIX TEPMHHAX MOXKHO CKA3ATh, YT MBl NOCTPOWIH FOMOMOP(HaM 13 rpyn-
nbl KoHBER 33MOMIEHUA B TpYTNy MepecTaHOROK TPeX AeMEHTOB; 3TOT rOMOMOpdHM3IM NepeBogHT
TPARHYHOE (IORO WAXMATHON ZOCKU € BHPE3ZHHBIMH YINAMH B HETPHEMAALHYIO NEPeCcTAHOBKY.
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O603HaYMM TPEYTONLHIKM GYKBAMH X H Y, KaK MOKA3aHo Ha puc. 23.15. [Toayuus-
mHicH PUCYHOK GyeM Ha3BIBaTh IECTHYTONBHOH pelneTKoil.

Puc, 23.15. ectuyronpuan pemeTka: AyGneps TPaHUL] TpeX IUIaliek

MecTHyronkHaa peiieTka BecbMa CHMMeTpHYHA. Jina mo6HX IBYX ee BepUIMH
CYINECTBYeT ABHKEHHEe NAOCKOCTH, NEpeBoAAlNee OFHY M3 HHUX B APYTYIO M coXpa-
HAWIee pemeTky. Hanpimep, napannensHHH NepeHOC TIepeBOAUT BepOHMHY B
Ha puc. 23.16 B BepmuHy D, a moBOPOT Ha 120° BOKPYT TOUKM A, ABAAWOLICHCH
UEeHTPOM TPEeYTOAbHHKA, IEPEBOAKT BeplliHy B B C,

Puc. 23,16, CHMMeTPHH IECTHYTONBHOH DEmeTKH
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Beakuii 1fyTh Ha KBagpaTHOH pPeRIeTKE MOXKHO CIEAYIOInKM o6pa3oM mpoayt-
JHPOBATE Ha IHeCTHYTONLHOH pemeTke, ITyTh Ha KBaApaTHOH pelleTKe 3arHCHBa-
eTca B Bufie c1oBa U3 6ykB x, ¥, x~' u y~!, Bo BCAKOM BepHIMEE MIECTUYTOMLHOM
PELIETKH NepeceKaloTea ABE OPHEHTHPOBAHHEIE NIPAMEIe, H BA H3 YeTHIPEX TTOAY-
9eHHHX YI/IOB OTMedeHH GyKBaMH X U ¥; cM, puc. 23,15, Mul 6yaeM MHTepOpeTH-
POBaTh CAMBOVIH X, ¥, X~ M y~! KaK MHCTPYKIIMH IO MOCTPOEHHIO MyTH-Ay6nepa:
x*! 6yner o3HavaTk «CAEAATH OJMH IUAT 110 TPAHHMILE YIVIa, OTMEYeHHOro GYKBOH X,
IO HANpABNeHHIO OPHEHTALMH HAH NPOTHEB HErO COOTBETCTBEHHG», TO e caMoe
ana y*!. Hrak, kax Tombxo MBI BEIGEPEM HAYAIBHYIO TOUKY, YTk Ha KBaPaTHOM
PelOeTKe oTpeAe/IMT HaM MyTh-Ayiuiep Ha WecTHYTOALHOMN pelleTke,

Ha pre. 23.15 nokasaHul OyTH Ha MeCTHYTONBHOI pellleTKe, MOCTPOSHHEE 10
IpaHHYHEM NYTAM Tpex GHrypokK ¢ puc. 23.14. OTMeTETe, 9T0 BCe TPU MyTH-Ay6ie-
Pa 3aMKHYTRI; 3TOT PAKT OCTAeTCA BEPHBIM NIPH No6oM BLIGOpe HAYANBHOMR TOYKH
OyTu-AyOnepa U3-3a CHMMETPHI 1IECTHYTONABHOM peleTkd. HanpoTtus, aytnep my-
™ Xyx~'y~!, T. e. rpaHKLIK eAUHUYHOTO KBAAPATHKA, OYAET HE3AMKHYTHIM.

ByAeM paccMaTpHBaTh TOMBKO TAKHME IIyTH HA KBAagpaTHOH pemeTke, Aybie-
PHl KOTOPHIX Ha IMIECTHYTOABHON pelleTke GyAyT 3aMKHYTEHMHE, DTHM CBOMCTBOM
ofnagatoT rpaHUYHKEE IYTH TPeX [UIaHleK, a TAloke TpaHHUA U3o6paxeHHOH Ha
puc. 23.14 «ieceHku»; ee aybaep mokasaH Ha puc. 23.17 (3aech MBI MoNB3yeMcA
TeM, YTO 1t AJNTCS HA TPH).

wafa

Pue. 23.17. fiyGnep K rpaHHIe «HeceHKH»

OpHeHTHPOBaHHAS 3aMKHYTAaA KPHBAA AeNHT TAOCKOCTh Ha HEKOTOPOE KONH-
YeCTBO KOMITOHEHT. Kamaoli KOMIOHeHTe OTBedaeT HMC/IC BpallieHMA aToil KpH-
BOil BOKPYT /060l TOUKH AAHHOH KOMTIOHEHTHI. MEI 06CYMAaNH 3TO NMOHATHE B
nexun 12 (cm. puc. 12.20). OpueHTHPOBAHHAS NIOIAAL, OrPAHIEHHAA 3aMKHY-
TOi KpHBOii, paBHa cCyMMe IUIOWaAeH KOMIIOHEHT, YMHOXEHHHX Ha COOTBETCTEY-
I0IMe YHcAa Bpamenus, Hanprumep, efMHAYHEYN KPYT ¢ OpHEHTHPOBAHHOMH Npo-
THB YacOBOH CTpeNkd rpaHuuell MMeeT OpHEeHTHMPOBAHEYIC THIODIAAb 7T, & eCAH
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€ro rpaHHLla OPHEHTHPOBAHA N0 YacoBOH CTpeaxe, To —7, B MaremaTudeckoM
aHafu3e OPHEHTHPOBRAHHAA TUIOMAAL ONpefeNaeTcd KaK HHTerPas BAOAELE KPUBOH
ot guddeperuansHoii GopMser x dy.

ComocTaBUM IIYTH HAa KBaJApaTHOH pelleTKe OPHEHTHPOBAHHYIO IUIOMAAL,
OrpaHHYEHHYIO ero AySnepoM Ha MECTHYTOILHOM pemetxe. Jid rpaHWdHEIX Oy
Tell TpexX GUTYPOK 3Ta IIOINAAL PABHA HYAK (CM, puc, 23.15), Torga xa And «ie-
CeHKH» COOTBETCTBYIOWAN OPHeHTHPOBAHHAA IUIOMAAE BCErAa OTPHLIATENbHA (CM.
puc. 23.17).

W3 sroro caegyert, uro U, #e. JlelicTRATENRHO, eC/IH 3aMeHHTE CZHO M3 CJICB
W., W, wan W, CroBoM € MAM HaoGOpoT, TO OpHeHTHPOBAHHAA IIONIAfE, OTpa-
HIYeHHAA NyTeM-Ay5iepoM, He HIMEHNTCH, 3Ta TUIOMaAb DABHA HYAIO AMA TPH-
BHaJIBHOTO CJIOBA M OTJMYHA OT HyAa And U,. TeM caMBIM JOKa3aTeAbCTBO Teope-
MB!I 23.1 3akoHYeHO.

B saBeplmeHKe 5TOrC MyHKTA NpHBeAeM elle OAHY TeOpPeMYy, KOTOPYIO MOMKHO
AOKA3ATE AHANOTHYHO TeopeMe 23.1, Ha 3TOT pa3s MEL NONEITAeMCH 3aMOCTHTD Ta-
Koff Jxe TPeyTOJAbHHEK, COCTABCHHEIH M3 TOYEeK, MANIEHEKUMU TPeyTONBHUKAMH M3
Tpex Touex; M. puc. 23.18,

Puc. 23.18. Mo»HO JiH 3aMOCTHTh GO/BIIOH TPEYTONBHHK MAIEHBKHMHU?

TeoreEMA 23.5. Taxoe 3amougerue cywecmayem moz0a u monsko mozada, kozda
n=0,2,9unu 11 (mod 12),

Ente o rpynme KoHeea 3aMollleHUA MOXKHO NPOUKTaTh B [31, 68, 88].

23.6. CHoBa Maxkc AeH

I[Tocne peweHnA TpeTheil npoGaemMul M'unsbepra Maxce leH aokasan B 1903 roxy
CASAYIONIYIO TEOPEMY.

TEOPEMA 23.6. Ecnu npamoy20nbHUK 3AMOUEH Keadpamami, mo omoleHle
ONUH e20 CIMOPOH ecMb PAUUOHARBHOE YUCAO,
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q=7

Puc. 23.19. Ecnra OTHOLIEHHE AAWH CTOPOH MPAMOYTONABHHKA PallHOHANBHO, €T0 MOXKHO
SaMOCTUTL KBAADATAMH

O6parHoe ¢ 04YeBHAHOCTHIO BepHO (puc. 23.19). Clezymolllee J0KA3ATENBCTEO
MOXOKE Ha Te paccy:KAeHHA, KOTOPBIE MHI TIPOBOAWIH B II. 2231

JIOKAZATEABCTBO. ByaeM paccyxzaTh OT NpOTHEHOrC. MoxHO Macmrabupo-
BaTh NPAMOYTOILHUK TAK, 9T00H ero muphHEa 6pUta paBHOH 1; IyCTE €ro BEICO-
Ta X — HPpanHoHANbHOE YHCTO,

[TpeANONIONKHM, YTO 3aMOleHHe NP MOMONIM KBaApaTos cymecTsyeT. IIpoa-
JIMM CTOPOHB! KBaAPaTOB Ha BCIO [UINHY HAH LIMPHHY NPAMOYTONBHHKA; CM. PHC.
23.20. Tenephb ¥y HAC eCTh 3aMOIIEHHE HAMETO NPAMOYTOIALHHKA pasMepa x x 1

Puc, 23.20. [Tpognenue cTOPOH KBaZpaToB

U BCeX KBAAPaTOB NMPH NMOMOIIH HEKOTOPOro XOIHYecTEA MeHBIIHX MPAMOYTOMb-
HUKOB; YCTh AJMHH HX CTOPOH (B IIPOH3BONLHOM NOPAAKE) PABHEL 4., ..., Gy. Pac-
CMOTPHM MOCAeA0BaTENBHOCTE

1, x,ay, ..., ay; (23.1)

BHIGPOCHM M3 Hee Te YA, KOTOPHE ABIAIOTCA THHeHHEIMM KOMOHHALMAME TIpe-
IBIAYIINX ¢ PARHCHAIBHEMH KoagdHuumeHTaMH. [IOCKONBKY YHCID X HppalHo-
HAJBHO, OHO W3 NOC/IeA0BATENBHOCTH yaneHo He 6yaetT, fycts b, =1, b, =x, b, ...
very by — OCTABIIMECH aMCAA, KaK H B T, 22.3, KaKAOe M3 TMCea U3 HoCTefoBa-
TenbHOCTH (23.1) eguHCTBeHHRIM o6pason NpefcTaBAAeTCA B BUje pauMoOHaNbHOM
mHeliHol koMBUHALMK YHcen by, ..., b,,.

[Tycte f — cnepyioman GyHKIMA OT YUceA by, ..., by

fO=1, f=-1, fb)=...= f(bp)=0.

lHMEHZI'IO H3-34 3TOTO CXOACTBA MBI H BRAIOMHAK JEKIHIO O 3aMOIIEHHAX B INany, NOCEAINCHHYIO
MHOTOIPAHHHKAM,
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TpojgokuM f Ha Bee pagHoOHaNbHEIE THHeiHbe koMbuHanuy aucen by, ..., b, mo
NuHeHHOCTH:

flnby+. b)) = rf(b)+ o+ 5 f(b).

3HaTHT, eCAK U U ¥ — PANHOHANBHEIE IUHeHHEE KOMOHHauMY uicen by, ..., b,
TO

flutv) = flw)+ fv), (23.2)

TO eCTh QYHKUMA f AAAUTHEHA.
PacCMOTPHM TIPAMOYTOJIBHHK, JANHE 0BeNX CTOPOH KOTOPOTO U B U CYTh pa-

UHOHANBHEE NuHeliHbie KoMOKHALKH Tucen by, ..., by,. OnpeAensm «wromap»
3TOrO NpAMOYToNbHHKA Kak f(u)f(v). Ecau y ABYX TaxuX NPAMOYTONBHHKOB HMe-
eTcA ofman ropUsoHTAILHAA WIH BEPTHKATBHAA CTOPOHA, X MOXHO O0BeIHHUTE
B 60ABIIHMIE NPAMOYTONBHUK. B city apanTrBHOCTH GyHKH f (paBeHcTBO (23.2))
«IUIONIAAb>» GONBHIErC NPAMOYTONBHUKA €CTh CYMMa «Iiomazeil» AByX MeHbINMX
TIPAMOYTONBHHKOB,

CrneAoBaTelbHO, «IIOIAAL» NIPAMOYTOALHHAKA pasMepa X X 1 paBHA cyMMe
«Iomageii» KBaJpaToB, H3 KOTOPEIX OH cocTaBieH. [leppas paepHa f(x)f(1)}=~1,
TOTAa KaK «IUIoladb» KBAApaTa pasMepa u x u pasHa f(u)?, To ecTs HeoTpuua-
TeAbHA. MBI TOMYYUAK NIPOTHBOPEYNE,

23.7. 3aMOIEeHAR KBAAPATAMH H MIEKTPHIECKHNE [enH

PaccMOTpHM 3aMOIIEHHE NPAMOYTOABHHKA KBAZparaMM, K3oGpaxeHHOe Ha
puc. 23.2L TyeTe X, ..., Xo — JUIMHEL CTOPOH KBaJApPATOE. Jta KaX0ro oTpeska
HA TOM pHCyHKe, Kak TOPHIOHTANEHOTO, TAK H BePTHKANLHOrG, HMeeTed JIMHEeH-
HOE COOTHOIIEHHE MEX 1Y MepeMeHHBIMH X;: 3TH COOTHOIICHHA BhIPaMXAIoT AJIHHY
OTpe3Ka B BUAe CYMMEI JJIMH CTOPOH KBaJpaToB, PAHHYANIHX N0 3TOMY OTPE3KY
¢ oberx cTopoH. /A 3aMolIeHHA Ha puc. 23.21 noxydarcs oreayiolipe ypaBHe-
HHS:

Xy =Xq4tXs, XztXsg=Xg, X+Xq=X7+Xg, Xg+Xg=Xg (23.3)
(POPH3OHTANBHEIE OTPE3KH) N
X, = XX, Xp=XgtXg, X4+Xg=X5tXg 234

(BepTUKAIBEHEBIC OTPE3KH). YUTOOB! TAKOE 3aMOIEHHE CYIIECTBOBANO, 3Ta CHCTEMA
MHHeHHEIX ypaBHeHU Ao/bKHA OHITHL pazpeniuMa B IOIOXHTENBHBIX YHcAax, 3a-
MoujeHHe Ha prc, 23.21 COCTBETCTBYET CASAYIOleMYy pPellleHHIO:

x1=15, X2=8, x2=8, x3=9, x4=7, x5=1, x5=10, x?=18, x3=4, x9=14;

pasyMeeTCd, Bech STOT HaGOp HCeN MOXKHO YMHOKHTE Ha IIPOU3BOABHBIR MHOMKH-
Tenb.
YpapHenus (23.3) 1 (23.4) MOXXHO MHTepPIPETHPOBATh Kak npaBwia Kupxroda
AU aneKTpuYecKux neneii. [IpuMep Takoil nemy moka3zal Ha puc. 23.22, [Ipeamno-
NOWKAM, YTO BCE PESUCTOPH HMEIOT SAHHHYHOE CONPOTURJIEHHE H YTO CHA TOXA
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X, X5

X1

X9

Puc. 23.21. 3amMouleH1e KBagpaTaMH

Puc. 23.22, DnexTpHyeckas Hens, COUTBETCTEYIOMAA 3aMOIIEHHIO Ha pHc. 23,21

B i-M pesucTope paBHAeTcA X;. EcTh ABa mpaBmiaa Kupxroda: nepeoe mpaswio,
WIH 3aKOH TOKOB, YTBEP)K/JAeT, YTo CyMMa TOKOB, BTEKAIOUIMX B KaKAHIK yaern,
PaBHAETCHA CYMMe TOKOB, BEITEKAIOIUX U3 HEFo; BTOPOE ITPABIIO, WM 3aKOH Ha-
TpAXeHWUi, MAacHT, 9T0 CyMMa NMajeHHil HanpmxeHusa Mo moboMy 3aMKHYTOMY
KOHTYPY paBHa HyMo.! [ToCKONBKY CONPOTHBICHHE BCEX PE3HCTOPOB AMHKTHOE,
IO 3aKOHY OMa Naj(eHHe HANDAKEHUA Ha {-M Pe3HCTODE PABHO CIJIE TOKA X;. 3aKo-

lpasymeercn, 3aech PaccMATPHBAIOTCA TONLKO KOHTYPH, He BRMOYalOMMe B cef HCTOUHHK
JC. — Ipum. nepes.
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HH TOKCB A/ Lieny Ha puc. 23.22 — 310 B TOYHCCTH YpaBHeHHA (23.3), a 2aKkoHH
HamnpkeHuH — 3To ypaBHeHud (23.4),

KoHTYp Ha puc. 23.22 noxyuaeTcq 13 3aMolieHHA Ha prc, 23.21 cneayiomyM ob-
pazoM: BCAKOMY IOPH30HTAJIHOMY OTPE3KY COOTBETCTEYET Y3e/ aNeKTPHIeCcKoH
LIEITH, & KaKAR KBaAPAT COOTBETCTBYET PE3UCTOPY. PE3NCTOP CoOeaUHACT ABA ¥3-
N4, eCNH OTBeYaloli eMy KBaJpaT NPUMEBIKAET K COOTBETCTBYIONIHM ABYM OT-
pe3kaM. 3Ta KOHCTPYKIUA paboTaer and xmoBoro 3aMolleHUA npAMOYFOALHHUKA
KBaJpaTaMH M JaeT HIeKTPHYecKyl0 Lenb.

TageHue HaNpAXEeHUA MeXAY BepXHeil H HIDKHell BepHIHHaMH (T. e. HAaTIpsDKe-
Hue HcTouHnKa D/C) e HHCTBEHHHM 06pasoM ONpefensacT TOKH BO BCEX pesH-
CTOpax, U MBI TONYYaeM pelleHne cucTeMbl (23.3)—(23.4). B wacTHOCTH, ¥ 2TOH
CHCTEeMBl HMeeTcs effHCTBEHHOe pellleHie, ¢ TOUHOCTHIO A0 06llero MHOMKHTe-
aa. To xe caMoe BepHO U A7 JoO0To 3aMOIEHMA TPAMOYTONBHUKA KBAAPaTaAMH,
Hepocrarok 3Toro Meroga COCTOHMT B TOM, YTO ¥ HAac HET KOHTDOJA HaZ 3HaKa-
MM CWJAbI TOXA: TOK B HEKOTODHIX PE3HCTOPAX MOXKET OKa3aThCA OTPHEATENBHEIM,
M TOrAa MEeKTpHYeCcKad Lellh He OyAeT COOTBETCTBOBATh HHKAKOMY 3aMOLIEHHIO
TIPAMOYTO/MBHUKA KBaZpaTaMH,

23.8. 3aMomeHHe NMPAMOYTOJILHHKAMH € eJ0YHCIeHHEIMH CTOPOHAMH

TeEoPEMA 23.7. Ilycms npamoyzonsiiux R samotiyen NpAMOy20RbHUKAMLU, ¥ KAXC-
0020 U3 KOMOPBIX ecMb YenouucaeHHaR cmopora. Tozd0a u y R ecmb YenoulcreHHan
crnopota.

¥ aTolf TEOPEMH O 3aMOLICHMAX H3BECTHO YPe3Bbi9alfHO MHOIO PasTMYHBIX
ZoKazaTenbcTs (B [90] npuBeseHo YeTHPHAALATE, 4 KPOME HUX eCThb M JDYTHE).
Mei BHGpasIH OHO H3 CAMHEX KPAaCHBHX.

HOKABATEALCTBO, MHTErpan f sin 2nx dx mo OTpe3Ky Lenod JUTMHE paBeH

Hyno. CleoBaTelbHO, ABCHHON HHTETpAN f f sin 27tx sin 27ty dx dy 1o KaxAOMY
H3 IPAMOYTONBHHKOB, YIACTBYIONIHX B 3aMOIICHHMH, PABE€H HYIIO. 3HAYTHT, 3TOT
ABoHHOH UHTErpat N0 BeeMy IPAMOYTOABHUKY R Taioke paseH Hymo, [peanoro-
KHM, YTO NEBH HUKHMI yro/l IPAMOYTOIBHIKA R HAXOAUTC B HAYANE KOOPAH-
HAT, a J/IMHEH ero CTOPOH paBHE a ¥ b. Torga

a pb
0= sin 2mx sin 2ry dx dy = ;(1 —cos 27a)(1 —cos 21th),
od o (2r)

CnegoBaTenbHo, JHOO cos 27ta =1, mubo cos2nb =1, TO ecTs AMOO a, 160 b —
Uenoe Yucnlo,

¥ TeopeMul 23.7 ecTb MHTepecHoe cAeACTBHE. [IPeANONOKIM, UTO IPAMOYTONb-
HHUK pasMepa m X i 3aMOLIeH NpAMOYToIbHUKAMM pa3Mepa p X g (Bce udcIa nt, n,
P, q uenawie). PazyMmeerca, 0TCI0Aa CNeAYET, YTO Pq ASTUT mn. HO MOXKHO CKa3aTh
H Gomblne,

Cneactsur 23.8. Yucao p denum nubo m, nubo n; mo He camoe 8epHo U Q1A ¢,
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JOKA3ATE/ILCTBO. JIOMHOXHM BCe JUIMHH Ha 1/ p; NOMy4HM, YTO IPAMOYTO/b-
HHK pa3mepa (m/p) x (n/p) 3aMoleH npsaMoyrolsHUKamu pasmepa 1 x (q/p). Ilo
TeopeMe 23.7, iubo m/p, 6o n/p uenoe, To ecTh p AeaUT Iubo m, 6o n. AHa-
JIOTMYHO H [UH (.

23.9. HeMHOro0 0 3aMOIIeHHAX TPEYTrOIbHUKAMH paBHOH IuIomaau

B 3aBepiuieHNe MBI IO/DKHB YIIOMAHYTH €11ie OJUH Ype3BhIYaifHO JIIOGOIBITHEII
pes3yyibTaT O «HEBO3MO)XHOM 3aMOLIEHHH»: K8aOpam HeJb3si 3amMocmumb Heuem-
HbIM YUCNIOM MPEY201bHUKO08 00UHAKO080ll nioujadu (3aMoleHHe MPOU3BOJIBHBIM
4YeTHBIM YMCJIOM TaKUX TPEYrOoJbHUKOB NOKa3aHo Ha puc. 23.23). 3To 0CTaTOYHO

Puc. 23.23. 3amMouieHHe TpeyroJbHUKaMU paBHO# IUIOMaAu

HoBas TeopeMa — ee gokasai ITon MoHcku (Paul Monsky) B 1970 r., — 1 ee goKa-
3aTeJILCTBO KpaliHe HeOXXHAAHHO. Bo3aMo)kHO, emie 6ojiee HEOXKHAAHHO, YTO CYyIile-
CTBYIOT YE€THIPEXYTOJILHUKHA, KOTOPHIE HEJIb3s 3aMOCTUTh HUKAKHUM KOJIMYECTBOM
TPEYTOJILHUKOB PaBHOH IUIomagu. V3jokeHHe 3THX pesy/JIbTAaTOB MOXHO HaiTH
B VL. 5 kuuru [78].!

Makc Jled JbxoH KoHBeit
1878—1952 p. 1942

ICm. Taroke: B. Bexxkep, C.Bocmoxos, FO. Honun 2-aguyeckue 9ucia // «KBaHT». 1979. N22. —
Ipum. peo.
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23.10. YnpawHeHHu:

23.1. MoxHO n¥ 3aMOCTHUTE AOMHHOIOKAMH GUrypy, H3oOpaXeHHYIO Ha pHC.
23.247?

j %
%’/

Puc. 23.24, Emg o4HO A0KAa3aTENbCTBC € NOMOILBIO PACKPACKH

23.2. BripexeM M3 IaxMaTHO A0CKH oHY HeyI0 H OAHY TepHYIO KIeTKY. Jo-
Ka¥HTE, YTO NOAYYEHHYHI0 JOCKY MOXKHO 3aMOCTHTh JOMHHOIIKAMH.

YKAAHME. PaccMOTpUTE 3aMKHYTHI ITyTh, MOKPHIBAICIIKIL Bee KIIETKY, U BH-
JOKHTE JOMHHOINKY BAONb HETO,

23.3. JoxaxuTe, uTo KBaApaT pasMepa 10 X 10 HeAb2A 3aMOCTHTD NPAMOYTONb-
HHKaMu paszMepa 1 x 4.

YKA3AHMUE. Hcnone3ayliTe packpacky B HeTHIpE LBETA.

23.4** HokaxHTre TeopeMy 23.5.

23.5. MNoxaxaiTe, 90 MHOTOYTOABHHK Ha pHC. 23,25 HEBO3MOKHO 3aMOCTHTh
KBajpaTaMH (3T0, KOHEUHO e, CTAHeT BO3MOXHO, eCJIM MEl Pa3peHIHM HCIIONbA0-
BaTh «KBaAPATH U3 AHTUBEIECTBa»!},

v2-1

vZ-1

V2

Puc, 23.25. 3TOT MHOrOYTOILHHK HEAB3A 3aMOCTHTE KBaApaTaMH

23.6, Iycrh x=2— 5. PaapexbTe KBaApaT Ha TPH NPAMOYTOJIBHIKA, Nogob-
HEIX NPAMOYTONLHKEKY pasmepa 1 x x,
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KoMMEHTAPMI. KBagpar MOXHC pa3pe3aTh Ha NPAMOYTONLHHKH, ToZ00HEe
MPAMOYTONBHHUKY pasMepa 1 X X, eclH K TONBKO eClH X SBAAETCA KOPHEM MHOro-
YeHa ¢ HelisIME KoadduIiHeHTaMH 1 NMPY 3TOM I KasKAOTO KOPHA a -+ bi MHo-
rowieHa HauMeHbIel! creneHy, KOPHEM KOTOPOTO ABIHETCA X, BHIIOAHEHO Hepa-
BEHCTBO ¢ > 0; M. [42].

23.7. Tloxaxwre, yTO TeopeMa 23.6 ocTaHeTcA BepHOH, ecnd paspellluTh HC-
MONB30CBATE «KBaAPATE H3 GHTHEELIECTBa».

YKA3AHME. [lepeonpeaenwre «mroldajb» MPAMOYTOIEHMKA pasMepa it X v Kak
uf(v)—v f(u). 3Ta mnomaar cuoea GyfeT aARUTUEHOM, a J/IA BCeX KBaApPaTOB OHa
OKAKETCA PaBHON HY7IO.

23.8. TlpuBeauTe AOKA3aTENLCTBO TECPEMBl 23.7, HCIOMB3YIOIEE PacKpacKH.,
Jag sToro paceMoTpHTe GeCKOHEUHYK) IMaXMATHYIO AOCKY ¢ KIETKAMH pasMepa
(1/2) % (1/2).

KoMMEHTAPUIL. 3TO paRHOCHABHO 3aMeHe GYHKIMH sin 271X sin 29Ty Ha QyHK-
IO (_1)[31(_1)12.\'].



Jexuua 24
KecTKOoCTh MHOI'oOrpaHHHUKOB

24.1. Teopema Komm

KapToHHYI0 MOJeIh BHIIYKJIOrC MHOTOIPAHHHKA P pa3pe3anu BAONDL pebep Ha
HeKOTODOE KOJMHYECTBO MHOTOYTONBHHKOB — I'paHeii MHororpaHHuKa P, Tlycth y
Hac UMeeTCs NOIHBIA CIIMCOX NPUMEIKAHWI: MBI 3HAeM, KOTAA Y rpaHeit F; u F;
HMeeTcA ofliiee pebpo E;. CormacHo 3ToMy CHMCKY MBI CKIeHBaeM MHOTOTPaH-
HHUK P', IpHKAenBasn TPaHHd APYT K APYTY MO TeM JKe peGpaM, KaK H B MHOTOTpaH-
HHKe P, OBA3aTeNbHO JH MHOTOTPAHHHKH P ¥ P’ pasHBI?

OTBeT 3aBUCHT OT TOTQ, ABJIHETCH M MHOTOTPAHHUK P’ BHINyK/IbM, Bea npef-
MOJIOXKEeHHS O BHIYKJIOCTH MHOTOIPAHHHK He ONpeAendeTcs OFHO3HAYHO JIHIIb
CITMCKOM NMpHMEBIKAHUH; cM. pHc. 24.1. OfHaKo Ad BHITYKIBIX MHOFOrDaHHHKOB
HMeeTCA CIeayIolan TeopeMa, NpuHagiexaman Komu (1813).

TeOPEMA 24.1. Ecnu coomeemcmeayioujiie 2panu 08yxX 8binyKabix MHO20ZPaHHU-
KO8 NONAPHO paeHbt U npuMbixarom Opyz k opyzy oOHuM U mem He obpasom, mo
U CaMU MHOZ0ZPDAHHUKY IAKHe PABHB Menedy coboil.

Ha naockocTH aHalorudHOE YTRepIKASHHE ¢ OUeBHAHOCTHIC HEeBePHO: BCAKHMH
MHOTOYTO/IBHHK, KpOMe TPeyrofIbHIKA, MOXHOC NpofedopMHpOBaTE TaK, 9TOOH
JJTAHBL CTOPOH OCTAJMCEH TEMH JKE, 4 YIVIBL OBl H3MEHWIHCh; CM. PHC. 24.2,

CneacteveM TeopeMmul 24.1 asnaercs Teopema Kol 0 KeCTKOCTH: BBINYK-
JeIit MHOTOrpaHHUK Heflbad NpoAedopMUpPORaTE. BoT ee Sanee TouHAA dopMyaH-
poBKa.
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E

Puc. 24.1. 3TH MHOTOTPAHHHKH KOMSHHATOPHO ONMHAKOBLI H HMEIOT PaBHHE TPaHH

ya

Puce. 24.2. TInockue MHOTOYTOTEHHKH He SRASIOTCH KeCTIHMU

CAEACTBHE 24.2. Ecau suinyinsili MHOz02DAHHUK HenpepbisHo dedopmupyem-
CA MAK, MO 8ce €20 2PAHYU OCTNAIOMCA PABHBIMU camUM cebe, Mo U caM MHOZ0ZPAH-
HUK ocmaemcs pasHsim cede.

STOT pesvAbTaT HOMHOCTHIO NPOTHBOIIONOKEH KOHCTPYKIMAM (HeBRITYKAbIX!)
H3rH6aeMeIX MHOPOIPAHHUKOB, KOTOPHIE MEl IPUBEAEM B JISKIHU 25.

HenpepriBHas pepcua Teopemel Ko, mpuHajgnexanias Kon-Qocceny, yreep-
HAAeT, YTO IMAAKME 3AMKHYTHE BHITYKIIHE TOBEPXHOCTH (OBAJIOHAH) ABIAIOTCH
ECTKHMH: MX M3OMETPHYHaA AebopMalna eCTh ABieHHe. Bonpoc o ToM, G-
BaIOT JIH HETPHBHAABHLIE H3OMETPHYECKHE AeQOPMALIMH ¥ MIAAKHX HEeBHITYKITBIX
3aMKHYTHIX TIOBEPXHOCTeH, ABNAETCS OTKPBITEIM.

24.2. JoxkasaTeabcTBO Teopembl Kowu

JoxasaTeabCTBO OCHOBAHO Ha ABYX JieMMax. [TepBas M3 HUX ABAAETCA KOMOK-
HaTOPHOH (WK, KaK elile MOXHO CKAa3aTh, TONOJIOTHYeCKOH).

IlycTs HexoTOpHE pefpa, NPUMHKAIOIIKE K BEPIIMHE BHIYKIOTC MHOTOIPaH-
HHMKa, TOMEYEHH 3HAKAMH + WiH — (a HekoTophe pefpa soobime HHKAK He MO-
MeyeHb!). COBEPIIMM NOTHBLA 60X0A BOKPYr BeDIIHHE, ¢/1efd 3a 3HaKaMH pebep.
ByaeM roBOpUTD, YTC HMEEeTCH NepeMeHa 3HAKa, ec/li 33 OTPHIATEeALHEM pebpoM
cAefyeT MONOKHTENbHOE WM 3a TTONOKHTEIBHBIM — OTPHLATENbHOE; Ha pebpa
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Puc. 24.3. YeTslpe nepeMeHbl 3HaKa

6e3 3HaxoB MBI He of6pamjaem BHHUManuA. Hampumep, Ha pHc. 24.3 HMeloTCS de-
THIpe TTepeMeHEl 3HAKa.

JIEMMA 24.3. TIpednonoscum, umo Hekomopote pedpa abinyKro20 MHO20ZDaHHU-
K@ NOMeHeHbi SHAKAMU -+ LAl —. OmmemuM Sepuiltiib, i3 KOMOPLUC 8bUCOOLUN XOMR
6t 00HO ommenennoe pebpo. Tozda cywjecrneyem OmMeueHHan eepuiliHa, NOHLIL
06x0d aoxpyz komopoil daem ne bonee d8yX nepemeH 3Haxa.

Bropas neMma — reoMeTpHuecKad. PacCMOTpHM paBHuie cdepHaeckie (WK
NIOCKHME) N-YTOABHUKH P, H P, ¢ MONapHO PaBHLIMHU COOTBETCTBYIOIMHE CTOPOHA-
MH. OTMETHM 3HAKAaMH + WIH —~ BEPHIMHB MHOIOYTONBHIKA P| B 3aBHCHMOCTH OT
TOTO, HONbIlle WM MeHbINe AAHHBIN YTO/ MHOTOYTOMLHUKA Py, HeM COOTBETCTBYIO-
Ll yrojt MEOFOYTONILHIKA Py ; eCJIH YIVILI PABHEL, TO 3HAK B BePIIMHE He CTABUTCA.

JIEMMA 24.4. Ecau npu 3niom uMeiOmcs OMMeUeHHbie 8ePUIUHBL, M. & MHOZ0-
Y2OALHUKU He pasHbi, mo, 060ii0s 80Kpy2 MHO20Y20tbHUKA P, Mbl NOMYHUM HE Me-
HeEe Hemblpex nepemMen 3Haxd,

Bot ofinacHenne. B cdeprteckoi reoMeTpHH POk IPAMBIX WrpaioT Hoskinde
Kkpyru. KpaTuaiinian 1uHMS MeXZY ABYMA TOYKAMH — 3TC MEHbINAA M3 JBYX Jyr
60ALUIOTO KPyTa, NPCXOAALIEro Yepe3 aTH ABe TOIKM. [IpM TaxoM corfauleHuH
OnpefeneHNe BHMYKAOCTH CTAHOBHTCA TAKKM Ke, KAk Ha IVIOCKOCTH.

BeposaTtHo, 1eMMa 24.4 NCTOPHYIECKK ARNAETCH NEpBOit B AOATOM PALY reoMeT-
pPHUYECKHX TeopeM C YIACTHeM YHCAA «deThpe» (TeopeM 0 YeTHIpeX BepIIHHAX);
HEKOTOpHe H3 HTUX TeopeM obcyXAaNucek B TeKuuy 10,

OcTapWAaACa YacTh 3TOH JIEKIHH NOCBALEHA JOKA3ATENLCTRY IeMM 24.3 1 24.4,
Ho crieppa MBI BHIBeieM M3 HHIX TeopeMy Komu.

JOKA3ATENBCTBO TEOPEMEI Komm. [IpeAmonomumM, 910 IpaHH AByX BHHIYK-
JILIX MHOTOTPAHHUKOB S, M S, PaBHbI ¥ IPUMHIKAIOT APYT K APYTY OAWHaKOBLIM 06-
pazoM. ECAY 3TH MHOTOT'DaHHKKH He PABHE], TO HEKOTOPHE U3 COOTBETCTBYIOMIMX
ABYTDAHHBIX VOB HE PABHEI Mexay coGoii, lToMeTuM pe6pa MHOrorpaHHHKA S
3HAKAMH + HIK — B 3aBHCHMOCTH OT TOTO, GOMbINe MK MeHbIlle AZHHEIH JAByTpaH-
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HElf yroll MHOTOTDAHHHKA S, 9EM COOTBETCTEYIOIIHE YTOA MHOTOTPaHHHEKA S;
€CJI YIVIH paBHEL, TO OTMeTKa Ha pefipe He CTaBUTCH.

CornacHo neMMe 24.3, nmeeTcd BepiniHa V), MHOTOTpaHHMKA Sy, IPUMEIKaO-
Ias K HEKOTOPHIM M3 OTMEYeHHHIX pefep, 06x0a BOKPYT KOTOPoii AaeT He Gonee
ABYX nepeMeH 3Haka, [1ycTe V, — COOTBeTCTEyIOIAs BepIIHHA MHOTOrPAHHKKA S,
PaccMOTpHM eauHndHEIe ¢QepH ¢ ueHTpamu B V] 1 V5. TIIOCKOCTH rpaHeii MHO-
TOrPaHHHUKOB $; U §,, cxoAampecs B V, H V,, nepecexaloT chephl N0 BEITYKIHM
cdepudeck’M MHoTOTpaHHHKAM P, U P;,. JUTHHH CTOPCH 3THX MHOTOTPaHHHKOR
PaBHH YT/IaM COOTEETCTBYIOLIMX rpaHeil MHOMOTPaHHHKOB S| U S,. [loaToMy cro-
POHbI MHOTOTPaHHUKOB P ¥ P TIOIIapHO PaBHHL.

BepummHel cgepHIeCHKX MHOTOTPAHHHMKOE Py U P, ABAAIOTCA NepecedeHusMu
COOTBeTCTBYIOUIMX PpaHell MHOrOPpaHHMKGE S§; U $, co chepaMi, a YIMIBI MHO-
TOYTOJIbHHKOB P; B P, paBHH COOTBeTCTBYIOLIMM ABYT'PaHHEIM YTJIaM MHOTOTpaH-
HUKOB 5, H S,. [103TOMY pacCTaHOBKA OTMETOK B BepIIMHAX MHOTOYTOALHUKA Py,
OITHCAHHAA B TeMMe 24.4, COBIAAALT C PACCTAHOBKON OTMETOK HA COOTBeTCTBYIO-
iy pepax MHOTOrpaHHHKA $;, OCTPOEHHOM MO ero ABYTPaHHBIM YTIaM. B qacT-
HOCTH, YH/I0 NlepeMeH 3HaKa TIpH o6xofe BokpyT P, He mpeBnimaeT AByx. Ho no
JeMme 24.4 3To e YHCAC PABHO KaK MHHUMYM 4YeTHIPEM — IIPOTHBOPETHE,

24.3. ©opmyna Jibnepa H A0Ka3aTeAbCTBO JeMMEI 24.3

Knaccuveckan duiomyna Diviepa ONMCHBAET CBA3bL MEXAY KOJIHYECTBOM Bep-
WHH v, peGep e 1 rpaHel [ BHINYKAOTO MHOTOIPAHHEKA; U —e + f =2. HanmpuMep,
¥ Zofexasapa 20 BepiinH, 30 pefep u 12 rpaHeii: 20— 30+ 12=2,

Ham notpebyeTcs uyTe Honee obmuli peayneTar o rpadax Ha cpepe (Hanpu-
Mep, Takue rpadsl MONY4alnTCs B PE3Y/IETATE HEHTPANbHOTO IPOSKTHPOBAHKS BhI-
OYKAOrO MHOTCIPAHHUKA Ha cdepy, LeHTP KOTOPOH NEKHUT BHYTPH 3TOT'O MHOTO-
rpaHHika), O60o3HAYMM Yepes v, e U f YHCNO BepnidH, pefep H rpaHeii takoro
rpada, a yepes ¢ — KOMHYeCTBO ero CEBA3HEIX KOMIIOHEHT.

TeoPEMA 24.5. Hmeem Mecmo pasencmeo
v—e+f=c+1. (24.1)

JoxkaszaTEnscTeo. [poBegeM MHAYKUMIO N0 YUy pebep.

IpeanonoxnM, 9T0 B rpade MMeeTcsa BepiiMHa V BaZeHTHOCTH 1, TO eCTh Bep-
IIMHA, ABIAIOMAACA KOHIIOM POBHO oHOTo pefipa, ckaxeM, E. Yaanum V u E (mpr
3TOM He yganss propoif koHen pefpa E). Torga 4icaa v ¥ e YMEHBIIATCA Ha OAMH.
{Tockonsky pebpo E He pasgenser rpaHeli, To YHcA0 [ OCTAHETCH HEK3MEHHEIM,
KaK B YHCIO ¢ — YUCAO KOMIIOHeHT B rpade. MTak, sHaveHNe v —e+ f — ¢ He
M3MEHWTCH.

Janee, npeONOXKM, YTO BANEHTHOCTH BCeX BepIIHH He MeHblIe AByX. Torma
B rpade cylecTBYeT 3aMKHYTHI Hecamolepecexaroumics myTs. JelicTeHTeNAbHO,
BHGepeM XaKyio-160 BepIIHHY, ckakeM V). PaccMOTpHM Kakoe-nn6o uexonsniee
13 Hee pe6po. INepeiizem Bo BTopoii xoHel, aToro peGpa (HasoseM ero V, ). BajieHT-
HOCTb BEPIIMHBI V; He MeHBIIIE [BYX, TIO3TOMY CYIECTBYET elle ofHo pebpo, BHXO-



372 Iasa 6, MHOrOrpaHHHKH

Aamee u3 V;. Ilyets V, — apyroii ero koHen, U Tak Aaiee. ByAeM NpoACIIKATE 3TOT
npouece A0 NEPBOTO BO3BPallleHYA B paHee MOCeRIeHHYIO BepIUHHY. B peayasTaTe
MBI [DOJIYYHM 3AMKHYTHIH HECAMOTIEPECEKAIOIMIACA MyTh.

DTOT IMyThb AeRUT Cdepy Ha fBE KOMIOHEHTE! (CM. IeKIHIO 26, rae obcymaaerca
TeopeMa XKopAaHa). YaanuM ua Hero oAHo pebpo, He yaanad ero xkoHusl. Torga
3HaYeHnA f ¥ € YMEHBINATCA Ha eAMHULY, a U U ¢ He H3MeHATcd. MTak, cyMma
v —e+ f — c ONATH OCTAHETCA HEM3MEHHOH,

TpogOIDKUM TaK JeNaTh A0 TeX Nop, NOKa He YALTUM Bee pebpa B rpade, Mony-
YUBITHACA B KOHLIe KOHIOB rpad GyAeT COCTOATE M3 ¥ M3QIHPOBAHHEX BEpPIIHH
u GyaeT vmeTs f =1 rpaHp ¥ ¢ =¥ KOMIIOHEHT CBA3HOCTH. 3HAYUT, COOTHOILe-
Hue (24.1) SyaeT UMeTh MeCTo,

Tenepb mepeHAeM K JOKA3aTEABCTBY AeMMEI 24.3, OTMedeHHHe peGpa BHIYH-
JIOTO MHOTOTPAHHHMKA 06pasyloT rpad, KOTOPBIH MBI MOXEM CYHTaTh HApPHCOBaH-
HBIM Ha cdepe. ITycTh v, €, f U c—Te xKe, uTo K BbNHE. Yepes s 0603HATHMM CyM-
MapHoOe YHCJIC NMePeMeH 3HAKa BO BeeX BeplIMHaX rpada. Yneno nepeMeH 3Haka
B K&)KAOH BeplINHE YeTHO. 3HAUHT, €CJTH A0Ka3aTh, ITO CpeAHEe KOIHYECTBO nepe-
MEH 3HAKa B BEPIIMHE MeHee 4, T. €. s <4v, oTcioda OyaeT ciefoBaTh nemma 24.3.
Kak noxasan Komm, uMeeT mecto Ho/lee CHAbLHA OLjeHKA.

TNIPEANONKEHUE 24.6. Hmeentca nepugeHcmao
5< 408, (24.2)

JoKA3ATEALCTBO. BMecTo Toro urobel 06XoAHTE BCe BepUIHMHEI rpada, Oyaem
00XOANTE MOCAEAOBATENBHO IPAHHIHI BeeX ero rpaHeii. Oflee YUCIo s IEpeMeH
3HaKa OymeT TeM xe: AeiiCTBHTENLHO, ABa pelpa ABNIAIOTCA COCETHHMH TIPH 00xo-
Ae BOKPYT BEPIDHHE TOTAZ M TOABKO TOT/A, KOra OHU ABIAIOTCA COCeAHKMH MPH
ofxozie rpaHKIILI FPaHH; CM. pUC, 24.4.

Puc. 24.4. Jpa cocoba moAcyeTa MHCAa NepeMeH 3HaKa

Nepecexas rpaHULB, GyAeM co6aI04aTh CIEAYIOLHNE YCIOBHA:

(1) ecyv rpaHHUA FPAHH COCTOMT H3 HECKOIBKHX KOMITOHEHT, 000HAEM HX BCe
1 CJTOKHM MOJIyICHHEIE YHC/Ia epeMeH 3HaKa;

(2) ecnn xakoif-mM60 OTPE3OK 'PAHMYHT C OFHOK M ToH e rpaHbio ¢ obenx
CTOPOH, Ml 6yZieM CYKTATh €ro ABYCTOPOHHUM, ¢ OAMHAKOBEIM 3HAKOM C 0Beux
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CTOpOH; TaKoit oTpezok ByleT npoigeH ABKARL, N0 OZHOMY Pa3y B KaXAylo CTO-
pOHy.

3To MOoKAa3aHO Ha pHe. 24.5: oflllee YHCAC NepeMeH 3HaKa A 3Toi YeTHpex-
YIOIbHOM rpaHHy paBHo 8.

Puc. 24.5. Ha oaHoil #3 KOMIIOHEHT rPaHHNL HMEIOTCA BOCEMb NepeMeH 3HaKa, a Ha Apy-
roii — ase

O6o3HauMM 4epes f; KOMHYeCTBO IpaHeid, rpaHHIa KOTOPHIX COCTOMT U3 [ pe-
6ep. 3aech i = 3, u pebpo cuUTaETCA ABKAH, €CIU OHO IPUMEIKAET K 06EHM CTO-
poHaM rpany. Hanpumep, rpaHyia rpaHd Ha puc. 24.5 COCTOMT M3 TPHHAAUATH
pebep. Htak,

f=h+fith+.. (24.3)

Korga Mer obxogyM rpaHuly o6aacTH, cOCTOAMYIO Ma i pefep, ME onyyaeM He
Goree i mepeMeH 3HaKa, a €C/M | HEYETHO, TO He Gonee { — 1 NMepeMeHb 3Haxa,
Hostomy

s < 2fy+4fy +4fs+6fs+6+ . (24.4)

Kaxpoe peGpo nubo MpHHaRAeXUT TpaHHlle ABYX paHel, 1nG0 cHUTaeTCA XBA-
¥JH B COCTAaBE I'PAaHMIBl OXHOM IPAHH; TIO3TOMY

2e =3f344f,+56+... (24.5)

U3 dopmynn Jitepa (24.1) creayeT, yto v —e+ f 2 2, unn 4v —8 2 4e — 4f, Nog-
CTABUM BRHIpaXeHUA ANna f U e 13 (24.3) u (24.5):

w—-82(6f+8f+10f+. .}~ (4fs +4f,+4fs+..)=2/+4f4 +6fs+8f+...,
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TO €cTh NIPapas 4acTh He MeHb]Ie NIPAROH YacTH HepaBeHCTEa (24.4). JokasaTens-
CTBO OKOHYEHO.

24.4. JleMMa o pyKe H IOKA3aTENLCTBO IeMMbl 24.4
Creayioliee YTBEpXK/IeH!E HABECTHO Kak Jiemma Komm o pyke.!

JIEmma 24.7. fTyems Py, ..., P, u Py, ..., P/ — 08a avtnykasix ciepuneckux wu
RAOCKUX MHO20Y20NbHUKa. IIpednononcum, umo PP, f=|P/P! | npui=1,2,...
vy t—=1u LPP, 1Py S LPP/ (Pl , mpu i=1,...,n—2. Tozda |PP,] <|P[P.|, npu-
ieM pasencmeo docmuzaemeca mozoa u Mmoanko mozda, ko20a cOOMeemcmeayroujue

Yyennt paskbt (CM. pHC. 24.6).

Puc. 24.6. lemma Komu o pyke

Jlomanyio P, ...P, MOXHC pacCMaTpHBAaTh KaK PYKY pofioTa: KoTja pyKa pasrf-
6aeTcA, pacCTOAHHE MEXAY «IIEYOM» H » KOHYMKAMH NaAbLUEB» YBERMIUBACT A,
JroT $axKT HHTYMTHBHO IOHATEH; MHTEPECHO, YTO AOKA3ATENBCTBO Komu copep-
xano ommnOKy, KoTopas ocTasanack He3aMeueHHOMN Gonee cra nert. [IpuBoANMOe
34eck JOKa3aTeNbCTBO NpuHaaexkur Y, lléntGepry,

JIOKABATEABCTEO JIEMMBI O PYKE. [IpoBeaeM MHAYKIKIO Ho n. [Ipy n=3 pe-
3YNIBTAT OYEBHJEH: eClH ¥ ABYX TPEeYTO/IbHHKOB HMEIOTCA ABE Naphl PaBHBIX COOT-
BETCTBYIOLIMX CTOPOH, TO M3 TPEThHX CTOPOH HOABHIE Ta, KOTOPAs JAEXKHT IIPOTHB
BHONBITETO YTIIA] CM. pHC. 24.7.

IlyeTs n 2 4. Ecny y BYX MHOTOYTGABHAKOE BMEIOTCA PABHEIE YIUIH], CKAKEM,
B BepIMHAX P; u P/, TO 3TH BepIIMHB MOXHO OTpe3zars Auaronansmm PP,
u P_, P/, ,. NockonbKy 3Tu AnaroHann GyAyT PaBHEL, Mbl MOMYYHUM TO XKe CaMoe
YTBEDKACHHE AAA 1, YMEHBIICHHOrO Ha eIHHHITY.

Tenept NpeamomOXKIM, STO KOKAHH yTOM MEPBOro MHOTOYTOABHHMKA MEHBIIE,
YeM COOTBETCTEYIOIMIA YTl BTOPOTC MHOTOYTOARHMKA. ByieM yBenmansaTs yron
P,_;P,_,P,, moBopaunpas cropony P,_,P, BOKpyT BepmuHel P,_; Tak, YToBsl MHO-
TOYTOJIBHMK OCTABANCA BHIYKABIM, TIOKa HE CAYYUTCA OFHO M3 AByx: aufo yron

197a nema G511a chOPMYNIMPOBAHA H AOKA3AHA, B APYTHK TepmuHax, lexanapou B 1794 r. Jle-
MAHAP TAKAHE BRABHHY/ THIIOTE3Y O TOM, YTO BHUTYIALIE MHOTOIPAHHHKH SBAAIOTCA MECTKUMH.
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B

|AC|>JAC] M

Pue. 24.7. Bdibinas cTOpoHa ASKHT MPOTHB Go/bIIero yra

Py_3P, 1P, craHer papHeiM P._ P! P/ nu60 MB OKaXKEMCH B CUTYallWH, KOTZa
BeplMuH Py, P, 1 P, GyAYyT AexaTs Ha OAHOIM HpAMoit; oM. puc. 24.8. Mbl NOTYy4HM
HOBHIH MHOTOTPAaHHHK P)...P,, H B 060HX cAydaax cropoHa PP, YBeTHIUTCA —

4To6H B 3TOM y6eAnTbCs, IPIMEHUM NepBHit af3au AoKasaTeAbCTBa K TPEyroib-
HHKY PP, _,P,.

Prc. 24.8. HHAyKTHBROE AOKASATENbCTBO JeMMEL KOITH o pyke

B nepBoM ¢fiyMae ME IOAYYHM ZBa 1-YTOMIBHHKA, KOTOPHIE YAOBJETBOPAIOT
YCIOBHAM JIEeMMH O pyKe H HMeIOT [Tapy PaBHBEIX COOTBETCTBYIOIGHX YT/IOB. 3TOT
caydail yxe paccMaTpHBanca Bo BTopoM af3alle fOKazaTeAbCTRA,

Bo sTOpPOM ciydae MH 3afyAeM Ipo NepBbie BePIIHHE B 0601X MHOTOYTONBHHU-
Kax ¥ NPAMEHHM NPEATIONoKeHIEe HHAYKIMA K MHOTOYTONbHMKAM Py.. P, u P;... P,
B pesynbTaTe Mbl ToAyMuM, uTo |PP!|> |P,P, ). Toraa

\P{P}] > |P{PL— PLP}) > |P,Ry] —IP,By| = PR,

I'Aie NepBOe H3 HEPABCHCTB — 3TO HEPABEHCTBO TPEYTONBHMKA. TeM cambiM AOKA-
3aTe/IbCTEBO 3aBEPIIEHO.

OcraeTcs AoKa3aTs neMMy 24.4. Koraa ME yoKe 3HaeM JIeMMY O DYKe, 5TO cAe-
JIATb HECHOXKHO.

JOKA3SATEABCTBO AEMMBI 24.4. [IOCKONMBKY YKC/IO NEpEeMEH 3HAKOB YE€THO,
CHaYaja NpeAnwIOKHM, YTO HMEIOTCS ABE MepeMeHbl 3HaKa. Torga Mbl MOMEM Io-
CIefOBaTeNbHO IPOHYMEPOBATh BEPIUIMHE MHOTOYTOILHHKA P Tak, YT nepehie k
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BEpLIMH A, ..., A OYAYT 1100 MOJOKUTENbHBHIMH, JIH60 HEOTMEYEHHBIMH, a OC-
TajbHble N —k BEpIIUH Ay, 1, ..., A, OyAyT 1160 OTpHLIATE/IBHBIMH, JIHOO HEOTME-
4eHHBIMHU. IlycTs By, ..., B, — COOTBETCTByIOLIVE€ BEPUIMHB MHOIOYTOJIbHUKA P,.

BribepeM Touku C u D Ha cTopoHax A Ay, U ApA; U pPaCCMOTPHUM TaKHe TOY-
k¥ E u F Ha cropoHax BBy, u B,B;, uto |A;C|=|BLE| u |A,D|=|B,F|; cM. puc.
24.9.

By
Aj
A B, E
C
D F Byt
Ag 11
An Bﬂ

Puc. 24.9. Jloka3aTejbCTBO JIeMMHI 24.4

IIpuMeHUB JIeMMy O pyke K MHOroyroibHukam DA,...A,C u FB,...B,E, nony-
4uMm, 4To |CD| > |FE|. AHaJIOTMYHEIM 00pa3oM JieMMa O PyKe, IPUMEHEHHAsA K MHO-
royronbHUKam CA;,;...A,D u EBy,...B,F, naer HepaBeHcTBO |CD| < |FE|. [IpoTH-
BOpeyYHe.

HaxkoHel, ecnu niepeMeH 3Haka BOBCE HeET, NMPEANIOJIOKHM, YTO Bce pebpa oT-
MeYeHbl 3HaKOM «IUTIOC». Torzia 3 JIEeMMBI O pyKe IoJIy4aeTcs, 4To |A; A, | > |B,B,|,
YTO CHOBaA ZlaeéT HaM IPOTHBOpeYHe.

OrtocreH Jlyn Koum Ucaak flko6 LlIénGepr JleoHapz Jitnep
1789—1857 1903—1990 1707—1783
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24.5. YopaxHeHHUA

24.1. Jlokakure, uTo BO BCAKOM MHOIOTPAHHHKe HAHAYTCA ABe TPaHy ¢ OfH-
HAKOBRIM YHCIOM CTOPOH.

24.2. JloxaXKuTe, YTO BO BCAKOM BRIINYKJIOM MHOrorpaHHMke Haligerca ambo
TPEYTONLHAA rpafk, TUG0 BepoMHa, NPHHAIeKAlas POBHO TpeM IpaHAM (aubo
U TO, ¥ APYTOE).

24.3* HNoxaxuTte crefylomuii HempepEBHEIH aHamor AeMMEl 24.4: ycThk 3aja-
HBI ABa TUIOCKHX OBasa, M OYCTh ds U ds; — eMEHTH JIMHH B TOYKAaX € napan-
JIEEHEIMK ¥ OAMHAKOBEIM 00pA20M OPHEHTHPOBAHHHMH BHeINHUMHY HOPMAIIMH.
Torga y oTHOmeHMA ds, /ds imeeTca mo MeHbIIel Mepe YeTHpe SKCTPEMyMa.

24.4* TIycTs P ¥ P/ — BRUTYKIBIE IUIOCKHE N-YTOABHHKH, Nt 2 4, JVIKHLL CTOPOH
KOTOPEIX DaBHH Iy, ..., I 1 I{, ..» I} COOTBETCTBEHHO. [IPEANMOIONKIM, YTO COOTBET-
CTEYIOILIHE CTOPOHLEI MHOTOYTOIBHHKOB NapajieNbHEL Ipyr Apyry. PaccMOTpHM
HHKAHYECKYIO TTOCAe0BATENBHOCTD

@ = (‘E_H__EF_) ﬁl___fi)
! I|'+l Ii Il"—l Ii )
Joxaxkute, aro Aubo a; = 0 mpu Beex i, An6o a; > 0 o MeHbIIeH Mepe NPy YeThpex
3HAYEHHAX I.

24.5*% Joxaxure HellpepHIBHEH aHANOr IEMMEL O pyke: TTYCTh AaHH JBe TAa-
KHie BEITYKIIHe KpuBele v,(8) ¥ 7,(s) paBHOI ANHHEI, TapaMeTPH3OBAHHEIE ITPH
OMOIIK ATHHE KpUBOiA. Tora ecid X KPHBHUSHEI YIOBAETEOPAIOT HEPARCHCTBY
k,(s) = k,(s) mpu Beex s, To AMHA OTPE3Ka, COAHHAIOMErO KOHIEI KpHBOH ¥y, He
MeHbIHe ZAHHEl COOTBETCTBYIOUIErO OTPe3Ka 471 KpHBO#H ¥,
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Jiexuua 25

NsruGaemble MHOTOrpaHHHMKH

25.1. BBegeHue

3JTa TeKIUA TeCHO CBA3AHA C TIpeALIAYINeH (neiamueit 24), ogHaKe HX MOXKHO YH-
‘TaTh HE3aBHCHMO APYT OT Apyra, B MoboM nopagke. Ml cHoBa 6yzieM paccMaTpH-
BAaTh MHOI'OTPaHHMKH, COCTABACHHBIE M3 KeCTKUX (CKameM, MeTANNHIecKUX) rpa-
Hell, coeAuHeHHEIX MexXay co6oif B pebep oAKHAKORON ANUHH MIAPHHPAMM,
KOTOPEIe He TIPerATCTBYIOT M3MeHEeHHIO YIVIOB MEXy IPaHAMH. 3a HCKIIOYeHHEM
HEKOTOPHIX CIIelHalhHO OIOBODEHHEIX Cy4aeB MH OyAeM CYMTAaTh, YTO MHOTO-
TPaHHUKHU OyAyT «NONHEIMK», T. €. KakAoe peGpo NPHHAANEKUT B TOTHOCTH JBYM
rparam. [locTaBHM ceAYIOMIKI BOTIPOC: 80ZMONCHO AU UIOZHYMb MHO20ZPAHHLIK,
He depopmupyn ezo zpaweii? (puc, 25.1). Te, kTO mpoden NPeALIAYUIYIO JEKIHIO,
yiKe 3HAlOT CeYIONYIO TeopeMy.

TeopeEma 25.1 (Koinu, 1813). Boinyinnte MHOZOZPEHHEKL AGILUOMCER HECMKU-
Mmu (m. e. e Mozym Gbtmb npodeopMUDPOSAHDL).

Jlanee MBI JOKaKEM CAEAYIOMHH JOCTATOYHO HEONHUAAHHHIA DE3YIILTAT.

TeorEMA 25.2 (KoHHEAN, 1978), Cywecmsyiom (Hesuinyknble) useubaemuie
MHO202PAHHUKLL

B ommrane ot TeopeMul Kook TeopeMy KOHHENN MOXHO AOKa3aTh, HpHBEAd
©AMHCTBeHHH MpHMep KarnfaeMoro MHOTOTPaHHHKA, MBI HOCTPOHM TaKoi MHO-
TOrpaHHMK AOCTATOYHO ABHO, TaK YTO ECIH Y Bac eCTh HeoOXoAMMBle MaTepHAJIbl
(HanpumMep, KecTku# KApTOH K Kieiikad seHTa), B CMOXeTe cAeAaTb MOJCADb
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Puc. 25.1, MoKeT 14 MHOCOTPAHHHK GBITh M3rubaeMEIM?

TaKOTO MHOPOIPAHHKKA Y OIYTHTE €ro H3rHGaeMOoCTE NP ITOMOIIH COOCTBEHHBIX
MATBUER.

25.2. Oxraaap Bpukapa

MoeT BO3HUKHYTE BOMpOC, TIOYEMY nocie Teopemis Koimu moTpeGoBaioch
Tax MHoTo BpeMeHn (Gonbine 150 neT!), yro6u HaliTn nprMep KoHHenu. KoHeuHo
e, Ha NoAcHHEIE BONPOCKH HUKOTAA HENb3A OTEETHTE C ONPEeNeHHOCTRIO, HO MH
MOXNEM BHICKa3aTh Npeanonoxerue. [Ipobrema xecTkocTH OLITA H3BECTHA M YBa-
’aeMma B cpeje NreOMEeTPOB, HO TIOYTH BCE OHM BEPHIH H NHTANHCE AOKAATE, UTO
OTBET NONOKHTENBHHIN: BCe MHOTOTDAHHMKH, M BHIYKJIKE, H HEBRINYKILIE, ABJIA-
10TCA HeCTkMMH, (KcTaTi, TONBITKM 3THX FeOMETPOB OKA3aMMChE He TAKHMH VK
GecrmofHRIMHM: HECTKOCTh MHOTOIPAHHUKOB 6bUIa OKa3aHa IpH ropasgo Gonee
caabrix ZONOAHUTENEHEX MPEATONOKEHNAX, YeM BBIOIYKIOCTE.) ¥ KoHHenu, Ha-
MPOTHB, XBaTWIO CMEIOCTH ANA TOTO, UTOGE! B 3TOM YCOMHWTHCH, M TOTAA OH 3a-
METHJ, YTC MOYTH BCA HeoOxoAHMaA mareMarHueckan paboTa 6sima mpofenaHa
eme B 1890-x rogax $paHIy3cKHM MaTeMATHKOM ¥ apXUTEKTOpoM Paynem Bpuka-
pom. BpUKapy yaanochk TOCTPOUTh MHOTOTDAHHHK, KOTOPEI He ABIANCA XECTKHM,
HO npH 3toM GwlI camonepecexkarommuMces, KOHHENH ke nuITancs HalTH cnocob
cleJlaTb MHOTOT'PaHHHK Bplkapa HecaMonepecekaloMumes, ¥ Taxoli cnocof Geun
HaftjeH — K ojcKasaH caMoii KoHeTpykuMelt Bpukapa.

MuororpaHHiK Bpukapa ABIAETCA OKTasApoM B TOM CMEICAE, YTC OH COCTOHT
H3 BOCHMH TPeyTIEHEIX FPaneil, MPMMEIKAIOWHXK APYT K APYTY TOUHO TaK e, Kak
rpaHp o6HIYHOTO TPaBHALHOTO OKTasjpa. UTobH mOCTPOMTE OKTasgp BpHxapa,
HaM NoHaAoBATCH ABa NPOCTHIX HAOMIOAeHHA. Bo-TiepBbiX, nHupaMuza 6e3 ocHOBa-
HUA (3TO «HETIOMHHE» MHOTOTPaHHHK) MarpbaeMa Torga U TOABKO TOTAA, KOTAA
KQIUYECTBO e IpaHeif peBhlIaeT TPU: cM, pHc, 25.2.F OTmeTuM, uTo (OTCYTCTBY-
0Hee) CCHOBAHKE 3TOH MHpaMUAR He 06A3aH0 OBITE IDTOCKHM (HH AJIA KaKOH M3

13710 Habmogenue yie senanock B nexuuu 20,
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JEecTKas
nupaMHAa

uarn6Gaemas NEpaMHUAA

Pue, 25.2, ¥ecTrkan ¥ warnGaeMasn tHpaMHIL!

H300paKeHHHX Ha pHc. 25.2 NHpaMHA MH He NpejosiaraeM, 910 TOYKH A, B, C
H D nexar B OAROH WACCKDCTH).
Bropoe HabmoaeHHe — 370 CISAVIOIAA JIEMMA,

Jlemma 25.3. ITyems ABCD — nennockuil npocrnparcmeeHtbtil temsipexyzonb-
Hux, y xomopoze AB=CD u BC=AD, [Tyembv E u F— cepedunst «duazonanetis
AC u BD, Tozde EF L AC u EF L BD.

JOKAZATEABCTEO. [IpoBefeM orpesxu AF u CF (oM. prc. 25.3). [TockoabKy
AABD = ACBD no TpeM CTOpOHAM, paBHH ¥ YK ZADB =/CBD. CnegoBarens-
HO, AADF = ACBF nc AByM CTOpPOHaM H YLy Mexzy HUMH. 3HauwT, AF = CF.
Mearomy AACF apnseTea paBHOGEAPEHHEIM, K ero MegHaHa FE Taixe ABIAETCA
M BricoToii. 3HauuT, EF L AC. AHanoruiHo Jokasripaerca, uro EF 1 BD.

..

Puc, 25.3. fokasaTenbCTBO TEMME 25.3

Jlemmy 25.3 MoxHO nepedhopMyANPOBATE CASAYIOMUM 06pa3oM: TIPOCTPAaHCT-
BEHHBIH YETHPEXYTOIBHHUK C PABHBIMH MPOTHBONOACKHBIMY CTOPOHAMM CHMMET-
PHYEH OTHOCHTENBHO NPAMOH, COENHHRIOIIEH CepeAHHE €r0 AuaroHanei. B sToM
BHAE €€ MOYHO IOHHMATE KaK NPOCTPAHCTBEHHYIO BEPCHIC H3BECTHOH TeopeMEl o
TOM, YTC ZHArOHAH B NapajUlenorpaMMe AendTed QooxaM ToUkoil nepeceveHHd.
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Tenepr Mu F'OTOBH OMHCATH KOHCTPYKIHIO BpHKapa. BoskMeM IpoCTpaHCTBEH-
HEIi{ YeTRIpEXYTIEHHK ABCD ¢ paBHEIMH IPOTHBONWIOKHEIMH CTOPOHAMY AB =
=CD n BC=AD. ITo nemme 25.3 y Hero CymecTByeT 0oCb cHMMeTpuH; 0603Ha-
yuM ee yepes |, BoabMeM Ape paainunsle TOukd M 1 N, pacnonoxeHHbe CHMMET-
PHYHO APYT APYTY OTHOCHTENAEHO OCH [ H TIPH 3TOM He COBNIAAAICINE € TOUKAMH
A, B, C u D (4arobrl Ayuie npeAcTaBuTh cefe 3Ty KOHCTPYKLNIO, MOXKHO AyMarTh,
qro TOMKH M 1 N BRIOpaHH JOCTATOYHO AANEKO OT YeTHIpeXyroabHuka ABCD).
Oxrasnp Bprkapa spiisercd ofpefHHEHEM BOCEMH TpeyroNbHUKoB: ABM, BCM,
CDM, DAM, ABN, BCN, CDN u DAN (cM. puc. 25.4), Hexotopeie 13 rpaHef me-
peceKaroTcsa ApYT ¢ APYroM: Ha pHc. 25.4 rpanu ABN u CDM nepecekatored no
npamoit EF, rpanu ABN ¥ BCM - 1o nipamoit BE, a rpan CDM u ADN —no
npamoit FD.

Puc. 25.4. Oxra2ap Bprkapa

TeorEMA 25.4 (BPHKAP, 1897). Oxmaadp Bpukapa A6AReMcA uzzubaemsim,

JOKA3ATEABCTBO. PaccMoTpuM okTasgp Bpuxapa xak o6begHHeHHe ABYX de-
THIPeXYroibHEX nupaMug: ABCDM u ABCDN. CornacHo neppoMy M3 HAalMX Ha-
Gmogenuit, mrpaMuna ABCDM (Ges aua) apidercs uarunBGaemoit, Ipu ee gedopma-
LM COXpaHAIOTCA papeHCTBa AB = CD u BC = AD; 3Ha4uT, ¥ «0CHOBaHUA» ITHpa-
MHZL B moGoit MoMeRT AedopMaliiy MMeeTea OCkE CUMMeTpHR, Ecan kamayio 13
nipamig ABCDM, nonyqaeMEX B ¥aKkoii-To MOMeHT AedopMallil, OTpasHTE OTHO-
CHTE/IbHO COOTBETCTEYIOLIeH ocH, MEL nonyyuM JedopManpic mipaMuas ABCDN.
Hx obveannenne gaet gedbopmaumio okrasgpa Eprxapa.
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25.3. Teomerpnsa OKTazApa Bpukapa

H3 Tex reoMeTpHYecKHX HaOmoAeHHH, KOTOPHe MBI CAENAEM B 3TOM IIYHKTe,
HaM Janee notpebyercs auns nocregree. M reM He MeHee 3aMedaTebHElE CBOI-
CTBa OKTasApa BpHKapa 3ac/yKHBAIOT TOrO, YTOHEE HX PACCMOTPETE NOAPOGHO.

Bo-nepshix, oxTasap bprkapa oGnagaeTr oceBoil CHMMETPHEH: CepefUHH «AHa-
roHanei» AC, BD u MN newxar Ha oZHOH NpAMOii, U BeCh OKTA3Ip CHMMETPHYEH
OTHOCHTENBHO 3TOi npaMoit. ITo gaeT Ham npocTefiiyio KOHCTPYKINIO OKTaafpa
Bpukapa: Bo3bMeM NPAMYIO B IPOCTPAHCTEE H TPH NapH TOYEK, CHMMETPUIHAIX
OTHOCHUTENLHO 2TOi NpAMOii (HHKaKHe YeTHpe M3 HAX He AOIDKHBL IeXaTh B ONHOH
IUTOCKOCTH), 0603HauYMM 3TH napsl Touek depe3s A M C, Bu D, M u N —wu jieno
cAenaHo.

IMockoneky okTasap Bprrapa Beeraa sensgeTea caMoNepeceKalonUMed, HeBo3-
MOMHO HATOTOBHTE £T0 XOPOIIYI0 MoJens. OIHaxK0 MOXKHO CAENaTh MOJelh, COCTO-
AIYI0 TOABKO U3 mrecTH (2 He K3 BOCEMM) IpaHell oxTasapa (3aMeThTe, 9TO eCIy
y naoOpakeHHOrO Ha puc. 254 oxTasapa yAAIKTs rpann ABN u CDM, To y nio-
JydeHHON $Urypu Honplre He GyAeT camonepecedequit), UToBkl ¢Aenars TaKyw
MoZefh, BH MOXeTe HCTIOIb30BATE PA3BePTKY H3 1ecTH TPeyTalbHHKOR, H3obpa-
SKeHHYIO Ha pHc, 25.5.

D

A D
Puc. 25.5. Pazseprra oxTasApa Bpuxapa 6ea apyx rpaHei

JL1A 3TOTO BEIPEKETE MHOTOYTONBHHK ABMCBAKD 13 TOHKOrO XeCTKOro Kap-
TOHA H CIOXHUTE €ro BAONb oTpeskoe AM, MB, BC, CN u ND TtakuM oBpa3soM,
4TOOKl BA OTpe3ska AD cOBMeCTHHCE ApyT ¢ ApyroM (A ¢ A u D ¢ D); cueiire
X Mexay cobol ckoTueM. Bed «ronoca» HuITh MepeKpyieHa ABaAR (A1A cpas-
HEeHUsA: YToOB! H3TOTOBUTE JeHTy MéGHyca, nofocy Hajo NepPeKPYTHTE OAWH pas).
Bl MOKeTe cAenaTh ¥ Bauly cOGCTBEHHYIO Pa3BEPTKY; BAKHO JIMNL ROMHUTD, YTO

AB=CD, BC=AD, AM=CN, AN=CM, BM=DN, BN=DM, (%

B YACTHOCTH, MATHYTORBHHKH ADMCB 1 CBNAD pomxHE GHITE DABHHIMH (M pa3-
OHBATLCA HA TPEYTOJIBHUKY OAHHAKOBLIM 06pa3oM), HO ¢ TIPOTHBONOACKHOH OpH-
exTanueil. [lonydenHan durypa 6yaeT orpannyeHa ABYMA TpEYTONbHUKAMHU, NAB
¥ MCD, xotoprie 6yayT sauenneHs (Kak Ha puc. 25.4).
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Bbl YAUBUTECE TOMY, KaK CHABHO MOXET H3rU6aThed Balla MOACHL (1 TIPH 3TOM
€€ TpaHu SYAYT OCTABATHCA )KeCTKAMHU!). Ee MOXKHO mpofedOpMHpOBATE Tak, YTO-
6H oHa BHIVIAAENA KAK Ha PHC. 25.6(a) win KaK Ha pHC. 25.6(6).

B C D C

Ny
2d S >

(a) (6)

Puc. 25.6. Kak MOxeT BHIMAAETh HarHOaeMan MOAENE

HHTepecHo, uro And TOro, 4T06E OKITL H3rHbaeMEIM, okTasapy Bpukapa Heob-
XoAMMa cMMeTpHs. Eci BRI HEMHOMXKKO M3MeHHTe pa3Mephl TPeYToABHHKOB Ha
PHC. 25.5 TaK, YTO6H! paBeHCTBA (*) NepecTaIH Obl BHINOIHATHCA (HO MPK 3TOM OT-
peakn AD no-ripe)xHeMy WM Obl PaBHYIO JUTHHY), ¥ Bac TOAYYATCA MOAEND, Ha
BHJ HeOT/IMYMMAR OT IIePEOH, O[HAKO PASHKLY MOXHO 6yaeT NOYyBCTBOBATh NIpH
niomony nansues. {Hackonbko MansiM AomEHO GRITE 9T0 MaMeHeHHe PAa3MEpOB,
3aBHCHT OT KA9eCTBa BallMX MATEPHAIOB — KapTCHa H CKOTYA.)

Jpyroit criocob caenaTs HecaMonepeceKaIONMICa oKTasaAp BpuKapa COCTOUT
B TOM, YTOOH YAAAHTH ABe IpaHK, cMexHbIe o pelbpy, ckaxem AMB 1 ANB. Bu
MOXeTe BHpe3aTh Pa3BePTKY, COCTOALIYIO U3 eCcTH TPeYTOAEHHKOB, I0Ka3aHHYIO
Ha puc. 25.7(a), ¥ CKIeNTh APYT C APYTOM ABa oTpe3ka AD Tak, YTOGEI OHH ORUTH

M
A B
p C
A B
N
(@) (6)

Puc. 25.7. ipyras mozent oxrasgpa Bpuxapa
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BHIe IwockocTy CDMN, u aBa orpeska BC Tax, yTobb! 0HH SEUIH HEDKe 3Toi IUToc-
KoctH, (Ha camom pene ata GHrypa «CIMIIKOM CHMMETPHYHA», HaM HY)KHE JIHIND
PaBeHCTBA (¥}, 0AHAKO OBlBaeT ynoOHee paccMaTpHBaTh OKTasap, obmajalcimuit
JOMOMHUTENEHEMH CHMMeTPUAMH.) BEI mosyanTe HarnGaeMylo TOBEPXHOCTE, CO-
CTaBJIeHHYIC H3 MHOIOI'PAHHUKOB, Kpall kotopoiit AMBN COCTOWT M3 YeTHpeX 0T-
Pe3KOB; OHA ITOKa3aHa Ha pHc. 25.7(6); sameTsTe, yTo paccTosHue AB npu nedop-
MaLMH He H3MeHAEeTCH,

K atoii Mogenu Henb3sa AoGaBUTH HH OZHY H3 ABYX OTCYTCTBYIOLIMX rpaHeii,
MOTOMY 4TO B 3TOM CTydae MOABATCA caMollepecedeHua. OfHaKO Halll MHOTorpaH-
HHK MO)KHO CAENATh TIOMHEIM, HO NPH 2TOM GeCKOHeYHEIM. A HMEHHO, 3aMeHNM
rpaHb AMB Ha ee gono/iHeHWE B MOJIYTVIOCKOCTH, OrPARMYeRHOH npaMoit AB (cm.
pHc. 25.8); T xe npofenaeM H ¢ pebpom ANB.

M
A" "
A B A B

Puc. 25.8. 3aMeHa rpass Ha AOROAHEHHE K Hell B IOAYIIOCKOCTH

B nonyawTe nonHBIA MsrnbGaeMulil MHOTOTPaHHHK (HATTOMHHAIONIAR OTKPH-
TYIO KHUTY) C II€CTHIO KOHETHRIMH W ABYMA GecxoHedHuIMM rpaHAMH. OH noka-
3aH Ha puc. 25.9(a), a ero BuA ¢OOKY, KOTOPEIL HaM MOTpelyeTea B CISAYIOMEM
nyHKTe, u3obpaxeH Ha puc. 25.9(6). (Yto o3HawaeT cTpenoyKa HA 3TOM PUCYHKe,
Gyner 00BACHEHO B CHSAYIOMEM TIYHKTE.)

Puc. 25.9. Oxrazap BpHKkapa Kak oTKpHITasd KHHTra

25.4. Konerpykius Konnemm

HayHeM ¢ oueHBb BHPOKACHHOrO oKTaspa Bpukapa. BoaeMmeM (rwrockuit) nps-
MOyTonbHHK ABCD (AB < BC) H Takyio TOUKy M BHYTDH 3TOrc IPAMOYrOIbLHU-
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Ka, gng kotopoit MA = MB < MC = MD. Pazo6beM NpSAMOYTOALHMK Ha 9WeTHpe
TpeyronbHuKa: AMB, BMC, CMD, DMA. BozbMeM eie OJHY KONHIO 3ITOTO Ipd-
MOYTOJIBHHKA K TOUKY N, CHMMEeTDHIHYIO TOUKE M OTHOCHTENBHO HeHTpa NPpAMOo-
yromsHuka. Teneps padcGheM BTOPOIl NPAMOYTONBHHK Ha YeTHIpe TPeYTOAbHUKA
ANB, BNC, CND, DNA. Caenar 510, HalIOXHM NepBLi NpAMOYTONAEHHUK Ha BTOpok,
KaK NMoKa3aHo Ha pHc. 25.10.

B c
M
B r— ” C
A D ""-.“ ,'1
— M :9:
c '."o \‘~
A D
N
A D

Prc. 25.10. OmmpaBHan ToYKA KOHCTPYKIHH: BHIpONICHHEIR oKTasAp Bpukapa

HecmoTpa Ha TO, 4TO BOCEME TPEYTONLHHKOB AMB, ..., DNA nexar B ogHoH
IUIOCKOCTH, OHM 06pa3yloT okTasAp Bprkapa, KOTOPBIil ABNAETCA H3THGAEMBIM B
K1acce CaMOIepeceKalolINXCa MHOTOTPAHHHKOBR (Takaa gedopmaunma oKTasjpa
BpMKapa nokazaHa Ha puc. 25.6(6)).

CaMonepeceteHHA MOXKHO CAeRATh He CTONL GpocaloiUMHcA B I71a3a, eciH
NOCTPOUTE HA HEKOTOPEIX IPAHAX 3TOTO OKTA3%pa MHpaMUAEL. QOTMeTHM, 4TOC eClH
3aMEHHTh HEKOTOPEIe TPaHd MMPaMHAAaMH C OCHOBaHHAMU Ha ITHX I'PAHAX, TO 3TO
He KCTIOPTHT HarkbaeMoCTH MHOTOrpaHHHKa (cM. puc. 25.11), TaK KaK nupaMufs
npu fedopMalHy OCTAHYTCA KECTKHMH,

— ‘
Prc. 25.1), TTocTpoeHHe THPaMu Ha FpaHAX

JoBaBMM MHpaMHAH KO BCEM IPaHAM IUIOCKOrO OKTazzpa Ha puc. 25.10 (Ha
caMoM Zie/ie HaM IOHAAOOATCH I IIECTL MHPAMI/, TOCKOMBKY MajleHbKHe Tpe-
yroneHHUK AMB 1 CMD He NepeceKaioTes HH ¢ KakiMH APYTHMM rpaHAMHE). Mbt

I3 Jax. 3647
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NONYy9HM U3rnbaeMElit MHOTOTPaHHHK ¢ ABA/INATRIO TPAHAMHE U ¢ OYeHE ¢1a6o Bhl-
pakeHHBIM caMonepecedeHeM: ¥ Hero 6yeT TAIbKO ABe MapH MepeceKalomuxes
pebep (1Be NMONOBHHKH 3TOr0 MHOTOTPAHHUKA MOKAa3aHb Ha puc. 25.12, a Touku
niepecedeHHA pebep Ha puCyHKe obo3HavYeHE! yepes E U F).

Puc. 25.12. Zipe nofoBHHLL TOYTH TOTOBOTO MHOTOFPaHHUKa KoHHeIH

Y AByrpaHHBIX YIZIOB B TOUKAX lepecedenud pebep HeT HHKAKHX APYyTHX 06-
IMMX TOYeK; OHH JIKIE CONMPHKACAIOTCH ADYT ¢ APYTOM, KaK ITOKA3aHO Ha pic, 25.13
caeea. Ho B mponecce AedopMaluy 5TH Naphl KACAIOMMUXCH ABYTPAHHEIX YIVIOB
MOTYT BeCTH cebs TaK, Kax Moxa3aHo Ha pHc. 25.13 cnpaBa: OHM MOT'YT KaK pas3oi-
THCh, TAK M NIEPECEYbCA ZPYT € ADYTOM.

B ReHCTBATEIPHOCTH M3 ABYX Iap ABYTPAHHHX YIVIOE B OFHOHM H3 HHX YIVIH
pacxoAdTcs, a B APyToii HAUYHHAIT MePeCceKAThCA (ANIA HAC 3TO HEBAXKHO, HO B STOM
Jlerxo yGegHTHCA MPH NOMOIIM MOACUETA WM AdKe OMBITHRIM Imyrem). B mobom
cIydae, MHOTOIpaHHHMK Henb3s npojedopMupoBaTh Ges camonepeceveHuid. Yro
e HaM JenaTk? Ha caMoM gesie MBI 6l XOTeAH YAAANTH MAIeHBKYIO OKPECTHOCTE
TOYKH KACAHHA XOTA OH B OJHOH M3 Map CONPHKACAINMXCH ABYTPAHHHIX YIIOB
(puc. 25.14(a)). OTo AomiHo GHTE CARAAHO «KYCOYHO-THHEHHBIM» CIIOCOHOM, ITO-
651 peaynrTaT ocTajica 66 MHOTOIPAaHHKKOM. Ho MHI yoKe SHaeM, KaK 3To CAeNaTh:
3TO MOKa3aHO Ha pHc. 25.9(6)! Crpenka nokasplBaeT HA MaJeHBKYH0 BBHIEMKY, U
HaM JAKOIb OCTAETCA PA3MECTHTh 3TY BHIEMKY B OKDECTHOCTH TodkM E (cM. Tak-
xe puc. 25.14(6)). TeM caMbIM KOHCTPYKIMA KOHHENH M JOKa3aTeNbCTBO TEOpe-
MH 25.2 3aBepIeHsl.
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E
(2) (6)

Puc. 25.14. 3akmodnTencHan MoaHGHKAIIHA ABYTPaHHOTO yIia

HyxHo OTMeTUTD, YTC NPHBeAeHHAA BHIIE KOHCTPYKUUA OYeHb XOPOMA AJiA
JOKA3aTeJbCTBA TeopeMhl 25.2, HO HeyZo0Ha AU H3rOTOBNIeHUS Mogenelt U AeMOH-
cTpanyH. [locTpoeHHEIH MHOTOPPAHHHK COCTOKT H3 ABaALIaTH IIECTH rpaHeii, U3
KOTOPHIX ABAAUAThH YeThpe ABMTIOTCA TPEYTOMBHUKAMH, 2 ABE — HEBhINYKIRMH
IIeCTHYTOMBHUKaMI. JlaXke ecAM BaM YAAcTCA H3rOTOBHTH MOAENAEB 3TOTO MHOTO-
TPaHHMKa, 0Ha 6yeT AONMYCKATh UL O4eHb MAIHIE ZedopMaluMH (Mo CpaBHeHUIO
¢ pasMepoM MHOTOTPAHHMKA), TAK YTO HenbadA Gy/IeT CKa3aTh HABEPHAKA, BhI3BAHA
M fedopmManna MaTeMaTHYECKHMK CBOHCTRAMME MHOTOTPAHHHMKA WIH CKOpee fe-
theKTaMu MCIOMB3YEMBIX MATEPHANOB (KAPTOHA H ckoTYa), OAHAKO CYIIECTBYIOT
MoAuGHKALMM KOHCTPYKUMK KOHHENHM, KOTOPhIE AAalOT AOCTATOYHO YAOBAETBOPH-
TeIbHYIO MoAenb. Mur ofcyanM aTH MogudHKALUA B CASAYIOLIEM ITYHKTE.

25.5. Viay4ieHHbIe KOHCTPYKITHH

[ocne Toro kak KoHHeNW CAENAJ CBOE YAUBHTENLHOE OTKPHITHE, MHOTHE reo-
METPHE MBITAMHCh VAIYVYIIMTE ero KOHCTPYKIHIO, OaHAa H3 BO3MOXKHOCTei Ana Tako-
TO YAy4LIEHHA CYeBHAHA: BRIEMKY Ha pHC, 25,14 MOXKHO c/ienaTh Sonblle, B peayib-
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TaTe Yerc OHa MONIHOCTERIO MOTIOTHT obe rpany, ofpasyiolue ABYTPAHHBIHR Yrod.
Yucno rpaHeii B pe3yapTaTe COKPATHTCA ZO ABAALATH YETBIPEX, H BCe OHU 6yAyT
TPeyToIbHLIMH. [Tocse 3Toro MOXKHO 3aMETHTh, YTO HAM Ha CAaMOM Jie/le HY)KHH He
Bee MHpaMMARL, HOCTPOEeHHBIE HA IPAHAX; B Pe3yNETATe MBI TIONYYHM MOJENE JIAIIE
¢ BOCeMHAAIATRIO TPAHAMM, BCe H3 KOTOPHIX BHOBL OVAYT TPeyroNnEHHKAME,
Monoaoii Hemenxuit MaTemaTik Knaye tedden Hallen KOHCTPYKUHIO, KOTO-
PYIO, BEPOATHO, MOXHO CIMTaTh Hawrydmei, Ero MHOrorpaHHHK COCTOMT H3 4He-
THIPHAAUATH TPEYTONAbHLIX IPAaHel B UMEeeT BCere JIKNIL A€BATE BEPIIHH, Bol Moxe-
Te cAeNaTh MOAEMb TAKOTO MHOTOTPAHHHKA, KCIIONB3yA PA3BePTKy Ha pHc. 25.15.

C

12 12

K K

Puc. 25.15. Bupesksre 3Ty pasBepTKY M3 KapToHa H caenaiite MoaeAb MHOrorpaHHHKa
iredpdena

Haobpakenye MHororpauHuxa [litedgdena MOKHO YBHAETD Ha pHC. 25.16 (uTO-
65 eprex OBUI MOHATHee, OTMETHM, YTO BepIIHHA G HAXOAMTCH BO «BNAJHHEs,
orpaHWMeHHo#H «xpe6ToM» BDKH)!.

B sakmodeHHe OTMETHM, TTO, KAK BHAHO U3 pHc. 25.15, MHororpaHHHK LlITed-
¢deHa coaepuT ABa OAHHAKOBEIX LIECTUIPAHHEX ¢parMeHTa okrasjgpa Bpukxapa,
NIOAOOHBIX TEM, YTO MOKA3aHE HA pUC. 25.8 (OHM TOAYYAIOTCA U3 ABYX «KPBUILEB»
pa3BepTHU ¢ puc. 25.15) ¥ eme ABe TpeyroAbHEE PpaHM (Ha puc. 25.15 oHM moce-
peAuHe), cMexHEe ¢ 06eMMH OKTa3JPaIEHEIMH YacTAMH. OTH TPH 4acTH MHOTO-
rpanHKKa UlTeddena nokazaHsl oTAeALHO HA pHC, 25,17,

IMysETOUIEM, B KOTOPOM NOKA3aHa AedopManna Muororpannmia Iitedidrena, AoCTyneN B HHTEp-
HeTe, HalpUMED, MO aApecy www.mathematik. com/Steffen/.
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D

Puc. 25.17. Pasobpanneiit MHororpartuk Mteddena
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Iocne arux 3aMevaHuit To, yTo MHororpaHHuk HiTeddena asaserca marnbae-
MBEIM, Y)Ke He TaK YAMBIAET, MEI yiKe 3HAeM, 4TO ABE OKTA3/PaJbHEE YacTH MOX-
HO 1e¢opMHpOBATE; TTOHATHO, YTO HX TaloKe MOXKHO AeOpPMHPOBATE, KOrga OHH
COeAMHEHH APYT ¢ APYTOM; TaKHM obpa3oM, MHororpaHHuk llitebdena 6ea apyx
rpateit (ABC u ABD) Gyaer usrn6aeMeiM. HeClTo:XHO BHAETH, YTO NpH STHX Je-
¢dopmanmax He u3MeHAeTCs paccToaHue CD, Gnarogapsa 4eMy ¥ Beck MHOTOTpaH-
Huk OygeT HarnGaeMeM (IputeM ABYTPAaHHEH yrol, 06pazopaHHE 2THME JBYMs
rpaHAMH, B Npolecce AedopMAalMH TakKe He H3MeHAETCH).

- 25.6. I'unoTesa 0 Ky3HeYHbIX Mexax

BoT eme oANH ecTecTBeHHEI BOMpoc: HaMeHseTed Jn obbeM HaruGaemoro
MHOrorpaHHuKa B nporecce Aedopmanuu? HexoToprie cooBpaxeHHA MOACKA3H-
BAIOT, YTO HeT. HeC/oMKHO AOKa3aTh, IT0 MOAMOHKALMS JBYTPAHHOTO YIva, NOKa-
3aHHad Ha puC. 25.14(6), He BauAET Ha 06bheM MHOrorpaHHWKa.! OTCIOZa MOXK-
HO BHIBECTH, YTO 00BeM, OrpaHUYMBAaeMBIA MHOTOIpPaHHHKOM KOHHem, paseH
cymMme 06BEMOB IECTH THPaMHJ, NOCTPOEHHBIX HA MepBOM LIAre KOHCTPYKLMH,
K UTO OH OCTAETCA HEH3MEHHHM B ipoliecce AedopMauuu. [logobHuM ofpazoM
nony4yaeM, yTo oGbeM MHororpannnka [lteddena (puc. 25.16) paseH ofibeMy TeT-
pasgpa ABCD M 4YTO OH Toxe He HaMeHseTCd, OfHAKO OCTALTCA THNOTEeTHYECKan
BOZMOXKHOCTE TOTO, YTO CYLIECTBYeT Kakoii-To Apyroi marnbaembrii MHOrorpaH-
HHK, HMelommuil nepeMeHHHH 06peM. Ho B 1995 rogy M. X. CafuToB Aokazan, 4To
TAaKafd KOHCTPYKIMA HEBO3IMCXKHA; TeM caMbiM CabUTOB JOKA3aN YTBepKAcHHe,
HasbBaeMoe «I'HN0Te30H ¢ Ky3HeYHBIX Mexax». Teopema CabuToBa TJIACHT, 4TO
Ane AaHHOTo HaBopa (KeCTKHX) rpadeii MHOrOrpaHHAKA 06BbeM 53Toro MHOrQOrpaH-
HHUKAa MOXET IPHHMMATh JHIL CYETHOE KOMUIECTBO 3HaveHHil [69]. TeM caMuiM
HHKAKOe H3MeHeHHe offbeMa HeBO3MOMKHO.

B 3axmovenne yIioMAHeM OAHY B IeM-TO NapajoKcalbHYIO KOHCTpyKupio. Hay-
HEM C TeTpasjpa K npoAebopMHUpyeM €ro, Kak NoKasaHo Ha pHc. 25.18. A uMeH-
HO, NOJAeIHM Kaxoe pebpo TeTpasgpa Ha [Ba OTPeska, a KaXAyl0 IPaHL —Ha
BeCATh TPeYTWIBHAKOB. Temeph «yTOMHM» HOBHE BepUIMHEI, PACTOAOKEHHbE Ha
cepeuHax rpaHeil, BHYTPE TeTpasfApa. ITo H3OMETPpHIeCcKad AedhopMAIia HCXOL-
HOTO TeTpasapa.

CepenHhl pebep BAABIMBAIOTCA BHYTPh TETPa3apa, TAK YTO MOXHO OKUAATD,
4qT0o 06bEeM B pesylbTaTe YMeHLIINTCA, OZHAKO CDeAHHE YYACTKM rpaHeH BBILAE-
JAMBAIOTCA HapyXy, TaK 4TO B pe3yArTaTe oGujult ob6peM yBennuuBaeTca Ooree
4eM Ha TpeTh! [Too6HbIe H3OMeTPUYHEIE AedopMaLMK, YBeTHUMBAIOIIHE 06BEM,
MOXKHO NpofenaTh A BCeX IVIATOHOBHX Ten {25, 5] u gake ana mobhIX ApyTHx
MHOTOTrpaHHHKOB [64].

Kasanock 65, 3Ta KOHCTPYKIHA IPOTHBOPETHT MIIOTE3E O KY3HEYHEIX MeXax.
Ho 370 He Tak: zedopMauuA TeTpasapa, HaobpaxeHHas Ha puc. 2518, He spader-

Npasuasusiv ofpasom onpeneaHs o5bem «BHYTPH» CaMofiepecexalllerocs MHOrOTpanHIKa (ge-
TATH MH OCTABJIIEM YHTATEMO), MOXKHO Z0KA34Th, UTC 0ffbeM, OrpaHHIHBacMBIi MoGEIM OKTasgpOM
Bpuxkapa, paBeH HYNIO.
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Puc. 25.18. M3omeTpuyHas gedopmanius TeTpaszpa, yBelHMuHBawouas o6beM

CA HeTpepLIBHOH M30MeTpUYHOI Aedopmanueit (pasmepbl MaJieHbKUX TPEYIoJb-
HHUKOB, Ha KOTOphle pa36UBalOTCA rpaHU MCXOAHOrO TETpasApa, U3MEHAIOTCA B
npouecce gepopmanum).

Po6ept KoHHenmn Knayc llitepden
p. 1942 p. 1945

25.7. YnpaxkHeHUA

25.1. Ilycts ABCD — HecaMomiepeceKalomMicsa YeThPeXyToJIbHUK Ha IUIOCKO-
cti. Ham paspenraercs ge¢opMHpOBaTh €ro Tax, YTOOH JIMHBEI CTOPOH OCTaBa-
JIMCB GBI MOCTOSTHHBIMY; TIPH 3TOM YIJIBI MOTYT MEHATHCA.

(a) Jlokaxxurte, YTO YeTHIpeXyroibHUK ABCD Bcerga MoxHo npogedopMHpo-
BaTh B TPEYTOJIbHHUK.
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(6) Joxaxure, 4TO YeThpexyraasHuk ABCD Bcerna MoxHO npofedopmMupo-
BaTh B TPalTelMio,

(8) Becerga nu BoaMoxkHC npogedopmMuapoBate ABCD B Tpaneuuic, B KOTOpoii
AB ABIAEeTCH OAHMM H3 OCHOBAHME?

25.2. Mycth ABCD — Tpaneyua, My xoTiM npoAedOpPMHPOBATE €€ KaK B YII-
paxseHuH 25.1 TakuM oBpasoM, uToOL! B npotecce AedopManiii 6Ha BCerfa oCTa-
Baaach Tpaneuueii. JlokakUTe, YTO 3TO BOSMOXHO TOrJA M TONBKO TOrJA, KOrAa
OHAa ABJASTCA NAPAENOTPAMMOM.

25.3. Ilyeth A Aj. . A, — N-YTONBHEK Ha IWockocT. Jonycmumoti dediopmanu-
efl 3TOTO N-YrONBHHKA HA3HBARTCA HEMPEPLIBHOE ABHEHHE TOUeK Ay, A, ..., Ay,
He U3MeHmIollee PaccTOAHKH [A; A, |, ..., [A,_1 AL | AR Ay

(a) Ilycte n = 4. Halianre ycaoBUs Ha 9eTHpe THcaa |AjA;|, 1AxAzl, |AzA,l,
|A4A,; |, HeoBXOAMMEBTE H AOCTATOIHEIE AMIA TOTO, ITOOH CyImecTBOBaAa Obl JONyCTH-
Man AedopMalliif, NepeBoAANIan YeTHPEXYTONBHIK Ay AyAz A, B €0 3epKAJIBHELA
ofipas A|AJALA, (3T0 3HAYMT, UTO CYNIECTBYET Takas MpAMaA !, OTHOCHTEBHO
KOTOpPOi TOuKA A‘lf CHMMETPHYHA TOUKE A; NPH BCeX ).

Vrasanue. CM. xoMMenrapuli Hiie,

(6) Caenaifre To e caMoe A n=>5 U YUCeN |A; Ay, ..., JA4As|, [As4,].

YKA3AHHME. CM. KOMMEHTapHii HHXe.

KOMMEHTAPHA. VMeeTca obmmpii pesynerar, npuHamiexampii Kanopuay n
MuncoHy [52], KoTopslil yTBepXgaeT, uTo 1A moBoro n-yrombHHKA A, A,...A,
CAeayIoie ABA YC/IOBHA DKBHBAJAEHTHH.

(1) Ana Beaxoro n-yronsHMkA A} A, A, AnA KOTOpOro

|4V A5 = 141 4g], ooy |AS_ AL = |Ano1 Al TAZATE = [AR4],

CymtecTByeT fomycTiaman zedopmanyn, nepepoaman A; Az...A, B A1 AL AL
(2) Tlyets a4, ay..., @, — HAOOp wicen |A; Asl, ..., |Ap1Anl, 1Az A}, yIOPHAOUEH-
HBIH B OPAAKe HECTPOroro yOrBaHUA: 4, = dy 2 ... 2 a,. Torga

Ay +ds £ a;+a,+...+a,

25.4. Nycrs ABCD — HecaMonepeceKalomptica YeTEPeXyroAbHHK HA ILTOCKO-
CTH, B 1yCcTh M — TO4YKA, He NeJKaman B 2Tol mwockocT. [Tupamuna MABCD cra-
HOBHTCA KarnGaeMoH, ec/ y Hee YAUIKTE OCHoBauHe ABCD (cm. pnc. 25.2). Aoka-
WUTe, YTO B Iporecce gedopManyi ToukH A, B, C, D He MoryT ocTaTbed B OZHOH
IVIOCKOCTH.

25.5, MHororpaHHHK (BO3MOXHO, caMonepecekarommiica) HasniBaeTca Osy-
CMOPOHHIUM, €CIN ABe CTOPOHE! KA A0i IPaHN MOKHO ITOKPACHTD B UepHEIit K Ge-
JIBIL 1BeTa Tak, YTO6H 1o KaXKAOMY pe6Gpy CONpHKACAAVCh MPaHH OZMHAKOBOTO
uBeta (Mpu E3rAAge ¢ kaxAoil M3 cTOpoH). B IDOTHBHOM CIydae MHOTOTDAHHHK
Ha3HBaeTCA 00HOCMOPOHHUM.

(a) Ackaxure, 4TO BCAKMII HecaMoNnepeceKaInHicA MHOT'OI'DAHHKK ABMAETCH
ABYCTOPOHHMM,

(6) Boasmem OBHMHBIH (NIATOHOBCKII) OKTASAD, MOKA3aHHLIM Ha puce. 25.19,
YAAIKM M2 Hero TpeyroinHule rpaHx AMB, BNC, CMD, DNA v ao6aBHM KBaj-
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N

Puc. 25.19. OanocTopoHHHE MHOrOrpaHHWK, cAefaHHEI M3 oKTasapa

paTHble rpaHH ABCD, AMCN, BMDN. Jokaxure, YTO B DE3yIbTaTe IIOMYUHTCA
NoHHIL (kaxxgoe peGpo IPHHALNEKUT POBHO JBYM TPAHAM) ORAHOCTOPOHHU MHO-
TOTPAHHHK.

(8) Jlokakure, yTO OKTasgp BEpuuapa aBycTopoHHMIA. JlokaXXuUTe Taroke, 4TO
OTPROKEHHE OTHOCHTENBHO OCH CHMMETPHM MEHSeT MeCTaMH YE€PHBI U Oenblit
L|BeTA.

25.6. Ilycts P — nonseidl ABYCTOPOHHKA MHOrOrpaHHHMK. Beifepem packpac-
Ky ero rpaHeif B YepHHIt M Gennlii nBeTa, KAK B yIpOKHeHHN 25.5, U BO3bMeM
wICCKOCTS 11, He NepneHANKYIAPHYIO HHKAKHM er0 TPaHsAM H He NepeceKaloly-
10ca ¢ HAM. Jina Keokaoit rpadd F onpegenmiM o0beM nmoj Hel kak o6beM IpHs-
MBI, 3aKmoueHHOl Mexay F 1 ee opTOrOHaNbHOH NpoeKuMel Ha mtockocTs I1
(cm. puic. 25.20), yMHOKeHHELH Ha —1 B TOM cliy4ae, ecitd BepXHsA IPaHb NPU3ME

Puc. 25.20. OpHeHTHpPOBaHHHI 061eM
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nokpaiieHa B el upeT. OnpeeniM opuenmupoaanustil o6sem MHOTOTPpAHHH-
Ka P xak cyMMy 0OBEMOB NOA BCEMH TPAHAMU.

(2) JokaxarTe, 4TO OPHEHTHPOBAHHEI 00HEM HE 3aBHCHT OT BHOODA MIOCKO-
cra I1.

(6) AokaxwuTe, 9TC £C/H P — HecaMome peceKalolUiicd MHOTOTPAHHHK, HAPYK-
HAA CTOPOHA KOTOPOrO NMOKPAaWIeHA B YEPHHIH LBET, TO €ro OpHERTHPOBAHHEIH
o6beM paBeH oOBMHOMY O6BeMy.

(B} Joxkaxkure, 4To (OpHMEeHTHpPOBAHHBIL) o6beM oxTadApa BpuKapa papeH Hy-
o,

YKka3AHME. HcnonbsyHTe cBoHCTBO CHMMETPHH U3 yipaxkHeHHA 25.5(8).

B 4acTHOCTH, 3TO AOKA3EIBAET, YTO MMIIOTE3a O KYIHEYHHX MeXaX UIMeeT MecTo
Jnis oKTasgpoe Bpukapa.

(r) Hokaxxure, YTO OPHECHTHPOBAHHBI 0Gbem MHOrOrpaHHuKa [liteddena (cM.
1. 25.5) paeeH o6beMy Tetpaagpa ABCD. BriBeauTe oTciofa FRIOTe3y O Ky3Heu-
HEIX MeXaxX [d 3TOr0 MHOTODAHHMKA.

25.7. (a)* PaccMoTpUM miafkoe CeMeHCTBO BBINIYKABIX MHOTOIPAHHHKOB P,
rae t—mnapamerp, U ofosHauuM depes [;(t) amann ux pebep, a uepes ;(t)—
COOTBETCTBYIOIIHE ABYTPAHHEIE YIVIEL JOKKUTE, YTO

dp,(e)
?j(r)T =0,

(6) IMonnan cpednan kpusuana MHOTOTPAHHKKA ONpeAenAeTca Kak ), | 19;- Bo-
i

KXKHTe, YTO NONHAA CPeAHAA KPHEH3HA H3ruGaeMoro MHOTOTPaHHHKA OCTaeTcs
HEU3MeHHOI B npoluecce AedopMAIIIH,
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Jlexuusg 26

Poraras cdepa Anekcanzepa

¥ «poraroii ceprl» ecTh ABa CBOHCTBA, KOTOpHE AENaOT ee focToliHoM onH-
CaHUA B 3TOH KHHre. Bo-nepBHX, OHA JjaeT permieHye oAHOH BaXHOH H TPYAHOH
3aaaqu. Bo-BTOPBIX, OHa OMeHb KPacHBa.

26.1. Teopemsl K, ¥opaana u A, llléadanca

Kpueoil Ha WAOCKOCTH HA3BIBAETCA citef ABMKYIUeica Touku. EcyiH Touka Ha-
yina ABHMEHHA CORMAJALT ¢ TOUKOH ero OKOHYAHHA, KPHBAA HA3HBACTCA JAMKHY-
motl, a ecH HU B KaKHe ABa pasHHX MOMEHTA BpeMeHH TOYKa He HAXOOUTCH B OA-
HOM H TOM e JIOKEHNH, TO TaKaa KPHBas Ha3bBIBAETCA NPOCMmot, WK Hecamone-
pecexaoweticn. Teopema XopaaHa yTBepKAAET, YTO NPOCTAY 3aMKHYTaa Kpupasa €
JENNT MIOCKOCTE Ha ABe o0JacTH, «BHEMHIOW» N «BHYTPEHHIOK», B CICAYIOWEM
cMEICKe: mobkie ABe TOUKHM H3 0AHOH 1 Toit ke obnacTH MoOryT GHTL COSAMHEHB
JoMaHoit, He mepecekalomeiica ¢ kpueoii C, Torga kak moban 1oMaHadA, cCOeqUHA-
Iolad TOYKH U3 pasHbIX obnacreil, nepecekaeT kpuByio {cM. puc. 26.1).

DTa TeopeMa BaXKHa B aHaAM3e — K [PHMEDY, B HHTETPAJIBHOM HCUHCAEHHH,
rde NPUXOANTCA PacCMATPHBaTh oOAacTH, OTpaHHIeHHbe 3a8aHHONH mpocToil 3a-
MKHYTOH KpuBoil; OAHAKO Xe OHA He OTBed4eT HA BOIIPOC, OTHOCAIIMIACH ckopee
K MONOAO2UN, HEXKEMH K aHaIN3Y;: KAK BRITHAAT YacTH, Ha KOTOpbIe TUICCKOCTD
HemuTCa NpocToil 3aMIHyToH KpHBOH?

B mMaTeMaTHKe JIETKOMBEICJICHHOE BBIDAXKEHHE «KaK BHICAAAAT» OOBIYHO 3ame-
HAeTcA Bosee CTPOrHM «ueMy roMeoMopdHE»; gBe 06IacTK Ha3blBAIOTCA TOMEO-
MODPHEIMHE, eCITH CYIIECTBYET HENPePHBHOE fueKTuRHOe oTobpakeHHe N3 ofHOH
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Puc. 26.1. 3amkHyTaA KpHEad Ae/IHT TAOCKOCTD Ha ABE 4aCcTH

ofsacTu B Apyrylo, MpudeM oBpaTHOE K 3TOMY OTOGDRKEHHIC TOXE HENPEPBIBHO,
Hanpumep, BHyTpeHHOCTh Kpyra romeoMopdHa BHYTPEHHOCTH KBazpara (XoTd
KTO-TO MOr OB CKa3aTh, YTO OHU BHIAAJAT NO-Pa3HOMY), a BOT Konblo (cBnacTs,
OrpaHMYeHHas AByMA KOHLEHTPHYECKAMH OKDY#HOCTSMH) He r'oMeoMOpPGHO HH

OAiHO U3 3TUX ABYX ofnacTeil.
/
74

Puic. 26.2. BHYTpeHHOCTb H BHEIIHOCTE

B 1908 r. A. Il8udmuc aokazan, yro 414 moboit npocToit 3aMrHyTOH KpUBOIH Ha
IUIOCKOCTH €€ BHYTPEHHOCTE M BHEIIHOCTh FOMeOMOP¢HH COOTBETCTBEHHO BHYT-
PEHHOCTH U BHEITHOCTH OKDPYKHOCTH; OTKPHITOMY AWCKY M IUIOCKOCTH C KpyTaoH
JHPpKO. AHATOPHYHO MOKHO OKA3ATE, IT0 ofJacTh MEXAY ABYMHA Hellepecexa-
OIGAMHCA MPOCTHMH 3AMKHYTHIMH KPHEBLIMHE, OAHA M3 KOTOPHIX JEXMHT BHYTDH
Apyroii, romeoMopdHa KobLY.

26.2. IIpocTpaHCcTEeHHEBIE 0606IeHNA

MoxHO 6b10 GBI OKHMAATE, YTO B TPOCTPAHCTBEHHOM reOMETPHH JOMIKHEI CY-
MeCcTBOBATE AHANOTH TeopeM Xopaana u [éndvinca — HyXHO AHIIL HANTH BX
npaBRAbHBlE GOPMYNUPOBNRH. fCHO, YTO 3aMKHYTHE KPHEBHE CAeAyeT 3aMEHHTh
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Ha 3aMKHYTHIE NOBEPXHOCTH. OFHAKO 3AeCh ME BCTpEYaeM NEPBYIO TPYAHOCTH:
TOTAA KaK BCE 3aMKHYTHIE KPHBbIC OJJHHAKOBHI (T. e, roMeoMop&HEI), 3AMKHYTHIC
MOBEPXHOCTH MOTYT GHITh CYIIECTBEHHO PA3HBIMH: GRIBAIOT cpepsl, TOPH, chep
C pyuKaMH{ H T. 4. (puc. 26.3). MEt penriM Ty TpYZHOCTS MpPH DOMOUIH rpy6oii cu-
JIBL: IOMPOCTY MPOHTHOPHPYEM BCE 3TC Pa3HO0Opa3He M OTPaHHYHMCA paccMoTpe-
HHEM TOBEDXHOCTEH, KOTOPhIE MOMYYaKTCA HENpePHBHEMHA AedopMaipamy Gea
camMonepeceueHMIt 3 obuHOI cdeprl. g Takux nosepxHocTell ecTh HafieXxAa
NOJYYHTh pe3y/bTATH, aHAJOTHYHEE TeopeMaM JopaaHa i lénduinca.

Puc. 26.3. Pasnnudbie THIH DoBepxHoeTedt

Yro xacaercs TeopeMsl XopjgaHa, To ee IPOCTPAHCTBEHHHIE aHanOT OKA3BIBA-
eTCH BEPHEIM: TIOBEPXHOCTE JASNHT MPOCTPAHCTBO Ha ABE YaCTH, BHEIUHIOW H BHYT-
PEHHIOIO, B YTBepXAcHHe TeopeMel JKODAaHA OCTaeTCA BEPHEIM (ea KaKnx-1muGo
M3MeHeHuil. To ke caMoe BepHO M AnA chep ¢ pyHKAMN; UMEIOTCA Taloke ecTe-
CTBEHHEIE 06061eHHA A7 NPOCTPAHCTE MPOUIBONEHON pazMepHOCTH.

Ho kax Hacyer TeopeMnl llléndmnca? Ee npocTpaHCTBeHHEBIA aHaAOT AQDKEH
YTBEPXAATh, ITO BHEIUHAN ¥ BHYTPeHHAA 05AacTH A/ MOBEPXHOCTH IOMeoMopd-
HE BHemIHell 1 BHyTpeHHeH obaactaM and oSeaHolH cdepH, T. €, OTKPRTOMY Wapy
¥ JONGIHEeHHIO K 3aMKHYTOMY IIapy. AMepukaHckuit Tonomor JxeliMe AnekcaH-
Jiep pokasan B 1924 rofy, 4To »Ta FHIOTe3a, ckonb 6 NpapjornofobHoll oHa HU
Ka3anach, Ha CAMOM Jene HeBepHa. Pafora Anekcangepa Geia oueHb ybeauTens-
Holi: OH HOCTPOHA ABHYIC KOHCTDYKUHIO AedhopMUpOBaHHOH cdephl B NPOCTpaH-
CTBe, KOTOPasA ASNAMT MPOCTPAHCTBO HA YacTH HecTaHAAPTHoro Buja. IMoapobHo-
CTH 3TOiT KOHCTPYKI{MU TIPUBEAEHE HIDKE,

26.3. 210 OYE€HBb KpacHBO

A eme 310 o9eHb npocTo. OCHOBHOH 3/eMEHT 3T0# KOHCTPYKIMM NOKa3aH Ha
puc. 26.4: MEI 6epeM ABA HellepeCceKAIOIUXCA MANEHEKUX AUCKA BHYTPH Gonbile-
TO AWCKA W BHITATHBAEM W3 HHX ABA «HaJibHa» TAK, YTOHBI MX KOHIBI COMMBIINCE,
HO He KacaJauch ApyT ApyTa.

KoHmp! maxpueB [pH 3TOM OCTAIOTCA AWUcKaMH. Mel 6yzeM 06GHYHO TIPOH3BO-
HAUTH BHITSIHBaHHE NMANblicB OAHOBPEMECHHO H3 ABYX NMapaLie/bHbIX AHCKOB TaK,
qroGH HeTHIpe Naabla o5pa3oBLIBAIH «3aMOK», TIOKASAHHEIA Ha pHc. 26.5.
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&

Pnrc. 26.4. BLITArHBaHHE NANBLEB

18]

Puc. 26.5. 3aMok

Temepr onvmeM HalIy KOHCTPYKIUIO TIOMHOCTBIO. BozeMeM oOHYHYIO chepy
H BHTAHEM H3 JABYX JUCKOB Ha chepe [1Ba Nablia, KOTOphE OyAYT MOUTH KACATHCA
ApYT ApyTa, Kak Ha puc, 26.4; cM, pHuc, 26.6,

-

Puc. 26,6, [Teperni mar: Ha cdbepr! BHTAHYTH ABA Nalbla
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IIpy 5TOM KOHIH MAaJBLEE — ABa NapaAneABHEIX AHCKA, PACTIONMKEHHEIX GH3-
KO ADYT K APYTY; H3 3THX AHCKOB MHE MO)XeM BRITSHYTh YeTHpe Nanbia, o JBd H3
KaxKAOTO AMCKA, ¥ COEAHHUTE UX B 3aMOK, KaK Ha puc. 26.5; oM, puc. 26,7,

Puc. 26.7. Bropo#i miar: Mexay najibllaMU BCTABAAETCA 3aMOK

Temeptk y Hac ecTh ABe NMaphl eife MeHBUIMY AHCKOB, PACTIONOXEHHHX APYT K
apyry eme Giamxe. BCTABKMM 110 YMEHBIOEHHOM KOIMMH TOTO, YTO H300paXeHo Ha
puc. 26,6, Mexay BUCKAMH U3 KKAOH Maph, X TaK Aanee — IIOBTOPHM 3Ty KOH-
CTPYKLKIO GecKOHEYHO MHOTO pas, To, YTO Mbl IOIYYHM B DE3Y)IETATE 9TOTO «H TAK
Jajnee», HasplBaeTcA poraToil chepoit AsexcaHfepa. CRenaTh yIORIETBOPHTENb-
HEIH PHCYHOK 3TOH cdepsl BpAA AH BEO3MOXKHO (TOCKONBKY NOMyHaloHecd ajib-
IH CTAHOBATCA BCe MeHbIe H MeHbIIe); OAHAKO e Ha pUC. 26.7 uaobpaxeHo
HeIUIoXoe HarnfagHoe npuimkenue,

26.4. Dro HacToAtanA chepa

Ha nmepsnlif B3rAAA 3TO BH3BBAST HEKOTOPHE COMHEHHA,

Cdepa AnexcaHfiepa BHMIAAHT KaK THMHACTHYECKAA THPS, B PYUKE KOTOPOH
MpONIIeHA IeNhb, 3aNoIHeHHaA CIOKHOH KoRpHTYpanKeil npoBONCcYeK PAZHOTO
pazMepa. JefiCTBUTEARHO JIM KOHIH KyCOYKOB 3TH PydeK HUKOTHA He HMeIOT 0b-
mux Touek? Kasanocs G, OHE JO/DKHEL GecKoHeYHOo cOMDKATRC K B Ipefieie coi-
THCh, TOCKOIBKY Ha KAyKAOM IIare KOHCTPYKIMHM MEI NPUTATHBAEM APYT K APYTY
HEKOTOPhIE YIACTKU NIOBEPXHOCTH,

Ha caMcM gene 3TC coBepIIeHHO MHMMaA ONACHOCT. MBIl MOMXEM BEIIO/IHATE
CIIMCAHHOE TNIOCTPOEHHE TaK, YTOGH A KAKALIX ABYX PASAHYHBIX TOUEK Chephi
pACCTOAHHE MEXAY HX OKOHYATENBHEIMHY MOICHKEHHAMH COCTABNANGD OB, CKAKEM,
He MeHee 1% H3HaYaALHOPO PacCTOAHHA MeX/y ITHMH Toukamu. (MBI rOBOpHM
«CKaXKeM», IOTOMY YTO BCE Pa3Mephl — AMUHEL TANLIER, TOAMKHA mene  T. 1., —
Ha pHc. 26.4 ¥ 26.5 He yKA3aHEL, M MBI MOXeM BHOGHDATE HX HPOU3BOILHEIM 0B-
pasom.)

PaccMoOTpHM HAIK ITOCTPOEHHS LIATr 338 HIaroM. B mepBoM BEITATHBaHHH Naik-
1[eB YYACTBYIOT ABa AUCKA Ha cdepe. OcraBinanca yacTk chepul 0CTaeTcsa HeN3MeH-
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HOH B TedeHHe BCETO OCTATBHOIG IOCTPOeHHA. Bo BTOPOM Iiare y4acTBYIOT ABa
MeHBIIHX RHCKA, 10 ABA BHYTPH KaXA0T0 M3 NPEALIAYIINX JUCKOB (M. pHC. 26.8).
YacTs chepH BHe 3THX YeTHIPEX AMCKOB OCTAETCH HETPOHYTOM B TEUEHHE BCeX
MOCHEAYIOUIHX THATOB [IOCTPOSHHA. AHAJOTHYHBIM 06pa3oM MMeeTCA BOCEMB JUC-
KOB, VYACTBYIOIIHX B TpeTheM Hrare (EHOBB CM. pHC. 26.8), MecTHAANATL AUCKOB,
YJ2CTBYIOIIMX B YeTBepTOM Iuare (Ha pHc. 26.8 OHM yXe He NoKazaHel), ¥ T. 4.
BypeM HaswBaTh 9TH ANCKH ZHCKaMH pasmepa 1, 2, 3, 4, ...; HTOro y HaC KMeeTcq
2" gucKoB pa3mepa n, M KaXAbil AMCK pa3Mepa n cofepMT POBHO ABa AHCKA
pasmepa n + 1. Touru cdeph, He cogepxkaiiieca HH B KaKOM JUCKE pa3Mepa 1,
OCTAIOTCA HETIOABMKHBHMH B TedeHHE BCEX INATOB KOHCTPYKLMH, HAYHHAY € N-To.

Puic. 26.8. AUCKH, YYacTBYIOIHE B NOCTPOSHUH

Teneps H3yYnM, Kak BezieT ceba paccroante Mexay TodkaMi. PaccMoTpHM fpe
paznn4Hble Toukd cdeprl: A 1 B. Ecan Hu A, HHA B He MpUHATERUT HU CAHOMY K3
NIBYX ANCKOB pasMepa 1, To obe TOYKHM OCTAIOTCA HEMOABIKHEIMH U PacCTOAHNE
MEXAY HHMH He MeHAeTcA. Ecim ofHa U3 HUX cOAepKHTCH B AMCKe pasMepa 1,
a pyrad — HeT, TO PacCcToAHHe MeXAY HHMH MeHsAeTcA HeaHauyHTeAbHo. Moxro
NIPE/NONOHHTD, 9TO JaXKe €CAH OHO CoKpaluraeTcd, To He Gosee 4eM B TPH pasa.
Ecmi ToukH A M B IpUHAaAJIeXaT pasnuiHLM JUCKaM pasMepa 1, To ocie HepBoTo
HIara OHK CyINeCTBeHHO cONU3ATCA, HO MBI MOKEM IPeANCIOMKHTE, YTO PAccTOs-
HHE MEeXKAY HIMH cOKpaTHTcA He Dosee 9eM B fecaTs pa3 (cM. pHc, 26.9). Eciu
BA0GABOK 3TH AB€ TOYKM IIPHHAJIEXAT AMCKAM pa3Mepa 2, TO Ha Ce/yloumeM
IIare OHY CTaHYT eme Gmnie. OAHAKO JajKe €CAM 3TH TOYKH NPUHAIEKAT AWCKAM
pasmepa 2 u Gotblne, OHM HE CTaHYT CYLIECTBEHHO G/InKe APYT K ADYTY B TeYeHHE
BCEX MOCNeAYIOIHX IATOR MOCTPOeHUR (BHOBE CM. pHC. 26.9). 3To clefyeT U3
Takoro ¢YHAAMEeHTANBHOrO CBoHCTBA Halllero NOCTPOEHHA: Ha ero n-M Iare ML
cfmnKaeM TONBKO TOYKM U3 OJHOTO M TOTO 3Ke Aucka pasmepa n—1.

Terneps Mbl MOXeM cHOPMYINPOBATE OGIII TPHHUHN H3AMEHeHNA PacCTOAHMIA,

Ifyems n— naubonswee yucro, drsg xomopozo A u B npumadrexam o00HOMY
u momy xce ducky paamepa n. Toz0a paccrnosnue mexwdy HUMU OCIAEMCA Heus-
MeHHBIM ¢ 1-20 no n-if waz nocmpoenus. Ecau nu o0Ha U3 3mux movex He npu-
Hadnexwcum JucKy pasmepa n+ 1, mo paccmostue mexcdy HUMU MAK*Ce OCMAEMCA
HEU3MEHHBIM 8 MeYeHUE BCeX NOCAedYIOUILX Waz0e nocmpoeHua. Ecau monbko 0dna
u3 mouex A, B npunadnexcum ducky pasmepa n+ 1, mo nocae scex nocaedyrouux
wazos paccmoanue Mexcdy Humu cokpamumca ne Gonee uem ampoe. Ecau obe omu
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Puc. 26.9. ToukH A H B He cOmukaioTes

npuradnexcam Juckam pasmepa n+ 1, mo Ha (n+ 1}-M waze paccmosHue Mex-
Jdy HuMu coxpamumca He Gonee uem & Oecams pas. Ecau nu odua u3z mouex He
npuxadnescum xKakoMy-nubo ducky pasmepa n+ 2, mo paccmostue mMexndy HUMU
ocmaemca HeuameHubim nocae (n+ 1)-20 waza. Ecau posHo o0Ha U3 3MiX mouek
npunadnexcum OUCKy pasmepa n+ 2, o paccmoanue Mexncdy HUMU MOXCEn coKpa-
mumbca smpoe Ha (N4 2)-M waze U NOCRE IMO20 CYWECHIBEHHO HE UIMEHLMCA.
Haxowuey, ecau A u B npunadaexcam Juckam paamepd n-+ 2, mo paccmosHue Mencdy
HUMU YMeHbLiumen He 6onee uem 8 Jecams pas Ha (n+ 2)-m waze U nocae amozo
CYU{ECTNBEHHO He U3MeHUMCR. B obom cryuae paccmosnue Mexdy A u B yMensita-
emecst He Gonee wem 8 cmo pas.

Hrak, poraras cepa Anexcanzepa geiicTBUTEARHO ARNAeTCA cdepoii, T. e. oHa
«roMeoMopdHa» cepe B BHMEONHCAHHOM CMEICTE,

26.5. BHemmHocCTL poraToif cdeprt

BHyTpeHHOCTE poraToi chepri romeomopdua o6rgHOMY 1Wapy (63 rpaHHIH);
5TO HETPYBHO JOKa3aTh, HO HaM 3T0 He motpelyeTca, Boflee Ba)KHO, ITO GHewl-
Hocms poraTofi cdeprl oTAMYaeTCA OT BHEIIHOCTH 06KYHOM chepol (T.e. OHU He
roMeoMopHbI). JIOKA3aTENBCTBO ITOTO HAKTA MPOCTO, HO HHTEPECHO, MOCKOMBKY
OHO IpeAcTaBAfAeT coGoif MPUMEP TOMOIOTHYECKOTO AOKA3ATENbCTBA. Y BHEIIHO-
cTH (a Takxe BHYTPeHHOCTH) OORMHON cephl HMeeTcq cBOHCTBO, KOTOPOE TOMO-
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JIOTH HAAKIBAIOT QOHOCBAZHOCTILIO: BCAKAA 3aMKHYTas KPUBaA BHYTPU Hee MOMKET
OBITH HempephIBHBIM 06pasoM npoaeOpMEPOBAHA B TOYKY. JTC BHIVIAAHT O4e-
BHAHHM {CM. PHC. 26.10), XOTA CTPOroe JOKA3ATEABCTBO 2TOTO TPeGyeT HEKOTOPOH

TeXHHUHKH.
AWVeL
! ’

Puc. 26.10. BHewHoCTh 00bMH0M cdhepbl OXHOCEAIHA

CBOHCTBO OTHOCBA3HOCTH COXPAHAESTCA NPH roMeoMopduamax; ApyTHMH CO-
BaMM, CTH U3 ABYX roMeoMopdHLIX o6nacTeli oqHa 0AHOCBA3HA, TO H APYyTafA TOXe
JoMmKHA OBITE OAHOCBA3HA. OAHAKO BHEIIHOCTHh poraTod cheph He OAHOCBA3HA;
KpHBad, 0OMOTaHHas BOKPYT pydKH rupH (cu. puc. 26.11), He MoxeT GHITh CHATA
C PYYKM HeNmpepHBHBIM o6pascM. (MTobkl ee CHATH, HAM NIPHUOLTCCE GBI NPOBECTH
ee MeXay napoii OMM3KMX NapayielbHbIX JUCKOE KAXAOTO pasMepa; HTAK, B IIpo-
nmecce gedopManH KpuBas GyZeT MPOXOAHWTE CKOMb YTOAHO GIM3KO K POraToil
chepe, a cAeAOBATENBHO, B HEKOTOPHI MOMEHT ee KOCHETCH. A 3TO 3apelero:
JedopMana SOMKHA BENOJIHATECA BO BHEIHHOCTH cdepEl,)

Pue, 26.11. BHelIHOCTh chepPH ANEKCARACPa HEOAHOCBAIHA

HTak, BHELIHOCTh poraTod cdepH He OAHOCBA3HA H, CJIeJOBATENBHO, HE ro-
MeoMopdHa BHeIMHOCTH O6HYHOI cdephl. ITO MOKA3HBAET, YTO MMIOTETHYECKAA
MPOCTPaHCTBeHHAR Bepcns TeopeMsl lléHduuica HeBepHa.
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26.6. A no-ApPyroMy MOXKHO?

Tenepp HaM Jierko GBITH YMHBEIMH. MBI MOXKEM BHITATHBATh pOra HE HapyXy
cdepbl, a BOBHyTpPb; Torza noixydurcs chepa, BHYTPEHHOCTh (2 He BHEIIHOCTB)
KOTOpoii He 6yzeT roMmeoMopdpHa BHYTPEHHOCTH OOBIYHO# cdeprl. Win MBI MO-
3KeM BBITAHYTb JiB€ IIaphbl pOroBs, OAHY BHYTPb chepHl, a APYTyI0 — HapyXy; Toraa
U BHEIIHOCTb, ¥ BHYTPEHHOCTh 3TOM ITOBEPXHOCTH OYAYT He TaKUMH, KaK y 0ObI4-
HoM cdephl (T. e. He ByAyT OAHOCBASHEIMU). VIl MOXKHO BHITAHYTH He AB€, a, CKa-
KeM, ABaAuarh gBe (WM ABECTH ABaJIATh [IBE) Naphl POrOB, HEKOTOPhHIE HAPYXY,
a HeKOTOpHIE BHYTPb, U CBA3aTh UX APYT C APYroM KaKHUM yroaHo crmoco6om. Ho
3TO pa3Hoobpasue BO3MOXKHOCTe GoJbllie HAC HE YAUBIAET.

26.7. 3axmoueHHe: JaJbHEHIINE pe3y/IbTaThl

In1 roas! M JeCATIWIETH MTOCJIe OTKPBITHA AJIeKCaHZepa, a TOIOJIOroB Bce He
oCTaBJIsIa HaZIeXK/ja, YTO NPOCTPaHCTBEHHAas Bepcus TeopeMsl LIIéH¢umica MoxkeT
CyILIeCTBOBATh: HAZI0 TOJILKO UCKJIIOYMTh U3 PACCMOTPEHMS CJIUIIKOM 3aMbICJIOBa-
Thie MOBEPXHOCTU. YTO MONyduTCA, €Ciiu 6paTh noausdpanshule cHephl, TO €CTh
cdephl, CKIeeHHble U3 KOHEYHOTO YHCJIa [UIOCKMX MHOTOrpaHHMKoB? W mia Ta-
KHX ImoBepxHocTeli Teopema IlIéHunca oka3anach KpENKHUM OPELIKOM, HO BCE JKe
B 1960 rozy ee yzanoch Joka3aTh aMepUKaHCKOMY Torosiory Moproxy BpayHy (ua
camoM aejie BpayH fjoka3ai cBOIi pe3ysbTaT A1 6o/iee IMUPOKOro Kiacca MOBEpX-
HOCTe}i; CM. Ha4yaJio CJIEAYIONIETO IyHKTA).

Teopema BpayHa Takke HUMeeT MeCTO B BBICIIUX pa3MepHOCTAX. OZHAKO B BhIC-
[IMX pa3MEPHOCTAX Aake NOJHApajbHble chepbl MHOTAA JOCTABISAIOT CIOPIPH3BL.
Hampumep, B 1970-x rogax P. Kup6u u JI. 3ub6eHMaH MMOKa3ajM, YTO ABE IOIM3/-
pasbHble cheprl B YeTEHIPEXMEPHOM IPOCTPAHCTBE, OAHA U3 KOTOPHIX JIEXKUT BHYT-
pH Apyroii, MOI'yT OrpaHMYKBaTh 06/acTh, OTIMYHYIO OT CTaHAAPTHOM 06JacTH,
OrpaHHYeHHOM JBYMA OOGBIYHBIMM KOHIIEHTPUYECKUMHU chepaMH.

Bce 310, BIpoYeM, BHIXOAUT 32 PAMKHU HAIIUX TEXHMYECKMX BO3MOXKHOCTE.

J>xo3ed AnekcaHaep Kamwul XKopzaaH
1888—1971 1838—1922
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26.8. Ynpasxienus

ToBepXHOCTE § HAZHBASTCA ROKAALHO ILIOCKOL B TOUKe P €8, €CJIH CYINecTEyeT
roMeoMopHMaM ManeHBKOTO Lapa B ¢ HeHTpoM B Touke P M gpyroro mapa B,
oTo6paXacIuii epecedeHne B NS B mepecedeHre B’ ¢ mrockocThio. TeopeMa
Bpayna (cM. 11. 26.7) yTBepX/aeT, YTO eCTH MOBEPXHOCTb B IPOCTPAHCTBE FOMEOD-
MopdHa chepe U ABNAETCA AOKAALHO IJIOCKOH BO BCEX CBOMX TOUKAX, TO OHA pa3-
GHMBaeT MPOCTPAHCTBG Ha ABe YacTH CTAHZAPTHOrO BHAA.

26.1. B xaknx Toukax chepa AnekcaHzepa He ABJAETCA JACKANBHO IUIOCKOI?
(onnuKTe 3TO MOAMHOMECTBG Ha cdepe 10 H nocie gedopmaunn). CdeTHO 3TO
MHOXECTBO HAH HeCIETHO?

JlanpHeiflIMe yIIpaxKHeHHA He CBA3AHBI HENMOCPEACTREHHO o chepoii AexcaH-
Ziepa, HO B HAX ONMUCHIBAIOTCT KOHCTPYKLMH, CXOAHEIE ¢ Heif mo ayxy. Haunem
¢ KaCCHYeCcKOoro KaHTOpoBa MHoOecTBa. BoabmeMm orpesok [0; 1). Bei6pocHM us

HEro CPEAHION TPETH, (% N %). 3aTem BBIGPOCHM CPEAHOK TPETH H3 KNKIOro U3

OCTABUIMXCA OTPE3KOB, T, €, BHOPOCHM HHTEPBAIH (%, % H (%, %) 3areM BH-
6pocHM CPeIHIOK TPETh U3 KaXKAOTO U3 9eTHPeX OCTABIINXCA OTPE3KOB, H TAK Ja-
siee. MHOXeCTBO, TOMYYAEMOE B PE3YIETATE 3TOT0 OECKOHEMHOTO NPOLECced, Ha3k-
BaeTcA KAHTOPOBBIM MHOKeCTBOM, OG03HATHM ero 9epes C, a ACMOAHEHHE K HEMY
qepes D.

26.2. (a) HokaxuTe, 4TO l, %, % eC.

(6) Bonee obumM obpa3oM, nycTs x = [0,d,d,d;...]; ~ NpeacTaBNeHHE quC-
JIa X B CHCTEME CYHCHECHWA C OCHOEaHHeM 3; BHIHMIONTE YCIOBHE TOrO, YTo X €C,
B TepmuHax nudp d;.

Janee, onpegennm Gynrunio Kauropa y: [0;1] = [0; 1], Jaa x e (%, % TONO-
UM y(x)= % JLAs ABYX MHTEPBAJIOB, BEIGPOIICHHHX Ha CIeAYIOLEeM LIare, (-,15, %—)

3

H (% N % , MONOMKUIM 3HAYEeHHe HaLmei II)YH}(LIPIH PasHBIM COOTBETCTBEHHO % H i

JAna yeTHpeX HHTEPBANOE, BHOPOHIEHHBIX HA TPeTHEM Inare, ITAXOKUM Hally ¢yH-

KIDIo paBHOIA -51;-, %, -g— H -g—, H Tak janee. Jta npoueaypa 3agaer GyHKuHIo Ha D.

26.3. (a) Hoxaxre, 9T0 AN BCAKOrO X € C CYIHECTBYeT eJHHCTBEHHLIN Y €
€ [0; 1], ana xkoroporo y(z) <y Ana Beex 2 [0; x)UD w y(2) 2 y AnA Beex z €
e(x,1]uD.

MonoskumM y{x)}= y. HecJIOMHO BHAETH, YTO ¥ — HEHpPEPHBHAA MOHOTOHHAA

(6) BeraMcmuTe T('}f)’ r(%)

(8) Bonee obum oGpasom, nycTh x = [0,d,d,da... 1. HaliauTe npescrasaenue
wicna y{(x) B ABOMYHON CHCTeMe cCuncAeHus.

(r) TokawuTe, UTO eCIH X PAIMOHANBHO, TO M v{(X) palMOHAAEHO.

Teneps onpegeauM KpHByio [leaHo B KBagpaTe

;1P ={(x,y)|0<x<1,0< y <1}
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Mycrs F: [0; 11— [0; 132 — HenpepriBHAaA KpuBad, 411 koTopoii F(0)=(0, 0), F(1)=
=(0, 1). KoopauHats! ToIku F(t} Oynem oGoanauaTe depes (f(t), g(t)). Onpeae-
aum xpuByio F: [0; 1] — [0; 11° npu momomu popMyast

r(%g(‘"t)x '%'f(‘“f)), e 0 <t < %,

1 1 1
£(t) = (E(f(4t—1)+1), 5g(4t—1)), ecnu % <t€ 3,
(LsG-40+1,1- Lg3-40), eemlse<d,

| ($ata—a0), Lf(a-40)), cem3 <t

OnuineM TO e CaMoe CIOBAMH: MEI CKHMAaeM KDHBYKD F B Macimrabe 1:2
H COCTAB/IAEM HOBYIO KPHBYIO H3 UeTHIpeX 3K3eMIUEIPOR oxaTolt KpiBoil, noBepHy-
TEIX, OTPAKEHHEIX M CABMHYTEIX HafexaiuM cOpazoM (cM. pHc. 26.12). HayuHas
¢ TIPOK3BONbHOM KpHBOH F, MBI MOXEM NIPHMEHHUTD ONKCaHHOe NpecbpasoBaHie
6eCKOHEeIHO MHOTO paz. O6o3HaYMM KPHBYIO, KOTOpas NONYYHTCH B ITpefene, de-
pea P: [0; 1] — [0; 1]%; aTo xpusasa ITeawo.

7 <

NE/\ %3 37

Puc. 26.12. Kpusas [eano

26.4. (a) JokakyTe, YTO 3TOT IPeAe) CYIIECTBYET H ABIAETCA HermpephIBHBIM,

(6) JoxaxuTe, YTO ATOT MpeAea He 3aBHCHT OT M3HavansHoMH kpusoit F (npu
YCTOBHH, YTO OHA HeNpeprIBHA U coefuHaeT ToukH (0, 0) u {0, 1)).

(8) MokaxuTe, wTo AiA moboit Touxn (x,y) € [0;1]? cymecTsyeT sHaueHue
t € [0; 1] (BO3MOXHO, He eAUHCTBEHHOE), Ans Kotoporo P(t)=(x,y) (apyrumu
cnoBaMM, KpuBas [leaHo 3anoaHAeT BeCh KBA/(PAT).

(r) Hatigure P(%), P(%)

(n} Jyia aanHoro t = [0,d,d;d;... ], HakiauTe (B ABOMYHOM cHCTeMe CHUCITEHHA)
KOOPAHHATH TOUKH F(t).

(e) TpoBepkTe, YTO eCAM ¢ PAHOHANLHO, TO KOOPAHHATH TOMKH F(t} Towe
PALMOHANBHEL
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Jexunsa 27

BeiBOopaunBaHHE KOHYyCaA

27.1. 3apaua
PaccmorpuM ABe yHxuME fi(x, ¥)= v/ x2+ y? u fi(x, y)=—+/ x2+ y2, onpe-

JeJeHHBe Ha IVIOCKOCTH, K3 KoTopoi BROpomeHo Havano koopaAuHat. Ux rpagu-
€HTH — 3TC IIOCTOAHHEIE PaJHalbHEIE BEKTOPHEIE NoUld, Halpas/eHHbIe OT TOYKH
{0, 0) 1 x Touke (0, 0) COOTRETCTBEHHO; cM. pHc. 27.1. HecnoXHO NpexbABUTEL fe-
¢dopManuIo, NpeBpalnaloLIyIO TIEPBOE NMOJIE BO BTOPOE M 061aAaloNyio TeM CBoit-
CTBOM, YTO HHMKAKOii H3 BEKTOPOB KHKAOr0 NPOMEXYTOUHOTO No/A He ofpalnaer-
¢A B HyNIb, NPOCTO NOBepHEM KaXAHIT BeKTop Ha 180 rpafycos.

N/
ANVA

Puc. 27.1. PaguanpHele NO/A, HANPapAeHHHE 13 Havaa M K HaYany KOOPAHHAT

Ho MOXHO 1M NPON3BECTH TaKyio AedopMalMio B KT1acce HEeBLIPOKACHHHIX 2pa-
GueHmHbIX BEKTODHEIX Noneil? JAPpyrHMHU CAIOBAMH, MONCHO JIU BICHIONUMY yHKyuy
folox, ¥) u fi(x, ¥) 8 odxonapamempurieckoe cemeiicmeo 2nadwux dynkyuil f.(x, y)
Ge3 Kpumuueckux mouex 8 nPOKoAomoil MIocKocmiL, HenpepsisHbiM 06pa3oM 3a6u-
cawee om napamempa t? dry 3afady Ml ¥ 06CYAHM B 3TOM JICKLIHH,
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JaHHan 3afaqda He CTONbL HEBHHHA, KaK KayKeTCsA Ha nepBrIA B3mag. Ecan npo-
CTO CMOTDETh Ha TPAaeKTOPMH BeKTCPHOIO MOJH, TPYAHO CKA3aTh, ABIASTCH JIK
OHO TPAaJHEHTHHIM NOJeM HexoTopol ¢yaknuu, Hanpemep, none Ha puc. 27.2
HE TpajHeHTHOe: OHO COBEpHIAST HEHY/ERyI0 PaboTy BAOAE OKDYXKHOCTEH ¢ LieH-
TpoM B Hyae. (HanomuHanwe m3 ¢uauku: pabora, copepmiacman cuaoit F npu
JABIKEHUH BAOAb KPHUEBCIH ¥, €CTb HHTErpan BAGAE KPUBOH J‘Y F -ds. PaGora, coBep-

maeman KOHCEPBAaTHBHOMN CIUIOH, T. €. rPaZueHTOM QYHKUFH MOTEHLUANA, BAOTE
3aMKHYTOH KpHBOi, BCcerlla papHASTCA HYMW.)

Puc. 27.2. D10 HloAe He ABAACTCA TpajiHEHTHBIM

ATy e 3ajady MoxHO copmyruporaTs Gonee reoMeTpudecKHM obpazom.
NycTe S, —rpadpnx dyuxuun f,(x, y). [loBepxHOCTH Sy H S| ABNAIOTCA KOHYCAMH,
cM. prc. 27.3. Mu xoTHM npoaedopMHPOBATE OAUH KOHYC B Apyroil (B xmacce

Puc. 27.3. MOXHO TH RONYIUTE W3 JIEBOrO KOHYCA MPaBHli Tak, YTofbl KacaTenbHad 1woc-
KOCTE HH B KaKoH MOMeHT He Oblna OH FOpH3OHTaNbHOIH?

NOBEPXHOCTEH, KOTOpHE BIAHMHO OJHO3HAYHO OTOBPaXKAIOTCA Ha MPOKWIOTYIO
IUTOCKOCTE, T. €. ABMAIOTCA rpadixaMi GYHKLKH, onpefeleHHEIX HA MPOKGIOTON
IUTOCKOCTH) TakuM ofpazoM, YToOE KacaTeNbHad IMIOCKOCTE HI K Kakoi npome-
JKYTOUHOI! TOBePXHOCTH §, HH B KAKOI TOUKe He ABAANACH TOPH3OHTAAbHOMH, Jlelt-
CTBHTENBHO, KaCATEJIbHAA TUIOCKOCTh ABASETCH TOPHIOHTAABHON B TOYHOCTH TO-
TAa, Korga ¥ GYHKLUHH WMeeTcs KpUTHYEeCKAd TOYKa, M ee TpajiHeHt ofpaujaerca
B HY7Ib,
B cleAyiomeM NyHKTe MHL IIOCTPOHM TaKoe BHIBOpAaYHBAHUE KOHYCA.



Jlekidsa 27. BHBOpaYMBAHUE KOHYCA 409

27.2. Peurenne

Bo-nepBriX, HaM GyfeT yAoOHee MMeTh AeNo He ¢ IPOKOJOTOH IIOCKOCTBIO,

a ¢ KONLLOM, CKaXXeM, 3a/laHHBIM HepaBeHCTBaMK 1 € ¢/ x2 + ¥2 £ 3. Tnagkoe oT06-
paxkeHue, 3ajaBaeMoe B TIONIAPHEIX KoopAWHaTaX GopMyaoii

(a,r)— (a r—l

>3 _p ]
OTOWALCTRIACT KONBLO K IPOKOROTYIO ILTOCKOCTR, U PelleHHe Halell 3aja4u B ofl-
HO¥ M3 3TuX o6aacreil jaeT pemieHHe Bo Bropoii obnacTH.
BoT ABHOE onHcaHHe 3Tol Aedopmanni. [10BepxXHOCTE S, 3ajaeTcs YpaBHEHH-
eM
z(a, r) = g.(a}+0,25(r — 2)h,(a)

B IPUIHHAPHYECKUX KOODAKHHATAX (@, ', 2); 38eck 0 S a € 2m, 1<r<3, a t H3MeHH-
€TCA OT HYAA JIO eAMHALE. PYHKIMH g, U I, TaxORb:

g =4tsina, h,=(1-2t)+4tcosa mpe t € [0; 0,25];
g=2(1-2t)sina+(4t—1)sin2¢, h,=cosa+(1-2t} npute [0,25;0,5];
g =-2(1-2t)sina+(3—-4t)sin2a, h, =cosa—(2t—1} nput < [0,5;0,75];
g =-41-t)sing, h,=-—(2t—1)+4(1—¢t)cosa npH t € [0,75; 1.

3aech MOKHO 6110 651 H OCTAHOBHTECA: GOPMYAH HAMHCAHH, H TPYAOTIOGH-
BOMY YATATENIO0 HHYTO He MENIAeT NPOBEPHTD, YTC ¥ IIOBEPXHOCTEH S, HUTAe HeT
rOpPH3OHTAABHEIX KACATEABHBIX TAOCKOCcTeH (T, e, v GyHKIHE 3, HeT KPHTHYECKHX
touek). Ho, pasyMeeTcd, ¢ Hac ipuuMTaeTcd ofbACHEHHE.

O6vacHnM, oTKyZa 6epyrca a4 GopMyns!. TIoCKOMBKY M HaYaAbHAA, M KOHed-
HafA GYHKUUK JHHERHBI TIO 7', eCTECTBEHHO HCKaTh QYHKIMIO Z, B BHAe

z(a,r) = gla)+elr - 2)h,(a),

rae § U h — nepuoandeckue GYHKIUY, a £ — AOCTATOYHO MajHi mapaMerp (ero
3HayeHKe B HamKx GopMyaax pasHo 0,25). HayaapHHI KOHYC COOTBETCTBYET (iyH-
KM go{a) =0 u hy(a) =const > (; KOHeYHBIH KOHYC COOTBeTCTBYeT gy{a)=0
u hy(a)=const <0,

BoaMmoxkHo, 6yIeT NoHATHeE, ec/IH NpeACTaBHTE cebe MOBEPXHOCTh S, KAk 3a-
MKHYTYIO BEPEBOYHYIO JIECTHHLY, YCTPOESHHYIO CAIeAYICITHM 05pa3oM: K LeHTPATb-
HOH BepeBKe — 3aMKHYTOH KpPHBOH

z=gl(a), 0Lag2n, r=2,
TIPMBA3AHHI TIEPENTAZHHH, MPEACTABIA0ILME coB0H paaHaNbHBE OTPE3KH
z=ga}+e(r-2h{a), a=const, 1l<r<3

¢ HaknoHoMm gh, (). CHAYANA NEHTPANbHAA BEPEBKAa SRIASTCA TOPH3OHTAABHOM
OKPYXHOCTBIO, 4 HAKJIOH BCeX MepekNaZnH MoNokuTeneH. B KoHle ueHTpaNbHasA
BEpEBKa OIATL IIpeAcTapiseT cobol rOpHsOHTANBHYIO OKPYXKHOCTb, HO HAKJOH
BCEX NepeKNagiH OTPHLATEIEH.,
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Puc. 27.4. JedopManpa: reoMeTphis, CKpHBaOIIAACA 3a GOpMyAaMH

B nponecce gedopMaiii MEL XOTHM M36e)xaTh CHTyaLWi, Koraa ¥ HeHTpalb-
Hasf BEPEBKA, ¥ CTYTIIEHBKH OAHOBPEMEHHO OPUIOHTANLHEL, UTaK, dyHKUHK

dg, dh,
i(:) +e(r— 2)——3-5?-1 u ha)

He AO/DKHEI KMeTh oGux Hyteil. EcIu A4 HeKOTOPOre £ HUKAKYE HyAN QYHKIM

29w h@

da
He COBIIAJalOT, TO e caMoe BepHO H ANA HyNeil byt
dg,(a) _ dh.(a)
“da T ¥ hla)

NpH A0CTATOYHO MajAOM E.
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Pruc. 27.5. JIUHWM YPOBHA $YHKUMWI 2, ipu t=1/8, 1/4, 3/8 n 1/2

Teneps cTpaTerud AcHa. Bo-IepBRIX, caenaeM HeHTPANBHYIO BepeeKy (T. e, rpa-
v pyHrumy g{a)) HETOPH3CHTANBHOM KPUBOL; TTOCAE STOTO MBI CMOXKEM CHO-
KOMHO MEHATEH HAKIOH NepekiafnH (T. e. 3Hax dyHxuuu h{a)) ¢ IeNOKRTENBHOTO
Ha OTPHUATeNLHEIA Ha €e HeropH30HTAABHBIX YY9acTKax.

Ipaduy dyrxuit g.(a) uzo6paxeHs! Ha prc. 27.4 ciepa. OHM HAapHCOBAHH
CIUIORIHEIMH M ITYHKTHPHBIMH JTHHUAME; CIUIOIIHAA JIHHNA O3HAYAET, 910 (yHK-
nua h(a) monoXKUTeNbHA, a MyHKTHPHAA — 4To h{ ) oTpUnaTeNbHa Y COOTRET-
CTBYIOILMX 3HAYEHUAX d. PHCYHOK, COOTBETCTBYIOIIMII cepeAuHe BPEMEHHOTO HH-
Tepsana, t = 1/2, CHMMeTpUMEeH OTHOCHTE/LHO oOpalleHHsT BPpeMeHH [ — 1 —t;
C3TOTO MOMEHTA TOT Ke TPOLECC NPOCTO NOBTOPAETCA B O0DAaTHOM HallpaBlIeHKH.
Cnpaea Ha puc. 27.4 uacHpaxeHa cOOTRETCTRYIOMAA AedopManpa rpafdeHTHRIX
BeKTOPHBIX Tioneli, 9To AaeT OTBET HA HCXOAHBI BONPOC.

Ha prc. 27.5 noxazaHbl THHHK YpoBHA GyHKEMM %, Tput=1/8,1/4,3/8m1/2,
a Ha puc. 27.6 usofpakeHa BcA AedopMalyA OT HAaYala A9 KOHUA.
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Puc. 27.6. BelBopauKBaHHe KOHYca: OT Hadana A0 KOHLA

27.3. KomMenTapuu

CymecTeoBaHNe fedopManyi, IOCTPOEHHOH B 1L 27.2, CIeAyeT H3 TEOpHH h-
MPHHOKHNA — AKTHEHO paseuBaiomerca obractyn anddepeHIMaNLHON TOONOTYH.
Ha caMoM gene cyiecTrOBaHKe TAKOH AehOPMALIMK ABIACTCH HEPBHM MPHAOKE-
HueM h-nprHAna FpoMoBa, obcyxpatoinerocs B kHure [13] (pazaen 4.1); apHan
KOHCTPYKIMA Takoli ge¢opMalifii B 3TOH KHHTe MPHBOJHTCA B KaYecTBe YIIpaikK-
HeHud, Hama KOHCTPYKIMA CCHOBaHa Ha crartke [83]. HackonpKo HaM H3BECTHO,
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3ajaya, paccMaTpHBaBIIAsACA B 3TOH JIeKIUH, 6pUTa ocTtasieHa M. A. KpacHocess-
cKMM B 1970-x rozax B €ro JIEKI[HH, O3ariaBJeHHOM «MaTreMaTHYeCcKUil JUBEepTHUC-
MEeHT».

OxHOM M3 paHHMX NpeJIIeCTBEeHHUL] TeOpUH h-NPHHIIMIA CTaja TeopeMa YHUT-
HH, KOTOPYIO MBI 06Cy>kAiamu B tekuuy 12; BroiBopaunBaHue cephl, TAKKe YIIOMH-
HaBllIeecs B TOH e JIEKIUH, eCTb Jpyroe BOIUIOLIEHUE TOii ke TeopuH (6osiee TOY-
HO, TeOpuH MMMepcuit CMeitta—Xupa). Taxoke yIoMsaHeM Apyroii 3HaMeHHUTHIH
pesynbTaT — TeopeMy Hama—Kiofinepa o anddepeHIupyeMbIX O0TOOpaKEHHSX,
He ABJIAIONMXCA ABaXAb AnddepeHIupyeMbIMU. Mbl He GyaeM ¢popMyIMpoBaTh
caMy TeopeMy, HO BMECTO 3TOTO YIIOMSIHEM OZHO U3 €€ YAUBUTEJIbHBIX C/I€ACTBHUIA:
npy oMoy AuddepeHIUpyeMbIX OTOOpaXKeHUH eAMHUYHYIO ChEePY MOXKHO H30-
METPUYHO BJIOXKHMTh B LIAap CKOJIb YTOZHO MAJIOro pazuyca (3TO HEBEPHO s
HM30METPUYHBIX BJIIOXXEHHI IIPY IOMOIIM ABaXXAH! AnddepeHnpyeMbIX oToOpaske-
Huit!).

Muxann JleoHWAOBUY Moppuc Xupm Mapk AnekcaHApPOBHY
I'pomos, p. 1943 p. 1933 Kpacnocenbckuii
1920—1997
I
Huxonac Kioitnep JbxoH Ham CruBeH CMmeiin

1920—19%4 p. 1928 p. 1930
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274, YnpaxHeHNs®

271 (a) TlocTpoiite dyHKUMIO ABYX MepeMeHHEIX, Y KoTopoil HMeloTca ABa
JIOKANBHEIX MaKCHMyMa, HO HeT JIOKAJNBHEIX MAHHMYMOB M CeJIOBHX Todex. Ha-
pucyiire RUHAH YPOBHA H IPaAHEHTHEIE KPHERE 3TOH GYHKIUN.

(6)* MosxkeT nu Takas GyHKIMA OETE MHOTOWIEHOM?

27.2. (a) Ioctpofite ¢yHKIMIO ABYX MePeMEHHEIX, ¥ KOTOPOH TOABKO OAHMH
JMOKaNBHB MHHHMYM M Gojbllle KPHTHYECKHX TOYEK HeT, IPHYeM STCT JIOKATb-
HBIH MUHHMYM He ABJASTCS aGCOMOTHHM MHHHMYMoM. HapucyitTe nrHHM YpOB-
HA H IpajIteETHEIE KPUBHE 3TOH QYHKIMH,

(6)* MosxeT ni Taxas QyHKIUA OHITH MHOPOWICHOM?

27.3** [lyctb f(x, y)=cosx cos y. KpuTHueckue Todku pyHKmy f obipasyior
pewmerky {7tk /2, nl/2), rae k + 1 9eTHO. PacCMOTDHM ABa HEBBIPOXCHHEIX BEKTOPD-
HBLIX NOAA Ha AONONHEHMH K 5Toi pemeTke: rpaamerT qyrxuun f(x, y) u rpaau-
eHT dyHKkUHH — f(x, y). [locTpoiiTe HenmpepHEHYIO AedOPMAMIO OT OJHOTC BEX-
TOPHOIO NOJA A0 APYTOTO B KJIACCe HEBBIPOXACHHBIX TPAAHEHTHEIX BEKTOPHBIX
noneii.

KOMMEHTAPHI, AHAMOTHYHOE TIOCTPOEHHE MOXHO OCYIIECTBHTS AnA moboi
agxoil GYHKUMH ¢ M3OAHPOBAHHEMH NOKANEHEIMUY MAKCHUMYMAMM, MEHUMYMA-
MH H CEJICBEIMH TOYKAMH.

27.4, TocTpoitre MHOTOYICH OT ABYX IIePEeMEHHEIX, MHOKECTBO SHAYCHHUI KO-
TOpoOro ecrs Ay4 (0, co),

KomMEHTAPMIA. [lo cymecTBy Takad xe 3aja4a lpenaranacs B 1969 rogy ua
ITyTHaMOBCKOH onummuaze’. Tonsko 1% YYaCTHHMKOB MOMYYIUIH 34 BTY 3aja4y 8,
9 unu 10 ouxos. Korza roroBwiock 3afaHre, OpraHH3aToOpPE GEUIM YBEPeHH, 9TO
MHOrO4MeHa ¢ YKA3AHHEIMH CBOHCTBAMHU HE CYIECTBYET.

1BccaMepHKancian cTyaeHYecKan (IMMIHAZS Mo MaTeMaTHRe, — Hpum. ped.
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Jexnua 28

BUAbAPABI B /UIKICAX ¥ TeOAe3NYeCKHe
Ha JUIUIICOMZAX

28.1. Inockue GUALAPARI

BUabIpA — 9T0 AMHAMHYECKAT CHCTEMAa, KOTOPaA OTHCHIBAET ABMMKEHHE CBO-
GonHoil TOYKM BHYTPH IUIOCKOH 001aCTH: TOUKA ABIKETCH MO IPAMOIH ¢ MOCTOAH-
HO¥ CKOPOCTBIO M OTPaXKAETCA OT FPAHHMIIE COVIACHO XOPOIIO 3HAKOMOMY 3aKOHY
reoMeTpryeckoif OlITHKY «yTOA NAAEHAA PaBeH YIVIy OTPaXeHHA», MOKHO TaiKe
MpeACTaBAATE cebe JMYYH CBeTa, OTPAKAKINNECA OT HALANEHO 3epkanbHol rpa-
HULEBL. M 6yZeM paccMaTpHBAaTE GUALAPAHEIE CTONbI, OrpaHHYeHHEIE TIAAKHMHE
BHITYKIBIMH 2aMKHYTHIMH KPHBEIMH Y.

BunbApAHOE OTPaKeHHe — 2TO OTOOpaKeHHE, KOTOPOe NMePeBOAHT BXOAALIYIO
GHABAPAHYIO TPAEKTOPHIO B NCXOAALYI0, Mbi 6yzeM o6o3HayaTts ero yepea T, Otob-
paxeHue T AeHACTBYeT Ha MHOXKECTEBE OPHEHTHDOBAHHEIX NPAMBIX, IEPECeKafOmAX
GMABADAHEIN CTON; eC/IN IPAMAA KacaeTes TPAHMIE, T OCTARMSET ee HelOABIKHOH.

OpHeHTHPOBAaHHYIO IPAMYIO MOYKHO 33IaTh ABYMA TOUKAMM ee [epecedeHHs
¢ rpannuHoit kxpueoii y. OroGpaxenne T MepeBOART NPAMYIO Xy B TIPAMYIO YZ,
CM. pHc. 28.1.

3aKOH OTpaKeHHA MOXHO HHTepIIPeTHPOBATEL KAK pelleHie HEKOTOpol KCT-
pemassHoi sagayn’, [IpeanoNoKIM, 4TO X U Z QHKCHPOBAHH, 8 ¥ MOXET MEHATHCA.

Tax e KK M MHOTHe ApyrHe QH3MYecKye 3aKOHEL 3aKOH, OMMCHEBAIOIMI PaCTIPOCTPAHEHHE
CBeTa, HasblpaeTeA MpuHIMnoM Pepma: CBeT «BHIGHPAcT» TPAEKTOPHIO, TIO3BMIAINIYI0 JOOPATLHCA H3
OAHOH TOUKH B APYTYIO 33 KpaTJaililee Bpems.
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>

Puic. 28.1. Buneapg

JIEMMa 28.1. Yeaw, komopsle npamsie Xy u Yz cocmdensiom ¢ kpusoil y, pas-
Hbt moz2da u moneke mozda, ko2la y asnaemea kpumuuecioil mouxod dynxyuu
oyl +1yz|:

ooy + |yzl) -
ay

JOKABATEARCTEO, CHavyana mpeanoaoKiM, YTo TO9Ka y He oOg3aTeNbHO jie-
WHUT Ha KpHBoi v. TpaauenT GyHKIwH |xy| ecTs eJUHHUYHBIN BeKTOp, HaNpaB/ieH-
HHH H2 X B ¥, 2 IpafAHeHT QYHKIHY |y%|— eAMHNYHLI BeKTOp, HaNpasIeHHbIH
U3 Z B y. B caMoM gefie, eclu Xy -— NpyXKKHA, OJHH KOHEI|, X KOTOPOH 3aKpervieH,
TO BTOPO#H KOHell ¥ GyAeT ABUraThcA K X ¢ €AUHHYHOH CKOPOCTHIO,

Touka y, nexalas Ha KpUBoii v, ABiageTca kpuTHIeckoil Touko# 113 GyHKIHU
[xy]+ [¥2| TOrAa M TONBEKO TOTAA, KOTAa CYMMa 3THX ABYX 'PagHeHTOB OPTOTOHANb-
Ha ¥ (3T0 mpHHLMN JlarpaH:ka, H3BECTHHE M3 MaTeMaTHyeckoro aHanw3a). Ilo-
C/lefiHee YOIOBHE PABHOCKHIBHO TOMY, UTO TIPAMEBIE Xy H ¥Z COCTABJIAIOT C ¥ pABHEIe
YTIIEL

Ha siabIxe MeXaHWKH 3TO O3HauaeT cregyoliee. Ha Touky y (wim, ny4nie cka-
3aTh, WAPHK ¥, HAAETHI Ha «[IPOBONCKY» Y) ASHCTBYIOT ABEe eJMHWYHBIE CHIRL,
NMPOM3BOANMEIE YTIPYTOl IPY:KHMHOM: 0AHA HaNpaBAeHa H3 ¥ B X, a pyrags —H3 y
B 2. Touxka ¥ HAXOAWUTCA B PaBHOBECHH, eCiiH paBHofelicTRyIOMIad 3THX CHI nep-
TIeHAHKYAAPHA T.

Kak ynmoMuHanoch B e 19, CyllecTEYeT JMeMEHT IVIOWAAH, HHBAPHAHT-
HBI OTHOCHTENbHO PAacCMATPHBAeMOro OuabApaa. UMeHHO, TaKoB MeMeHT IU1O-
1HaH B HPOCTPAHCTEE OPHEHTHPOBAHHEIX NIPAMBIX Ha TLIOCKOCTH, H3YYEeHHIO KO-
TOPOro NMOCBARIeHA Nexuud 19, Tenephb MBI BEIBeAEM 3TOT GaKT H3 BApHAIIHOHHOTO
TpuHIMAa, chOPMYIHPOBAHHOTO B AeMMe 28.1.

NapaMerpusyeM KpHBYIC Y ANMHOI YTH, H MYCTE X M Y — ABA 3HAYEHMA TIa-
pamerpa, T.€. ABe TOYKM Ha KpHBoH. Toraa mapy (x, ¥y} MOXKHO paccMaTpUBaTh

0. (28.1)

14 3ax_ 3647
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KaK KOOPAHHATY B TPOCTPAHCTEE OPUEHTHPOBAHHKIX MIPAMBIX, epecekalomux 6u-
JBAPAHBIR CTOM.

TEOPEMA 28.2. 3nemenm naoujadu

62
wix,y)= a}!g} dx dy (28.2)

uHsapuaxmen omuocumensvto bunbapda T.

TIpex e 9eM NEPeXOAUTE K AOKA3aTeNbCTBY, CAeNaeM ofHO HeobXozumoe mo-
AcHeHue: dx dy — 3T0 OpUeHMUPOGAHHAA TWIOMAAL GeCKOHeYHO MaIOi KIeTKH,
CTOPOHH KOTOPO#H NapannenbHEl KOOPAHMHATHLEIM OCAM H MMEIOT AMHHH dx u dy.
B sToM cMeicae dy dy =0 1 dx dy = —dy dx. (C MareMaTiueckoil Touk# 3peHHA
npaswibHO 0603HaYaTh 3Ty Miomaab dx A dy. BHenrHee npoH3BejleHHe KOCOCHM-
MeTpHUYHO.)

JoxazaTEAsCTBO. TMpoauddepeHunpyem pasencTso (28.1):

3|xy| 3% |xy 3|yl PFys| ,
%0y dx <+ Ay dy + 3y dy + 3y 9% dz =0,

a 3aTeM YMHOXHUM pe3yabTaTr Ha dy. C yueToM coorHomeHH| dy dy =0u dzdy =
=—dy dz MBI HonyINM

Py _ @lysl
wdxdy = 3y oz dy dz.

TNocnegnee papeHCTRO O3HAYAET, YTO w{X, ¥) = (¥, 2), KAK H YTBEDHAANOCD.

28.2. OnTHYeckHe CBOCTBA KOHHK

leoMeTpUYeCKH JVIUTIC OTIPEfie/IAeTCA KaK FeOMETPHYECKOE MECTO TOYEK, CYM-
Ma pacCTOAHUE OT KOTOPHIX A0 ABYX JAHHEBIX ToueK Fy u F, mocToAHHA, TOUKH
F) u F, HasuBawTca GoKycaMH autHIca. MOKHO MOCTPOHTE WUIHIIC ¢ TIOMOWBIO
BepeBKM, IPHKPENHEB ee KOHHE K (okycaMm; cM. puc. 28.2. Tumepbona onpeae-
JIAETCH AHAJIOTHIHBIM 06pa3oM, TWIBKO CYMMY PacCTOAHHI HY:KHO 3aMEHHTB Ha
MOZAIb HX pasHocTH. HakoHel, napaGona — 3T0 reoMeTPHYECKOE MECTO TOYEK,
PaBHOYAAJIEHHBIX OT 3afaHHo# Touxn (Qokyca) M 3afaHHOH npaMofi.

X

Fy F,

Puc. 28.2. BepeBouHad KOHCTPYKIMA SAAuUnca: JF) X|+|F,X|=const
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Cnefyiolliee ONITHYECKOE CBOHCTBO KOHMK OBUIO M3BECTHO €lIe APeBHHM rpe-
KAM.

JIEMMA 28.3. JIyw, ssixolmyull uz Goxyca aAnunca, npu OMpaidcentil nepexo-
dum 8 ayv, codepacaujuii dpyzoil goxye.

HOKASATENLCTBO. MBI XOTHM AOKA3aTh, UTO YIVIAL, COCTABIEMALE OTPEIKaMH
FiX u FX c annmuncoM Ha puc. 28.2, papHHL.

[Ipeanono:KuM, 9To Togka X MOXKeT cBOOOAHO MepeMeINaThCA TI0 IWIOCKOCTH.
JwHne — 370 JTUHUA YpoBHA QyHKIHA f(X) =|F X|+ |F; X]|, a rpagveHT pyHKIKU
OPTOTOHANEH ee JIMHWAM YPOBHA. Kak MBI BUAGNH B I0Ka3aTeAbCTBE JJeMMB! 28.1,
rpagueHT ¢yHkuMd f(X) ecTh cyMMa ABYX €AMHHYHBIX BeKTODOB, HMEIONMX Ha-
nipaeaeHua Fi X B F, X. OTa cyMMa opToroHansHa ¥puBoii TOrja ¥ TOALKO TOTAA,
KOrja BEKTOPbI COCTABAAIOT C Hell paBHbIE YIJIBI, 9TO H TpeHOBaloch A0KA3ATD.

AHaJIOTHIRBIM 00pasoM, JIyd, BRXOAAIMMA H3 ¢okyca mapabonsl, IpK oTpaxe-
HUM MepPeXOAUT B JIyd, NapaaleAbHBH ee ocH (oM. puc. 28.3). 3To omrHMYyecKoe
cBOMCTBO Tapa6o MKMPOKO TPHMEEAETCA NIPH KOHCTPYHPOBAHHM NPOEKTOPOB, do-
Hape# ¥ APYTHX OITTHHeCKUX IpUGOPOER, B MEL YIKe IIONb30BAJINCE HM B JIEKIIHIK 15,

Pric. 2B.3. OntHueckoe ceoiicTBo napaGonst

PaceMOTpUM vumHNC ¥ TUNep6Ody ¢ OAMHAKOBRIMH (GOKYCAMH, HPOXOAALIHE
Yepes JaHHYIO TOYKY X.

JIEMMA 28.4. 3mu annunc u 2unep6ona opmozoHansibi opyz dpyzy.

Joka3ATEABCTBO. THNep6ona — auHAA ypoBHA byHkuum g(X)=|F, X|-|F, X|,
rpaJMeHT KoTopoii B Touke X paBeH pasHOCTH ABYX eJHHHYHBIX BEKTOPOR, HMEO-
mHx qanpaeneHua F1 X u FpX. PasHOCTh ABYX eAWHUYHEIX BeKTOPOB OPTOrOHAND-
Ha MX CyMMe, NOYTOMY pacCMaTpHBaeMble KPHBLIE OPTOTOHANBHBL APYT APYTY.

KoHerpykums snnumca ¢ JAHHHMH GOKYCAMH COAEp:KHMT napaMeTp — AJIMHY
BepeBKH, KOHMKHM ¢ OAUHAKOBBIMK (POKYCAMM HA3BIBAIOTCA COMOKYCHBIMM. YpaB-
HeHue ceMeficTBa COMOKYCHBIX KOHUK, COAEPKALIETO JUIKIICH ¥ rUIIepGoEl, UMe-
€T BHA

x? y?

PEE Rt (28.3)

rae A — napamMerp.
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Cneaytomuit peaynprar o6obmaer remMmy 28.4 Ha caydail GIIBAPIHEX Tpaek-
TODHH, He NPOXOAAIIMX Yepe3 GOKyChL

TeEOPEMA 28.5. BunbApOHas MpaexmopuR sHYMpU aARUNCA OCMAaemes Kaca-
mentHO k Hexomopol dukcupogannoli cofoxyenoil xonure. bBoree mouno, ecau
Hewomopbiil ompezok GuabApOHOll mpaekmopuu ke nepecekaemen ¢ ompeaxom F\ F,,
mo sce ompesxu amoil mpaexmopuu He nepecexaiomcs ¢ FyF, u sce oru xacaromes
00HO20 U mozo xce aanunca ¢ doxycamu Fy u F,; ecau dice HeKOMOPLiEi ompesok
mpaexkmopuu nepecexaemes ¢ ompeskom F,F,, mo ace ompe3aku smotil mpaeimopuul
nepecexaiomen ¢ F| F, u ace onu xacaromen 00noil u moil xee 2unepbonnt ¢ oxycamu
Fiuf,

JoKABATEALCTEO. [lyeTh AjA;| U A A, — ocAeAoBaTeNbHEIE OTPe3kH Huib-
ApAHOH TpaeKkTopuy; cM. puc. 28.4. TlpeAnonoxuM, 9To OTpe3kH AgA, ¥ F, F, He
nepeceKanTed (Apyro# cayuail pasbupaeTea aHANOrHYHo). M3 ONTHYIECKOro CBO-
CTBa SJUIRACA clAefyeT, UTe YTALL, COcTaBaseMele oTpeskami FyA; B Fy A, ¢ aiumin-
COM, PaBHEI. AHAROTHYHEIM 0o6pascM, oTpeaku AgA; U A, A; TAlOKe COCTABIAIOT
C JIAKMCOM PaBHBIE YT CHeA0BaTeNbHO, YT AgA F) U A, A, F, paBHH,

Puc. 28.4. llokazaTenbcTBO TEOpeMHl 28.5

Iycts F] — TouKa, NONy3eHHAA OTPaXKeHHEM TOYKH F) OTHOCHTEILHO OTpPE3Ka
ApA,, a F)—Touka, mofydeHHaA oTpaxeHHeM F, oTHocHTenbHO A;A,. O603Ha-
qHM Yeped B TouKy nepecedeHHs NpAMEX F{Fz H AgA,, a 9epes C TOYKY mepecete-
HUA TIPAMBIX FyF) 1 A A,.

Pacemorpum annune Iy ¢ dokycamu F, u F,, xacaTenbHslit k mpaMoii AgA,.
MockonsKy yraul F,BA, n F,BA, paBHE, xaK u yrast F{BAy u F BAg, ME BUIRM,
910 yIH F3 BA, 1 F) BA, Tatoke paBHBL. COTIACHO OITHYECKOMY CBOHCTBY JAHIICA,
aumane T'y kacaeTes OTpeska AgA; B Touke B. AHAOTHIHEM 00pasoM, amunc I
c dokycamu Fy 1 F, kacaeTcq oTpezka A, A, B Touke C. MBI XOTMM NOKA3aTh, ¥TO
aTH ABAa UIMICA COBMAJAIOT, WM, SKBHBAIEHTHRIM o6pasoM, ure F B+ BF, =
= F,C +CF,. Tlocnepnee ycnoBue cBOAUTCA K paBeHcTsy FiFy =F\ F;.
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Ml yTBEDHKAAeM, 4TO TpeyroibHuKd FiA F, u FiAF, pasubl. JleiicTBuTeb-
Ho, F|A, =F A, u F,A, =F,A, w3 coofpaxennii caMMeTprn. KpoMe TOro, YIB!
F{A/F, u FAF; paBHH: LAgA F, = LAyArF,, a avauut, LFIAF, = LFAF,, 1,
no6apnds ofumit yron Fy A, F,, Met nomyqaeM, 9ro ZF A F, = LF A, F,.

W3 pasencTBa TpeyronbHukos F| A, F, u F| A, F; cnepyer, uro F;F, =F, F,, 1 Teo-
pemMa fioxazaHa.

B xayecTBe NPIWTONEHHS ONMMINEM KOHCTPYKIHIO KOMHATEHL ¢ OTPAKAIOMHMHA
CTeHaMH, KOTOPYK) HeAb3fl OCBeTHTh HH M3 KaKoi ee TOYKH. 3Ta KOHCTPYKLFA
npunagiexar J1. u P. [lenpoyszam [66]; cM. puc. 28.5.! BepxuAA 1 HAXKHAS KpUBas
Ha 3TOM PUCYHKe — nonyumance ¢ gokycamu Fi, F, u Gy, G,. INockomeKky ayd,
HpoxoAaImHH Mexay GoKycaMH, NPH OTPaXXeHWH npeodpa3ayeTca B Ay4, KOTODHIR
TAKKE TIPOXOIHT Mew Ay GoxycaMH, HH OfHH JIyd U3 o6macTH, 3akIioueHHON Mex-
Jy npaMeiMu F, F, u GG, He cMOXeT IPCHUKHYTE B YeTHIpe 3aKyTKa, H Hao6opoT.
TakuM o6pasom, ecaM HCTOYHHK CBETA HAXOAWTCA BhINe NMPIMOH G,G,, T He Oy-
AT OCBEIEHK HIKHIE 3AKYTKH, a eCAH NCTOTHHK CBETA HAXOAMTCA HIDKE NPpAMOit
F\F,, To BEpXHue.

Pric, 28.5. 31y KOMHaTY He/b3A OCBETUTh M3 OZHOH TOUKH

28.3, KaycTHKH, BepeBOYHAA KOHCTPYKIMA K Teopema [peitBaa

Kaycrnuka? — 5To kpuBas BHYTpH GHALADIHOrC CTOMA, OONANAIOMIAA CAERYIO-

MM CBOACTBOM! eCJIH HEeKOTOpHIi! oTpe3ok GUILAPAHON TpaekTOPHM KACAETCA
2TOH KpHBOi, TO OTPa)KEHHEIH OTpe30K Takoke ee kacaeTca. MEI IpeamonaraeM,
ITO KAYCTHKU SBAAIOTCS VIaJIMMH BBINYKITBIMH KPHBBIMH.

1poprep [TeHpoys — oIMH M3 BEAYLIMX COBPEMEHHEIX MATEMaTHUeCKUX $uaukon. Ero orey Jaito-
Heu Texpoya GhUI BHARIOIGMMCA NCHXHATPOM M TEHETHKOM,

2CnoBo «KaYCTHKA» HMEET TakoKe APYTOe 3HaueHHe: orubaroman HopMatell K XpuBoil; B aTOM
IHAMEHMH ME HCMONBSOBAH €ro B NeKuHH 10,
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HMeeTca aepeaoMtan KOHCMPYKYUA, aHAMOTHIHAA BEPEBOYHOM KOHCTPYKIMKI
wsnca (cM, puc. 28,2), XoTopasa Mo3IB0/AET BOCCTAHOBHTE GHILAPA IO eTo Kay-
CTHKe, A MMEHHO, 00epHeM BOKPYT KayCTHKH 3aMKHYTYIO HEPACTAMMMYIO BepeB-
Ky, HaTAHeM ee B OAHOH Touxe u GyaeM 2Ty TOYKY nepeMeimaTh. [Ipu 5ToM OHa
OIMHMIIET HEKOTOPYIo KPUBYIC ¥ (CM. pHC. 28.6), H MBI MOXEM PaccMOTDETh COOT-
BETCTBYIOLIHH SunpApa.

X

Puc. 28.6. BepeBodHas KOHCTPYKUHA: BOCCTAHARIHBAaEM GUABAPAHEIA CTONM 10 KayCTHKE

TeorEMA 28.6. Jasa 6unvapda enympu xpueoill v kpusas I seagemes kayemu-
Kot

JOKASATEALCTEO. Bribepem Ha I HayambHy10 TouKy Y. Ana ganuoil Towkm X
o6ozHaurM gepes f(X) u g(X) JHuHE KpaTyaiinnix myreif ot X go Y BAoAs KpH-
Boit ', He 3aXOAAIMX BO BHYTPEHHOCTh KpUBoi [, IpH 06X04e ee Cerd U CripaBa
COOTBETCTBeHHO. TOTAa ¥ ecTh AuHMA ypoBHA QYHKIMK f(X)+ g(X). MBI X0THM
AOKa3aTh, YTO YTJIb], COCTaBAeMEIe oTpeskaMu AX i BX ¢ Kpusoii v, paBHHL.

Ml yrBepiKaaeMm, yTo rpagreHT GyHKIMH f B TouKe X eCTh eJUHHIHHINA BeK-
TOp B HanpasneEuH AX, JelcTBHTENbHO, CBOGOAHEIN KoHell X CKMMalomeHca
NpyxUHH YAX Gyger ABHTATBCA MO IPAMOM K TOYKE A ¢ eJUHUYHOU CKOPOCTRI)
(cpaBHMTE C ZOKa3aTeALCTBOM AeMM 28.1 4 28.4). QTclofa cliefiyeT, ITO TPagHeHT
dyuxapm f 4 g Aeant yron AXB nononam. [lockonbKy rpagHeHT GpyHKIMH OPTOTO-
HaJleH ee TMHHUH YPOBHA, oTpe3ku AX u BX cocTaBasIoT ¢ KpHBOI1 Y paBHEE YTABL

3aMeTyIM, 4TO BepeBOdHAA KOHCTPYKIUA JaeT OAHOTIAPAMETPUYECKOS CeMed-
CTEO OHALAPAHEIX CTONOB: MAPAMETPOM CYIKUT ANHMHA BePeBKH.

Kax cnemcteHe TeopeMH 28.5, MH moaydaeM cledywllyio Teopemy I'peiipsa:
06epHya 3aMKHYNYI0 HEPACTNANCUMYIO 8EPEBKY 80KDY2 SAAUNCT, MbL NORYUUM cOPo-
KycHutll aanunc; pyrue JOKA3aTENLCTBA 3TOTO PE3YILTaTa M. B [67].

28.4. NeomeTpHYecKNe CAEACTBUA

ITpoCTPaHCTBO OPHEHTHPOBAHHEIX NPAMLIX, NepeceKaloliX JUIHAC, TONON0-
rHYeCKH ABAAeTCH MWIHHAPOM. 3TOT HWIAHAP NOKPHIT HelepeCeKaloMMMUcd KDH-
BRIMH, HHBapHAHTHBIMH OTHOCHTENIbHO GWIBADAHOrO OTOOpaXKeHWA, CM. PHUC.
28.7. Kaxaas kpHBan COOTBETCTBYET HEKOTOPOMY CeMeliCTBY MydeH, KacATeNbHEIX
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Puc. 28.7. $a3oBuii IOPTPET SUABAPAA B LIHIICE

¥ ¢puKcHpoBaHHOI copokycHol koHmke. [Ipy 3TOM 0o-06pasHafn KpHBaA COOTBET-
CTBYeT ceMeHCTBY Jydeil, MpoxoAsinX depes GoKycH, a ABe 0COGBIE TOYKH 3Tolt
KpHEOMH — GOMBRION OCH MIMHTICA ¢ IBYMA NMPOTHBOMOIONKHEIMI OPHERTARHAMH,
T. &, 2-epHoAUYeckoil TpaekTopuM BIibapAa («TyAa — obparHo»). UMeeTca enie
OfiHa 2-TIepHOSHYECKAA TPASKTOPHA — Masas oCb, KOTOPOHi COOTBETCTBYIOT ABa
neHTpa obnacreif, pacTioNIOKeHHEIX BHYTPH 00-06pasHoll KpHBOi.

PaccMOTPHMM WHBapUMaHTHEE KpUBHE, 06XoAANIMe BOKPYT WIWIHHADPA; OHH CO-
OTBETCTBYIOT /iydaM, KacaTeNlLHEIM ¥ cOGOKYCHEIM JUTHIICAM (ApyTHE HHBADHAHT-
HBEIE KPHEHIE, JIEXKAIIHE BHYTPH 00-00pa3Hoii KpHBol, COOTBETCTBYIOT Ay4aM, Ka-
CATeJIBHEIM K COGOKYCHBIM THIepdonam).

TeoPEMA 28.7. Ha waxcdoli uneapuanmuoii kpuaoll moxcHO enibpams yurxau-
yecky1o koopdunamy x mod 1 max, umobsi 6iavapd aadasanca gopmynotl T(x}=
=x+¢ (3HaUeHUe KoOHCMAHMbE ¢ 3asucum om Kpuasotl).

JOKAZATEARCTBO. TloeTpoeHUe HCKOMOM KOOPAHHATHI X MCIIOAB3YET ABE Ve
HMEIHecH ¥ HAC CTPYKTYPH: ceMeiicTBO HHBAPHAHTHEIX KPUBHX H JIeMEHT II0-
Waau «» Ha urauHApe (M. dopmymy (28.2)).

PaccMOTpHM 3aJaHHYIO HA OUAMHAPe GYHKUHIC f, THHHH YPOBHA KOTODOH
ABNSIOTCA MHBADHAHTHHIMK KPUBRIMH GiabApzaa. IlycTs ¥ — nTHHAA YpoBHA f =a.
PaccMOTpHM 6/IM3KYIO IMHHIO YPOBHA Y, 33aBaEMYIO YPaBHeHHEM f =a+¢. [lnd
NPOU3BOJIBHOrO MHTEpBaaa I C Y paccMOTpMM Iomaas w(l, £) obnactu, sakmo-
YeHHOL MeXay ¥ | v, Haz I; ACHO, 9TO »Ta IACHAAb CTPEMHTCA K HYIIO ITpH € — O,
OnpeaennM «UIHHY» UHTepBaAa I popmynci

lim @) .
e—0 £
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IIpn BeiGOpe Apyrodt pynxumy f GecKOHeYHO MAJAA BeINYHHA £ 3aMeHACTCH HEKO-
TOpoit Apyroit BeckoHeuHo Manoii §. [Ipn aToM ABMHa KaXKAOTO OTpe3ka YMHOMXKa-
eTcA Ha OWH U TOT Xe MHOXKWTEN: & /¢. BrifepeM XOOPAKHATY X TakK, 9ToGH ate-
MEHT AAHHH 6bUT paBeH dx,  HOPMHpPYEM €€ Tak, 9To0H MoNHaA ANMHa KPHBOiH
paBuanack 1. 3TH YCROBMA 3aJaI0T X C TOYHOCTBIO O CABHIA X — X + const.

Buneapa T coXpaHAET H 2IEMEHT IUICIIAZH ¢, ¥ HHBAPHAHTHBE KpHBHe, Cie-
AOBATEJIbHO, OH COXpaHAeT MOCTPOCHHK 2ieMeHT A/MHHB! Ha HHBAPHAHTHEIX KPH-
BBIX, 4 3HAYNT, HA KKA0H HHBapHaHTHOM KpHBOi 3afaeTca bopMynol x — x+¢
(pasymeercs, 3HaueHHe KOHCTAHTH ¢ 3aBHCHT OT KPUBGIT).

MepBoe caeacTREE ZOKA3aHHOTO Pe3yAbTATA — 3TC TCOPEMa O 3aMBIKAHKH AJH
SWIBAPAHLIX TPAEKTOPHIt B AUTHIICE; Cp. € AeKuHeit 29,

CaeacTerE 28.8. IIpednonroxcum, umo Hekomopas mpdaekmopus Gunsapda 8
BARUNCE ¥, KACAMEALHAA K coPorycHoMy sanuncy T, asasemca n-nepuoduveckoil,
Tozda kaxcdan SURBAPIHAR MPASKMOPUSA 8 ¥, kacameRsHaa K I, Aeasemcs n-nepu-
oduveckoil.

JOKABATENLCTBO. PacCMOTPHM KMHBAapHaHTHYI0 KDUBYIO, COCTOALIYIO H3 AY-
Yeil, KacaTeNbHEIX k I'. Mcrmonpaya KOOpAHHATY X K3 TeopeMEl 28,7, Sunnapa Mok-
HO 3aTHcaTh GOPMYIOHN x — X + ¢, TOUKA ABBIETCH N-TIePROAUYECKO TOTAA H TONB-
KO TOrAa, KOraa YHCIO ne nejnoee, Ho 3To yCIoBHe He 3aBHCHT OT X, OTKYJa U cJe-
AyeT UCKOMOe YTBepXKAeHHE.

IhyeTh ¥4, Yo U T — codoKyCHEe SILUTHIICH; CM. pHC. 28.8. MoXHO paccMOTpeTh
Zea 6wibapaa, T} H T, COOTBETCTEYIOLINE OTPAXEHUSM OTHOCHTENBHO ¥, H 3.

Prc. 28.8. KoMMyTHpYIOIME SHALAPAL B COPOKYCHBIX NITHIICAX
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06a ocrofpakeHHA AeHCTBYIOT Ha OAHOM H TOM JXe IIPOCTPAaRCTBe OpHeHTHPOBaH-
HEIX IPAMEKIX, NepeceXkalolpx ofa MKmca, U 'y HEX ecTh ofman kaycTHka I, Tlo-
CTpOCHHE NMapaMeTpa X Ha MHBAPHAHTHON KpHBOH, cooTBeTCTBylomieit aToll Kay-
CTHKE, HCTIONB3YeT TONBKO 3/IeMEHT IUTOMAAHN B TPOCTPAHCTBE OPHEHTHPOBAHHBIX
NPAMEIX ¥ ceMeHcTBO COPOKYCHHX NUIMIICOB, KOTOPHE OAWHAKOBHI A 060X
orofipaxeHuit. Mel nomyyaeM odepejHOe CIeACTBHE.

CneacTBUE 28.9. Omobpawcerun T, u T, xkommymupyrom: T, oL, =T,0T, (cm.
COOMEEMCMEYIOUYI0 KOHGUZYPAYUOHHYI0 hiteopeMy Ha puc. 28.9).

C

A

D E

Puc. 28.9. Caman aieMeHTapHad TeopeMa eBKINAOBOI reoMeTpHH

JOKASATENBCTBO. CABHIH X — X -+ €| H X— X + Cy KOMMYTHDVIOT.

B BHIPOJEHHOM Cy4ae, Koraa I — OTPesoK, COeAuHAImHY GoKyChl, MH mo-
AyYaeM CIEAYIOLIYIO «CaMYI0 SIEMEHTAPHYIO TEODEMY eBKIHAOBON reoMeTpHH»':

AB+BF = AD+DF Toraa 1 TONbKO TorAa, korga AC+CF = AE+EF;

cM. puc. 28.9. JleficTBUTeNEHO, TOUKH E H D nexxar Ha HEKOTOpPOM aannce ¢ §ho-
KycaMH A | F Torga M TOABKO TOrAa, KOTAd 9TO BEPHO ANA ToYeK A n C.

28.5. dnmunrHdeckie KOOPAHHATRI

BepHeMca ¥ ceMeficTBY codoKycHBIX KoMK (28.3). Hepes Touky P(x, y) obme-
ro NOIOXKEeHHA NMPOXOAAT AIIMNC B rAnepbona U3 aToro ceMeiictsa (Touxa P He
ZO/DKHA JIEKATL Ha OTPe3Ke, COSAMHAIOMmEM GOKYCHL; 3TO U €CTh YCAOBHE OGIIero
OONOXKEHHA B JAaHHOM caydae). IIyers A, M A, — COOTBETCTRYIOLUE 3HAYEHUA Na-
pamerpa A. Toraa napa (A,, A,) Ha3blBaeTCH aaAunmunMeckoil koopOunamoil To4-
KH P. Dmuncel B runep6oasl 43 ceMeiicTea (28.3) MrpaioT poite KOOPAMHATHBIX
KPMBBIX; OHU B3aMMHO OPTOrOHAABHE (cM. pHc. 28.10).

Teneps paccMOTPHM B NIPOCTPAHCTBe FUMNCCHA M, 3aaBaeMblil ypasBHEHHEM

¥, Y, 2 _
Ef'*"I;i""?“‘l’

10TipETYI0 M. YpKYXapToM (1902—1966), aBCTPANMICKHM CMEINAMHCTOM N6 MATEMATHYECKOH
duanxe. [oame BEHICHUNOCH, 9TO 3T TeopeMa Opuia onmyfunHkoBaHA ropasao padbiie, B 1841 rogy,
Ae MopraHoM. JTO ellle OfHO IPoABAeHHe 3aKoHa M. BeppH, YIIOMAHYTOrO B JIeKiHH 15,
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Puc, 28.10. CodoKyCHEIE SIIHNCEH M FHIEPGOAL

¥ Mpe/OAOKHM, YTC MOAYocH da, b, ¢ pasauuHsl: 0 < a <b < ¢, CeMmeiicTro codo-
KyCHBIX KBafpaTHHHbIX MOBEPXHOCTel M, 3afiaeTcq ypaBHEHUEM

x? + y* + 2 __ (28.4)

a?+A " B+A T ci+A ? )
Tfie A — BemecTBeHHbIH napameTp. THN NOBEPXHOCTH M; MeHAETCA NPH Nepexo-
ae A depes aHaveHma —b* u —a?: mpu —c? < A < —b? 3r0 AByIOAOCTHOM rUNEp-
Gomouz, npu —b? < A < —a® — oaHONONOCTHOIM runepbononx, a npu —a% <A —
anconn (eM. puc. 28.11).

Puc, 28,11, CodoKycHRE KBAAPAaTHIHBIE NIOBEPXHOCTH
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Kak M B INIOCKOM CAyYae, OTIpeAeAHM JUTHIITHYeCKHe KOOPANHATH TO4KH (X, ¥,
%) KAK TpH 3HA4YeHHd A, JUIA KOTOPHIX BHIMOAHAeTcqd paBeHCTBO (28.4). Koppekr-
HOCTB 3TOTQ ONpejiefieHAA ofecneurBaeT clegyIoias TeopeMa.

TeoPEMA 28.10. Touxa obiyezo noromenus P=(x, y, £} codepmumca posno 8
mpex KeadpAMUUHbIX NoGePXHOCIX, coiokycHuix ¢ danHbM 3/UmNcouCOM. Smu
cookycHbie Keadpuicu nonapHo nepienduwicyapHet @ mouxe P (oM. puc. 28.12).

Puc. 28,12, TpH NOHAPHO NepNEHAHKYNAPHbIe cOGOKYCHEIE KBAAPaTHYHEIE TIOBEPXHOCTH,
Npo3pavHbie H HeNMpo3pauHble

JoxazaTEnscTBO. [na gaHHoi Touku P ypaBHeHue (28.4) MOXHO Iepend-
CaTh KakK KyOHuecKoe ypaBHeHHe OTHOCHTENBHO A. MEI XOTHM MOKa3aThk, 9T0 OHO
MMeeT TPH BemeCTBEHHBIX KOpHA. JleiicTeTenbHO, rpaduK neBoi yacTH Kak GyHK-
IHH OT A BHIMMIAAMT KAaK NMOKa3aHO Ha puc, 28.13. CnejoRaTennHo, 3HAUYeHMe 1
aTa OYHKIMA MPHHUMAET TPHKAE! (B NpeANONoKeHHY, YTC Xy2 ¥ 0: IS JaHHOro
paccy:KAeHUs 3TOTC JOCTATOYHO, B 0OIIeM Xe cAy9ae HYXKHC NPeANonarars, 4To
JHCKPAMHUHAHT KyBSHYECKOro YpaBHEHHA OTHOCHTENBHO A He ofpalllaeTes B HYAB).
O603HAYHM 3TH BEMECTBEHRLIE KODHH 4epes Ay, Ay, A,.

Jlanee, MBI XOTHM NMOKa3aTh, YTO COOTEETCTBYIOMME KBaAPHKH NONapHO OPTO-
POHANBHEI B TOUKe P. PacCMOTPHM, HanpHMep, NOBepXHOCTH M;, 1 M, . Hopmane-
HHIH BeKTOp K M;_ B TOuKe P — 3T0 rpajgueHT GyHIAMH, CTOAMEH B IIpapoli yacTy
paeeHcTBa (28.4) (114 ypoGeTBa mogenM ero Ha 2);

N, = ( x ¥ z )
1 @t A PP4A,t A4A S
¥ aHanorugHad hopMyna uMmeeT mecTo A4 N,. (CleAoBaTennHo,
2

N — x? b z?
NN = @ia i+ T e+ T @ aNE Ay

(28.5)
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PaccmoTpuM paBeHcTBa (28.4) And Ay ¥ A,. PasHOCTh MX JIeBEIX YacTeil papHa
npaBoii yacTH paBeHcTBa (28.5), yMHOXeHHOI Ha (A, — A,), ClegoBaTeNbHO, 3Ta
npaeas YacTb PAaBHA HYMO, U N, - N, =0, KaKk H YTBepHAANI0Ch.

28.6. Buaumere KOHTYPH H Teopema lllans

Haioa uene B 3TOM IyHKTE -— A0KA3aTh CIeAYIOLYI0 TeopeMy, PHHANIEKAIIYIC
Mamo.

TeoPEMA 28.11. IIpocmparcmaennan npaman & obuiem noaoOXeHul kacaemea
dayx pasauuHbL keadpamuuHsix nosepxnocmeti u3 danHozo cooKycHozo cemeli-
cmea. KacamenoHble nIOCKOCMU K 3MUM Keadpuiam 8 Moukax Kacarua ¢ npamoi
opmozoxansist 0pyz Opyzy.

Tlyere | — gaHHan npaman. Vigea JoKa3aTeNbCTBA COCTOUT B TOM, YTOOH CIIpo-
eKTHPOBATH MPOCTPAHCTBO BAOAL PAMOH [ Ha OPTOTOHANBHYIO €11 IVIOCKOCTh. TH-
MUYHAA OPTOrOHANBHAA MPOEKIHA MOBEPXHOCTH Ha TUIOCKOCTh (IKpaH) ecTb 06-
JIACTH, OFpaHMYEHHAA HEKOTOPOH KPHBOH, KOTOPas HA3KBAETCH BUJLMELIM KOHNTY-
poa (JUTH NONIPOCTY TeHBID) NOBEPXHOCTH. BHAUMEIH KOHTYP — 3TO recMeTpite-
CKOE€ MECTO TOYEK NepeceyeHUs BKpaHa C MPAMBIMY, NapayUlensHBIMH [ M Kaca-
TeNLHBIMH K ITOBEDXHOCTH. HallpymMep, BHAMMEIH KOHTYD BHITYKJIOH NOBEPXHOCTH
ABJACTCH OBAJIOM.

IpoexTHPYs Ha 3KpaH ceMelicTBO COPOKYCHEIX KBaAPHK, ME NOIyYaeM OFHC-
napaMeTPHIecKoe ceMeiCTBO BUAUMEX KOHTYPOB.

TPEANOMKEHKME 28.12. Budumbte KoHmypst coorychsix keadpuk obpasyrom ce-
Meiicmao coPOoKYCHbLX KOHLIK.

Teopema Hlana cregyer U3 3TOro NPEANIOKEHUA,
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JOKA3ATEALCTB0 TEOPEMMH 28.11. pamas [ npoekTHpyeTca B Touky. Hepes
3Ty TOYKY NMPOXOAAT MAWIC M runepbosa m3 codokycHOro ceMelcTsa, OpPTOro-
HaJIbHEIE APYT APYTY. Kaxxaas M3 3THX ABYX KPUBBIX ABIACTCA BUAUMBIM KOHTYDOM
HEKOTODOM KBaApaTWUHOH MOBepXHOCTH W3 AaHHOrO codoKycHOre cemeicTBa.
CreoBaTeNEHO, 3TH ABE NOBEPXHOCTH KACAIOTCA | H OPTOrOHANEHEL B TOYKE Ka-
CaHHA,

JOKASATEABCTBC NMPELNOKEHUA 28.12. IlpexAe BCEro, AETKo NOKA3aTh, 9TO
BUAMMEN KOHTYP OFHOMN OTAeNBHO B3ATON KBAAPATHYHOH OBEPXHOCTH ABIAETCH
KOHHKOH.

TIycTh PKpaH — 3TO FOpH30HTANLHAA TUIOCKOCTD (X, V), a4 mpaMas | BepTHKaAb-
Ha, Hama kBagpaTiyHan NOBEPXHOCTh M 3afaeTcA KBaAPATHEIM YDABHEHHEM OT-
HOCHTEJILHO MEPEMEHHBIX X, ¥, %; ero ABHEI B/ He KMeeT A4 Hac 3HadeHHA (3To
ypaBHEHHe ABIAETCA THHeiHOH KoMGHHaHel gecst wieHoB: X2, y2, 22, xy, vz,
%X, X, ¥, 2 U KOHCTaHTH). BepTHkansHaa npamad, opoxopsimiad depes JaHHYIo
TOUKY PKpaHa (X, y), COCTOMT H3 ToUeK BHAA (X, v, t). [logcTaBndd B ypaBHeHHE
MOBEPXHOCTH M, MH NOAYINM KBaApaTHOE ypaBHeHHe OTHOCHTEIBHO t:

P2, Yt + py (x, y)t + polx, y} = 0, (28.6)

e p; — KOHCTAHTA, P, — TuHeliHan GYHKIUA, a pg — KBagpaTHYHAA GYHKIMA OT
x,y.

BUAMMEIR KOHTYD NMOBEPXHOCTH M COCTOMT M3 TeX Todex (X, y), 419 KOTOPBIX

BEPTHKANBHAA IIpAMaA, Npoxoaauman gepes (X, y}, Kacaerca M, T.e. ToueK, An

KOTOpHIX ypaBHeHHe (28.6) MMeeT KPaTHHI KopeHb., Ho 310 mpoMcxXoAuT roraa,
KOTAa JUCKPHMMHAHT o6palnaeTcs B HYJb:

pr(x, ¥ —4py(x, ¥)polx, ¥) = 0.

MEI HOMYUWIH KBAAPATUYHOE YpaBHeHHe OTHOCHTENBHO X M ¥, H OHO 3ajaer Ha
aKpaHe KOHHKY.

Y1oGH JOKa3aTh, YTO BHAMMEIE KOHTYPH COMOKyCHOro ceMeifcTBa KBajpHK
obpasyior codoKycHoe CeMelCTBO KOHHK, HYKHEI AOITONHUTENBHEIE YCILUTHA.

Kak MH aHaeM, HOPMaJIbHHI BEKTOD Kk KBagpuke M; B Touke P(x, y, 3} AMeeT
BHJA

P y
N(P)“"(xryxz)"'(azil’ b2+l’ Czil)-

MH BHOpa U HOPMANBHBEIA BEKTOP TAKHM oBpasom, urobul N{(P)-P =1; aro pa-
BEHCTBO BHINONMHAETCA B cHAY (28.4).

____Kor,ua Touka P npoGeraeT nosepxHocTs M;, Touka N(P) onuchHEBaeT KBaAPHKY
M,, 3aaaBaeMyI0 ypaBHEHHEM

(@ +)2+ B+ ) H(E+ =1 (28.7)

3TO ecThb NMpocTo Apyras dopMa 3anucH ypaBHeHud (28.4). Takoe ceMeiicTBO KBaA-
PaTHYHEIX IIOBEPXHOCTEH HA3bIBAETCA THHEHHOM CUCTEMOI: AeBYIC YacTh MOXHO
sanucaTh B BuAe Q4 +AQ,, rie Q; ¥ Q, — KBaApaTHYHEIE GOPMEL

a? P+ b2 72 +¢%3> n P+ yr+E
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Qbo3HagHM 3KpaH wepes W. [Tpaman, napanaenpHas [, KacaeTcsd moBepxHo-
cti M, B rouke P TOrfa ¥ ToABKO TorAa, korda HopManes N(P) oproroHanbHa [,
T. €. napaanentHa W. 3aMeTHM, YTo BeKTOpH N{P) AB1q10TCA HOPMAMTIMH K BHAY-
MOMY KOHTYPY NOBEPXHOCTH Mj; ¢M. puc, 28.14,

N

TN A®
S

w

Puc. 28.14. ToBepXHOCTL U €2 BHAMMBINA KOHTYP

MHOXECTBO BCEX TAKMX BEKTOPOB N €CTh KpHBaA NepeceYeHHA KBaAPaTHIHOH
MOBEPXHOCTH M, C mnockocTeio W. 3Ta KpHBas — KOHHKA, 3ajaBaeMasn B TIOAXO-
JOAWWX AeKAPTOBHX koopauHaTtax (€, 1) Ha W dopmynoli, aHanoruaHoi (28.7);

(@®+)E2+(B2+ A% =1, (28.8)

TaxuM obpazoM, HOPMaIK K BUAMMEM KOHTYPAaM IOBepXHOCTel My obpasyior
JiMHeiHOe ceMeHCTBO KOHMK B IDIOCKOCTH W.

M3 rex xe coobparkeHUIt CASAYeET, YTO Ha IUIOCKOCTH HOPMAMK K co(oKyCHOMY
ceMeiicTBY KOHMK Taloke 00pasyioT THHeiHHoe ceMeHcTEO KOHHK. TakuM ofpazoM,
STH BUAHMEIE KOHTYPHI 06pasyioT Ha sKpaHe CO0QOKyCHOE ceMeiicTBo.

28.7. TI'eopesmyecKiie HA WUIHIICOMAAX

IIycte M — HexoTOpas noBepxHocTh. [1o onpefieneHHIO, TeQle3HYecKas Ha [o-
BepXHOCTH M — 370 TpaekTopusa cBoGOZHOH dacTHUH, yAepxuBaeMoli Ha sToit
nosepxHocTH. Ecnu y(t) — HaTypanbHana napaMeTPH3aLUA reoJesHyeckoi, To Bek-
TOp yckopeRMs y“(t) opToroHazeH noBepxHocTH M ($HUIHYECKH 3TO O3HAMAET,
4TO €JWHCTBEHHAA CINA, e CTByIoMman Ha YacTHIY, — 9T0 HOpMAankHas CHia, yaep-
’uBaloman ee Ha M). leoae3pyeckre JOKAALHO MEHUMH3HPYIOT PAaCCTOAHUE ME-
Jy ToUKaMH. HanpiMep, reofiesideckas Ha pa3BepTHBaOMEiics MOBEPXHOCTH IIPH
pasBepTKe MpeppalliaeTca B IpAMYI0, Teofesnueckre Ha cbepe — ato ee Gonpmme
OKpY#XHOCTH. Bosee moapoBHoe obcyxAenue cM. B Nekuy 20,

Iycte M — annnticona. B aToM cyyae ITOBeAeHHE reoJesiYecKuX BechMa pe-
ryaapHo. OHO OMMCHIBACTC CleAylollieil TeopeMoii, npuHaanexameit IHamo u
fAlxko6u. 3TOT pesyAbTAT ABAASTCA ONHUM H3 BeAMVaMIOMX JOCTIXKeHHI MaTeMa-
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THKu XIX Bexa. MH npeAmnonaraeM, YTo MONYOCH YUIHICOKIA Pa3AMIHE, TaK ITO
ceMeiicTBO CoPOKYCHBIX KBaADATHIHEX MOBEPXHOCTEN KOPPEKTHO ONpefeneHo.]

TEOPEMA 28.13. KacameavHoie x darnHoil zeodesuueckotl na arauncoude M xa-
caromeA Hekomopoit dpyzoll guxcuposannoil ksadpamuurotl noaepxrocru, cogo-
Kycroii ¢ M.

JOKASATEALCTBO. PaccMOTPHM TeofesHdeckyio y(t) Ha M, napaMeTpH30OBaH-
HYIO JUTHHOH AyTH, U mycTh [(t) — npaMas, xacarenbHad K 210l reoflesmueckoit
B rouke y(t). [To Teopeme 28.11 npamas [(t) xacaeTcqa HekoTopo#t Apyroit kBaj-
PaTHYHO# MOBEPXHOCTH, M), codokycHoit ¢ M 1 COOTBETCTBYIOLIE!H TapaMeTpy
A(t) B ypasHeHu# (28.4). MH XOTHM JI0Ka3aTh, Yo A(t) He 3aBHCHT OT £, T. €.

dA) _
-5 = 0. (28.9)

3adukcupyeM HEeKOTOPOE 3HAYeHHe ¢, HampyuMmep ¢ =0, Mycts N — HopMans-
HElf BEKTOP X MoBepXHOCTH M B Touke y(0), M OyCTh 7T — IVIOCKOCTh, HATAHYTad
Ha BexTop N 1 mpamyio [(0). PaccmoTtpuM HekoTopyio 6muskyio Touky v(e). Io-
CHOIBLKY BEKTOP YCKOPEHMA TeoAe3ndecKol v oprorcHaned M, npamas I(s) aexur
B HMOCKOCTH 7T ¢ BOYHOCTBIO IO ONMOKK opaaKa €2,
" JleHCTBHTENBHO, MCRONb3YA O-CHMBOMHKY, Mbl MOXXEM 3allHCaTh COOTHOINEHHA

() = y(0)+e7'(0)+ O(s%),  v'(£) = 1'(0)+ 7" (0)+O(e?).

Touka y(0) u BekTOpHI 1'(0}, Y”(0) nexar B rrockocTH 7. CNe0BATENbHO, ¢ TOTHO-
CTBIC A0 OMIMGKM NopAAKa £2 Touka y(e) npamoit I() 1 ee HanpaBNAIOLIKIHA BEKTOD
Y'(€) nexaT B IWIOCKOCTH .

IlycTk y — To9Ka KacaHus IpAMoii 1(0) ¢ noBepxHOCTRIO Mj(q). ITo Teopeme
28.11 HOpMANLHBIA BeKTOD N JIEKHT B KacaTelbHOH ILTOCKOCTH K My, B TOUKE Y,
T. €. 3T4 KacATENLHAN IOCKOCTE COBIIAJALT ¢ 7T; ¢M. puc, 28.15. O6o3HauuM vepes
m{¢) opTOroHaNbHy NPoeKUMIo 1psamMoit I(€) Ha IIOCKOCTE 7. 3aMeTHM, YTO Npa-
Mele m(e) u l(&) 6MM3KHU ¢ TOTHOCTBIO 210 £2, CeA0BaTeNbHO, B ypaBHeHKH (28.9)
MBE MOeM 3aMeHHTE {(¢) Ha m{¢), T. e. MpeAniofAaraTe, Yro npaMan [{(e) nexwr
B IIOCKOCTH 7T,

MH XOTHM AOKa3aTh, 9T0 A{£) - A(0)=0(&?). UHTYMTHBHO 3TO OYEBH/IHO: IpSi-
mad l(g) JeXHT B KacaTelbHOI TUIOCKOCTH K ITOBEPXHOCTU My M ABNSeTCA £2-
6aK3aKoH K 3TOH NOBepXHOCTH. UTOGH IpHAATL STOMY paccyXAEHHIO CTPOTCCTH,
HaM HyKHA OJHA TEXHHYECKAd JIeMMa.

- Iyets f(x, €) —rnapkaa QyHKIMA ABYX NIEpeMEHHBEX; MH NPEACTABIAEM ee
cefe Kak ceMeticTBO OYHKIMIA OT NepeMeHHOR X C TAPAMETPOM £ B HCIONb3YeM
COOTBeTCTBYIOLIee 06ozHaueHHe f,.{x). TIpeANONOXKUM, YTO TOUKA X =) ABNAETCA
KpHTHIeCKOH a1 GyHKIEH (), IpHYeM 3Ta KPHTHYECKAA TOUKA HeBEIPOXKACHA:
f3(0) = 0. TIpeATIONnoKUM TAKKe, YTO COOTBETCTBYIOMICE KPHTHUYECKOE 3HAYEeHHEe
paBHO Hymo: fo(0)=0. Torga ganas moBoro gocraTouHo Manoro & dyuxuua f.(x)

Ipasymeetcs, perymapHoe MOBeeHMe PEOAESHUECKHY, OHCAHHOE B Teopeme 28,13, pacipocrpans-
€TCA N0 HENPEPHBHOCTH W HA NUIMIICOMARE BpallieHHA.
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Puc. 28.15. lokasaTenscTBo TeopeMi 28.13

A A
¥ =f(x) 0 y=f(x
c(g)

Puc. 28.16. NlemMa 28.14

HMeeT KPUTHHecKylo TOYKY BOMM3H Hy/s; MycTh ¢(€) — COOTBETCTBYIONee KPHTH-
yecKoe 3HageHue (cM. prc. 28.16).

JIemmMa 28.14. - (e} £0) . 2810)
g0 £ : )
JOKABATENLCTBO JEMMBL. Paznoxum dyHiame f.(0) B pag oo €:
£(x) = fu(x)+5g(x) +O(?). (28.11)

Mycts t(e) — xpuTHYeckaa Touxa dyurumn f£.(0) B6aMau Hyas; Tak Kak t(0)=
=0, Me UMeeM t(&)=0O(¢). Y3 pasencrra (28.11) cnegyer, 1o

(&) = f(t(£)) = folt(6)) + eg(t(e))+ O(?).
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Tak kax Touka x =0 ABASETCA KPUTHYECKOH Ana dyHkumu f;, npadeM f,(0)=0,
MH nonydaeM, 9to fo(x)=0(x%} u, aHauur, f,(t(e))=0(e*). Kpome Toro, g(t(e)) =
= g{0) + O(¢). Moaromy c(£} =£g(0) + O(e?). Ho B cuny (28.11) pmeem £(0) =
=£g(0)+0(£%). 3Hauur, c(e)— f,(0)=0(£2), oTrRyaa cAeayeT CooTHOIEHRE (28.10).
CM. puc. 28.17.

O(e)
06" =1 1,0
— 0
0 t(e)

Puc. 28.17. AokasarenbcTBo AeMMH 28.14

Tenept MBI MOXKEM 3aBEPIIMTE JOKA3ATENBCTBO TeopeMH 28.13. ITpeaAnonoxuM,
YTO KacaHue npAMoH 1(0) ¢ MOBEPXHOCTBIO My gy HEBHPOXKAEHO: AN KBaApaTHI-
HOMH MOBEPXHOCTH 3TO O3HAYAET, YTO IPAMAA He JIEXNHT Ha NOBEPXHOCTH (CM. JIEK-
nuio 16). Mu aokakeM yTBepxkAeHue TeopeMil 28,13 gna Takoif npamoit obmero
NMoIOKeHNs; 3aTeM dopmyiy (28.9) MoxHo BYAeT pacipoCTPAHUTE Ha BCe MPAMELE
MO HeMpepEIBHOCTH.

HanoMHMM, YTO MOBEPXHOCTb M) o) H3 codokycHoro ceMeiicta (28.4) mpoxo-
AHNT Hepes TouKy ¥. Torda 1epes KaKAYIo TOUKY B OKPECTHOCTH Y NPOXCIHNT HEKO-
TOpas KBaApAaTH4YHAA MOBEPXHOCTH M3 3TOTO (OGOKYCHOTO cemelicTBa, M MBI pac-
CMOTPHM COOTBETCTBYIOLIYIO JLIHITTHYECKYIO KOOPAUHATY A Kak GYHKIHIO, onpe-
JACNeHHYI0 B OKPECTHOCTH TOYKH Y. B yacTHOCTH, 3Ha4YeHHe A B caMoii Touke y
pasho A(0).

MEI MOXteM PACCMOTPETh OrPAaHUMEeHNA GYHKIKMM A Ha NpAMBIE. 3aMETHM, ITO
MpAMas KacaeTcA KBaApaTHHHOM TOBEPXHOCTH M, eciv oTpaHHTeHHe GYHKIHH A
Ha 3Ty NPAMYIC HMeeT KPHTHYECKYIO TOUKY ¢ KPUTHYECKHM 3HadeHUeM ¢. OToxX-
JeCTBHM BCe NpAMEle, AocTaTodHo Gnnakue K I(0), ¢ BemecTBeHHoi npamoii R,
TOAarad Npy ITOM, YT0 Havano xeopawHar Ha I{0) HaxoauTca B Touke y. [lycte
X — nepeMeHHas Ha R, Briurem ns Gynxm A koucranTy A(0) 1 oGo3HauuM orpa-
HuMeHRe 5Toil QyHKIUK Ha npamyio 1{e) vepes f,(x).

Tenepb HpHMeHHM neMMy 28.14. flockonpKy npamMas 1(0) kacaeTcA ITOBEpPXHO-
CTH Mj 0y, byHKUEA fo(x) Mpu X = 0 HMeeT HeBHIPOXKACHHYIO KPUTHYECKYIO TOUKY
¢ HYZICBHM KPUTHUECKUM 3HaueHHeM, PacCTOAHHE MeXIy HadajaMi KOODAHHAT
Ha npaMEX !{0) u I(e) MMeeT mopaAnok ¢ (Wwin Bume). [lockonsky mpamad I(e) ae-
JKUT B KACATENBHOH IJIOCKOCTH T K NMOBEPXHOCTH YpoBHA {A = A(0}}, paccTroaHue
OT Hayafsa KoopAMHAT Ha I(g) A0 3TOH NMOBEPXHOCTH YPOBHA HMEET MOPAAOK €2
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AIH BhIme. VIHBIMY cioBamu, f,(0) =0(e?). Tlo nemMme 28.14 umeem liné c(e)/e=0,
rae c(g)=A(e)— A(0), oTkyA2a cneayer pageHCTBO (28.9), -

Teopema 28.13 HakAaARIBAET OYEHb CEPLE3HEIE OTPAHHYEHHA Ha INOBeAeHHE
reodesdyecKHX Ha JUTHNCOHAAX. [IpAMEle, KacaTeibHble K GUKCHPOBAHHOH reo-
Je3HUecKoM ¥ Ha M, ARIAIOTCA KacATeNBHEIMU K HEKOTOPOH Apyroi xBaapuke Q,
codoxycroi ¢ M. [TycTh x — TouKA regfesndeckoit y. KacaTeapHad naockocTs K M
B TOUKe X TlepeceKaeT Mo HeKOTopoil KOHMKe (3aBMcAmel or x). Yneno Kaca-
TeABLHBIX, KOTOPhle MOXHO NMPOBECTH K STOH KOHHKE H3 TOYKH X, MOXeT GRITh
paBHo 2, 1 w O (MpoMeXyTOYHHI Cy4dal, KOTAa CyniecTBYeT eIHHCTBeHHAA Ka-
caTenbHad KPATHOCTH 2, UMeeT MeCTO, KOrAa TOUKA X MPUHAZNEXHT caMoii KoH-
ke), Taxum oBpaszom, noBepxHocTs M pazfuBaeTcs Ha ABe YACTH B COOTBETCTBHH
¢ TeM, CKONBKO, 2 HaH 0, 06IOHX KacaTeAbHHX K NOBEpPXHOCTAM M H Q nmpoxoaur
Yyepez PUKCHPOBAHHYIO TOUKY Ha M. leogesuueckas y COAePXKWTCHA B neppoii U3
3THX vacrTell, U B KaKAOH TOUKE [JId Hee eCTh TONBKO ABA BO3MOXKHBIX Hampas-
7eHWA, a UMeHHO, HalpaBjieHHA oOMAX KacaTeAbHEIX K NoBepxHocTaM M u Q;
cM. puc. 28.18.

Puc. 28.18. lMeogeanueckan Ha AMHMNCOKAE: KACATEABHEIE K reoJesudecKoll ARMA0Tea Kaca-
TENbHEMHY ¥ cooKycHoMY rrtepbonongy (npospauHtie H HelpozpadyHele GHrypLL)

B zaxmovyeHHe IPUBEAEM ABA 3aMedaHuA. Bo-nepBrIX, y GONBIIHHCTEA Pe3yib-
TATOB NMPO GUIBAPAH B JAKIICAX M Teoe3HdYecKie Ha UIUIICOMAAX HMEIOTCS MHO-
TrOMEePHBIE AHAJIOTH; HAIPHMED, KacameabHble i zeodeaunecxoll Ha annuncoude 8
N-MEPHOM NPOCMPpaHCMae AGASIOMEA KACAMEALHbIMU K N — 2 Jpyaum Puxcuposan-
HLIM COPOKYCHBIM K8adDaAmMUUHbIM 2UNEPNOSEPXHOCINAM,

Bo-BTOPHIX, eciIi HAHMeHBIAas TTONYOCh AIRICOUAA CTPEMITCA K HYIIO, TO 3/1-
JUICONJ BHIPOKAALTCA B ABYKPATHO HAKPHITHIA ayutanc. [Tpy 3ToM reojeandeckue
Ha YUTHICOHAE NPEBPAINaTCA B SHIBAPAHHE TPACKTOPHH BHYTPH 3TOT'O WLIMIICA
H TeopeMa 28.5 cnegyer u3 TeopeMsl 28.13 kax npeAenbHEIH cayyaif.

JansHetimyio HHbopMaiio o GUALAPAAX U, B JACTHOCTH, GHABADAAX B UIHN-
Cax M reofleadyecKMX Ha JUIHIICOMAAX MOXKHO HaifTy, HarpuMep, B [81, 86].
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Oracrec fie Moprax Pomxep Ilenpoy3
1806—1871 p. 1931
Mumens ans Kapx I'ycrtas $ixo6 fxo6mn
1793—1880 1804—1851

28.8. YnpaxHeHHA

28.1. JlokaxxuTe, YTO 3jIeMeHT Iwiomaau (28.2) BeipakaeTcs Yyepes YIJibl, H306-
pakeHHbIe Ha puc. 28.19, dopmysoit w =sin a da dx.

Y

X

Puc. 28.19. Yrsl, cBA3aHHBIE C XOPAOH
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28.2. (a) JokaxuTe, YTO 3WIHUNC, THHepOona W mapaboma, 3afapaeMble «Be-
pPeBOYHON KOHCTPYKIMeH» 13 . 28.2, AeHCTBHTENBHO HMEIOT XOPOLIO 3HAKOMEE
HaM ypaBHeHMA BTOPOH cTeneHH.

(6) BeiseguTe dopMyny and cemeiicTsa codoKycHBIX KOHUK (28.3).

28.3. Jokaxure ONTHYECKOE CBOHCTEO NTapabonEl.

28.4. Nloxaxkwure, 4T0 GUABAPAHAS TPACKTODHA B UMIICE, BRIXOAAWAR H3 do-
Kyca, CTPEMHTCA K OONEBMION OCH amnca.

28.5. (a) PaccmoTpHM AWCK € HEeHTpPoM O, H MycTh A — TOUKA BHYTPH 3TCrO
Avicka. Jina xaxaoi Touku X Ha OKPYKHOCTH CAOKHM JHCK Tak, 4ToGnl cOBMe-
CTHTE TOUKH X U A. fokaxure, 4To orufaninan NOTYYeHHHX ANHH cruba ecTh
amunc ¢ foxycamu A 1 O, UTo nponaoiijeT, ecny ToYKa A AEKHT BHe AMcKa?

(6)* MycTs faHa rMafKas KpUBad y ¥ Touka A. OTpasyuM NpAMEIE, HCXOAMIIHE
M3 TOYKH A, OTHOCHTeNBHO . [IycTh W — reoMeTpudeckoe MeCTO TOUek, HOMy-
YEHHHX U3 A CHMMeTpHel OTHOCHTENBHO KAaCaTeNbHEIX K Y. Jokaxure, uTo W —
KpHBas, OPTOTOHAAbHAA OTPaXeHHBIM IPAMBIM,

YKA3AHME, ANNPOKCHMHDYHTE Y FUIHIICOM H BOCIQAB3YHTECH Pe3ylsTaToM
. (a).

28.6. B COOTBETCTRHH € ONTHYECKHM CBOHCTBOM UTHIICA, TYYH, HCXOASIOHE
M3 TOYEYHOTC HCTOYHHMKA CBeta L, pacnonoerHoOro B GOKyCce MNIIMITTHYECKOTO
3epKaja, Nocne OTPaXeHUA SYAVT NPOXOoAUTE depes Bpyroii Gokyc, OnHAKO ecH
L HaxoauTcs He B GoKyce, OTPAXNEHHBIE YYH YKe He OYAYT MPOXOAUTS Yepes OfAHY
Touky. Hanporus, onx 6yayT HMETH OTHGAIOLIYIO, KOTOPas TaloKe HASLIBACTCA Kay-
cmuxoil. HapucyiiTe KApTHHKY, HO3BQIHIOWYIO HALMALHO MPeACTABHTS 3TH KAYCTH-
xM. PaccMoTpHTe TPH caydas: 1) MCTOUHHK cReTa L HAXOZHTCA PALOM ¢ GoxycoM,
2} L HaxomuTes He pAAOM ¢ GOKycOM, HO BHYTPH DJIAHICa, 3) L pacnonoxeH BHe
aunca. B riocreHeM oiyqae HeoGXOAUMO TIPEANMIATATD, YTO VUTHIC ABNACTCA
OZHOBPEMEHHO NPO3PAYHEIM M 3€PKAITBHEIM,

28.7. Bcee reofezudeckue, BRIXOAIIMIME N2 HEKOTOPCH TOYKH cdephl, IPHUXOAAT
B MPOTHBONIOVIOKHY1O €l TouKy. OFHAKO A1 MIHIICOKAA 9TO YiKe He Tak, HapHeyii-
Te ceMeliCTBO reofe3udecKHX, BEIXOMALINXY M3 HeKoTopott TOUuKH amtuncoraa (yya-
Ille B3ATH HAMNCONA, ONMaKuii K cepe), B OKPECTHOCTH ITPOTHBONIGIOKHOMN TOY-
k¥, Kax BemisaguT ormbaiomas sToro cemeiictea? (flpedynpewdenue; Bama xap-
THHKA He J0JDKHA IPOTHROPEYUTE TOMY GaKTy, Yo NK06EIe [Be TOYKH MTHIICONAA
MOXHO COSAHHHTD reofesHdecKkoif.}

28.8*% TlocTpoiiTe NOBYMIKY )18 MapalneIbHOrO Ny4Ka cBeTa (110 JOBYUIKOH
MBI ICHHMAeM He3aMKHYTYIO KPUBYIC, 00Majaloyio CeyIOMMM CBOCTBOM: ec-
JIH ceMelCTBO Nydeii, HAYUINX, CKaXeM, B BEDTHKaAFHOM HanpaBieHHH, ToTIajeT
BHYTPb 5TO# KpHBOi K HauHeT OTPAXKATHLCA OT HEE COMVIACHO 3aKOHY reoMeTpHYE-
cxoli ONTHKH, TO HH OFUH AyY He CMOXEeT YHTH Ha 6ecKoHedHOCTD).

YKA3AHHUE, BOCHONB3YHTECH ONTHYSCKHMH CBOHCTBAMM VLIHNCA K TTapaboikL.

28.9. Hailaure aneMeHTApHOE reOMETPHYECKOE JOKA3aTENLCTBO «CaMoil 2ure-
MEHTAPHOH TeopeMsl eBKANACROH FreOMETPHH»,
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28.10. Tokaxure, YTO ACKAPTOBH KOOPAMHATH BBIPAXKAIOTCA Yepe3 JLIHINTH-
qecKHe CleAyIomuMH GopMynaMi:
2= (@M@ 42) o (BP42,)(2+2,)
- b2 —a? > Y= b —a? :
28.11 Buauwmeiil XoHTYp anrefpanydeckol OBEpPXHOCTH, 3afaBaeMoil ypapHe-
HHEM CTENCHN N, ABNAETCA IUIOCKo# anreGpanyeckolt xpHBo#, 3agasaemMoii ypas-

HeHUeM cTelleHd N, JIOKaXKHTe 370 YTREpKASHHE M HAllANTe COOTHOLIEHHE MEXAY
nuN.



Jexuus 29

ITlopnam IloHcene u Apyrue TeopeMbl O 3aMBIKAHHH

29.1. Teopema 0 3aMLIKAHHN

PaccMOTPHM ABa BAGKEHHHX APYT B ApPyra JUINNCA, ¥ U I, BEGepeM Touky X
Ha BHEIlIHEM IHIICE ¥ MPOBeAeM H3 Hee KacaTelbHYK K BHYTPeHHeMY 3UIHICY.
[TycTh oHa nepecexaeT BHemHMHA 3nuNc B Todke Y. [loBTOpHM MoCTpocHKE, Ha-
4MHaA ¢ TOYKH Y, B T.A. B peayarraTe Ml NOAYYHM JAOMAaHYIO, BIMCAHHYIO B I
M ONKMCAHHYIO BOKPYT Y. [IpeamonoximM, 9T0 3TOT NpOUece ABMAETCA NepHoIde-
CKMM: N-A TOYKA COBMAJAET ¢ HauanbHOH, Terieph HaTHEM IOCTPOSHKE M3 Apyroit
ToukH, cxaxkeM X;. Teopema [loHcene o 3aMBIKAHWH yTBepXKZAeT, 9T JIOMaHad
OIATH 3aMKHETCA Moc/e i MIAres; cM. pHc. 29.1.

Mopuam! Toncene mpezcTaBaseT cobod KIACCHIECKHI PESyAbTAT NPOEKTHS-
Holt reomeTpu, OH Obut oTKpHT XKaHoM-BukropoM [ToHcene, HAXOAUBIOMMCA B
3To BpeM4 (1813—1814 r., sn0Xa HAONEOHOBCKUX BOIH) B ieny B CapaToge, ¥ onyG-
nuKoBaH B 1822 T. B ero paboTe «Traité sur les propriétés projectives des figures»?.

Mar MokeM nzo6pecTH ¢8O0 coOCTBEHHYIO TecpeMy O 3AMEIKAHHM CHeAYIo-
ummM ofpazomM. HauHeM ¢ mapaMeTpH3cBaHHOTO oBajna [(t), npudeM OygeMm cuu-
TaTh, UTO HapaMerp ¢ MeHsereda oT O g0 1. BubGepeM HEKOTOPYIO KOHCTAHTY ¢
H PacCMOTPHM OZHONAPAMETPUYIECKoe ceMercTBo Xopg M{H)I(t + ¢). 3! xopan
umMeloT orubalomyio y. BooGme ropops, ornGarpoiias MOKeT HMeTh TOYKH BO3Bpa-

1o cymecTry, rpeyeckoe CAOBD <HOPRIM» 03HATAET «TeOpeMa», OAHA N3 YTEPAHHHX KHVT Epxm-
A8 HasHEBaNach «[opuamby».
2TpakTaT 0 HpoeXTHBHEIX croficTBax uryp (dp.) — [Hpum. nepes.
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Prc. 29.1. Teopema IToRcene 0 3aMBIKAHUH

Ta (Ho He TOUKH neperufia; cM. Aexkuuio 8). Ho MBI peanIoaoKKmM, 4TO orHbaloitasn
MiaAKas — 3To BCerja TaK, ecId ¢ JOCTaTouYHO Maio. Torja Mel TOAYYHM MAapy BIO-
MEHHEX oBanoB I' U v, A9 KOTOPEIX BEPHO YTBEDXXAEHHE TEOPEME] O 3aMEIKAHHH.

JeiicTeuTENBHO, COOTBETCTERE X — ¥ B TEPMHHAX IapaMeTpa t 3afaerca op-
Mynoii t — t + c. Toura Bo3BpalljaeTcsa B HCXOAHOE NOIOKEHHe TIoce n wrepanuii
B TOM ¥ TOJLKO B TOM CJIy4ae, eCiId YHOIO fic neice. Ho aTo ycAoBHe 3aBHCHT
TONEKC OT ¢, T. €. OT NAPEl OBANOB, M He 3aBHCHT OT HadalabkHON To4WkH X, OTKyAA
CIefyeT TEOPeMa O 3aMEIKAHKH,

Takum obpaszoM, BOIPOC 3axmiouaeTed B caeayiomes. [TycTs gaHa nmapa BAo-
JHEHHEIX AUIMNCOB. Kak BHIGpaTe mapaMerp t Ha BHEINHEM JUIHICE TAK, YTOOH
cooTBeTcTBHe X — Y 3agaBanocs dopmynoti ¢ —t+c?

29.2. JoKa3aTeanCTBO

Jna Havana pacTAHEM NNOCKOCTE Tak, 9ToOH anannc ' IpeBpaTHACA B OKPYX-
HOCTE (CTlemHanbHBIA TepMHH AMA TAKOro pacTaxkeHuda — abdunHOe npechpaio-
saHue). [lockonbKy B TeopeMe [loHcene GUrypHPYIOT TOABKO NpAMEle (HO He pac-
CTOAHHA WM YIVIb}, MpecOpa3oBaHusA IIOCKOCTH, KOTOPHE NepeBOAAT NpAMEe
B pAMEle, He CKa3BlBAIOTCA HA YCAOBHH H 3alUTIO4eHHH TeopeMH (Takve npeobpa-
30BaHWA HAILIBAKTCA TPOEKTHBHEIMH), PaccMOTPHM NOMYYEHKYIO OKPYXHOCTE [
H ee MapaMeTPH3IAIHIO JAKHOM AYTH X.
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O6o03nauum uepes R, (x) u L (X) AMMHE TIPABOTO M JIEBOTO KACATEALHOTO OT-
Pe3Ka H2 TOYKH X K KPHBOH Y, CM. pHC. 29.2. PatCMOTDHM TOYKY X, HeckoHed-
HO OnmrakyIo K x. [TycTs O — TOUKA TepeceueHuda NPAMBIX Xy H XY, 4 £ — yrox
MEMAY ITHMH NpsMuiMu. [Ipamad x,y,, ¥kak H mobag Apyras npsmad, oba paza
nmepecekaeT OKPYXHOCTE ' MOA OJHMM H TeM e YINIOM; 0B03HAYKM 3TOT yTol
qepes a (cM. puc. 29.3).

Puc. 29.2. Jlesnlii ¥ NpaBbiii KacaTe/bHHE OTPEIKH

Puc. 29,3, Hckaxerne ATHEN AYTH

Crepyolliee Janee paccyAeHHUe Mo CYIIeCTBY MOBTOPAET AOKA3aTeNbCTBO TEO-
pemer XXX, puc. 102, u3 «Havan» K. HeloToHa [15]; cM. Taroke aexumio 30.
[lo Teopeme CHHYCOB

ol sin £ ey}

L(y)  sina T RJ(y)’
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dy dx
—— = 29.1
Lo - /6 (29.1)
TIpeANONOKHUM HA MUHYTY, YTO ¥ — TOXe OKpy»KHOCTB. Torga npasbiii M JIeBhI

KacaTelbHEE OTpPe3KU PaPHBIL! RT(x)= L.r(x). O6o3HauHM 5To obinee 3HAYCHHE
qepes D, (x). Via paBenctsa (29.1) crenyert, aro aieMeHT IMHH dx/D(x) unsapu-
aHTeH OTHOCHTENEHO nipeofipasopavus T. OcTaerca BHISpATE mapaMeTp t TAKHM
06pa3oM, YTOGHl 3TOT AEMEHT AJMHH PAaBHAACA dt. DTO AeMaeTcs MPH MOMOMIA
HMHTErpPHPOBAHMA:
dx

=] 50

¥ npecGpasosadie T ImpespamiaeTcs B CABKL ¢ —t+C.

[TycTE Teneps Y — He OKPY>KHOCTh. PacCMOTPHM pacTaKeHHe A IUIOCKOCTH, Me-
peBoAAIIEe ¥ B OKXpYKHOCTE. AdduHHOEe NpecbpasoBaie HE MEHAECT COOTHOUIE-
HWe [UTHH MApamieNbHEX oTpe3KkoB. C yuetom (29.1) umeeMm

.@.& _ R-r(x) _ RAr(Ax) _ DA'{(Ax)
dy Lr(y) Lﬂ.r(Ay) DAr(Ay) ’
Mbi OnATE NOMYTHWIH AMEMEHT JVTHHE dx /D 4, (Ax), HHBapHAHTHBI OTHOCHTENBHO

npecbpasoBanua T. Kak M paHee, 6CTaNOCh BRIGPATH MapaMeTp t TAKUM 06DasoM,
gyrobal T(t)=t+c. Teopema [ToHcene Aoxazana.

3aMEuAHUE 29.1. Tlopuam [loHcene MOXHO BEIBECTH H3 MONHOH UHTETDHpYe-
MOCTH GuABApAa B mIice. CM, clreacTBHe 28.8, KOTOpOe YCTAHABAMBAET Teope-
MY O 3aMBIKAHHH AAA Naphl coOKYCHEIX MUTHICOR; CM. TakkKe YIpaxHeHHe 29.1.

29.3. BapualliH Ha Ty e TeMy

KoHika 3agaeTes naTeio TouxaMi. [TydoK KOHHMK — 3TO OAHONAPAMETPHYECKOS
CeMelCTBO KOHHK, IPOXOASIMUX Yepes GUKCHPOBAHHBIE YeThIPe TOYKH. DTH TOYKH
MOTYT GHITE KOMIUIEKCHBIMM, U TOTAA Ha BEleCTREHHON IUIOCKOCTH OHH «He BUA-
Hb», AnreGpardecil My4doK onpejendeTcs cAeAyIoumM obpasoM. [lycts P(x, y)=0
# Q(x, y) =0 —KBaApaTHYHbIE YPABHEHHA JBYX KOHHK. DTH ABe KOHUKH ompeje-
NAIOT MYYOK, 3aaBaeMblil ypasHeHNeM P(x, y)+tQ(x, ¥) =0, rae t — napametp’.

Anrebpamdeckoe olpejeneHHe IyYKa He HCIUTOYAET CAYYaeB, KOTAA HEKOTO-
phie H3 YeTHPEeX TOYeK COBNAAAIOT WIH JexaT Ha GeckoHeuHocTi. Hanpumep, ce-
MeHCTBO KOHIEHTPHYECKHX OKPYXKHOCTEeH obpasyer ny4ok. JleCTBHTENBHO, KO-
HHKA ABIAETCA OKPYKHOCTHIO TOTAA H TOALKO TOrZA, KOIAA OHA MPOXOIHT Yepes
JBE OY4eHb CreuMalbHbe «KPYTOBhie» BEeCKOHEYHO yAaleHHble Touxu, (1:1:0) u
(=1:i:0). B 21X TOYKAX BCE KOHIUEHTPHYECKHe OKPYKHOCTH KacaloTed APYT Apy-
ra, TaK YT0 B JAaHHOM Cy4ae YeTHpe oblpe TOUKH BHPOKAAIOTCA B ABE «ABOIiTHBIE
TOYKH»,

1quox — 3T0 YACTHEIA cayuait Toro, YTo B eIy 28 Mul HA3RBANU AMHERHOM cucTeMol KOHHK.
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PaceMoTpHM nocnefoBaTelbHOCTE BAGKEHHBIX KOHHK H3 OAHOTO NYUKA: Ty, Y3,
vy Yo [, TE ' — caMad BHeIIHAA KOHWMKa. MiaMeHHM npaBiia HIPH CeAYICITHM
ofpasoM. Bubepem Touxy X Ha I', mpoBeieM K3 Hee KacaTeJbHYIO X Y, H NyCTbh
OHa BHOBB NepecedeT I' B HeKOTOpoH Touke Y, 3aTeM U3 ToIKM ¥ poBejeM Kaca-
TeABHYIO K KpHUBOH ¥, U T. A. Ha nocAegHemM mare NpoBeaeM KacaTeAbHYIO K KpH-
BOH ¥,, KoTopas nepecedeT I' B HeKoTopoit Touke Z (CM. prc, 29.4), COOTBETCTBHE
X — Z ofinagaer Bce TEM ¥Ke CBOICTBOM: €CH ero n-A UTEPAIHA [ePEBOAUT TOY-
xy X B cebd, To moban ApyTas TOUKA TAlKe depes 1t I1aroB BEPHETCA B UCXOAHOE
MOMNO}eHHe. 3TOT pesyarTaT obobimaeT nopuam [Moxcene. (Apyroe, NPOEKTHBHO
ABoiicTBeHHoe 0600IIeHHe TPHBEAEHO B CREACTEHH 28.9.)

A,

A; 4

Prc. 29.4. OGobmerHasn, win «6onsan» TeopeMa [ToHcene

[IycTh AAHB BA BAOKEHHBIX JUIHICA ¥ K . MBI XOTHM y3HATB, 3aMKHETCR JIH
BIMCAHHO-ONHCAHHAA AoMaHas [ToHcene nocae n waros. B cryyae, xorga ofe ko-
HHKH ABIAIOTCA OKPYXXKHOCTAMH (He06A3aTeNbHO KOHIEHTPHIECKHMH!) K n=3, 4,
ABHBIA OTBET Ha TOT BOINPOC GBI N3BECTEH A0 TOro, KaK [IoHCene OTKPELT CBOK
TeopeMy; CM. yipakHeHHe 29.2,

O6umit oreeT 6BUT HakiaeH Kamu; oM. [48]. Mat onmmeM ero (6e3 JoKazaTems-
CTBAa) B 9aCTHOM C/Iy4ae, KOTAa BHEIIHAA KOHHKA ABNSAETCA eAMHUTHON OKPYXHO-
cThio X2 + y% =1, a BHYTPeHHAA KOHHKA — KOHIEHTPHIECKUM JUIUIICOM a’x> +
+b%y?=1. PaccmoTtpuM psa Teitnopa

V@ + B2+ O+ = cp+rt + 2 + ..,

B KOTOpOM kaskzaulit kosbduumeHT ¢; ecte GyHKUNA oT a B b (Hanpumep, ¢, =ab).
Jlomanas [ToHcese 3aMBIKaeTCd J€pe3 n IMAroB TOTAA ¥ TOIBKO TOTAA, KOTAa

Cz v Cmia
detl icvvievriinie o =0

Cm+r -+  Com
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npE n=2m+1mn
€3 o Cmn
detf......... veerenns =0
Cm+r oo Com

npH n=2m.

29.4, Pemetka IoHcene

[lycrs y u I' — ABa BIOXKEHHHX wuATca. P. llIsapn [73] HeaaBHO oGHapy I
HHTepeCHOE CBOMCTBO MHOLOYTOALHUKOB [loHCese, T.e. MHOTOYT'OAbBHHKOE, BITH-
caHHblX B I' ¥ ONHCAHHBIX OKGMNO .

Mycts Ly, ..., L, — npAMble, cogepKaliiie CTOPOHE! MHOI'OYTONbHHUKA, HepedHc-
JICHHHE B TOM IHMKIMYIECKOM HOPAZKe, B KOTOPOM PACIIONIOMEHB! HA ¥ TOYKH Ka-
CAHMA C 2THMH CTOPOHAMHM. PacCMOTpHM MHOXeCTBO TO4eK IIepecedeHHA 3THX
npsMeix: Ay =LiNL;. [lycts Ay — Touxa kacanua npamoii L; ¢ y. [lpeanonoxim
TakoKe, YTO YUCAO N HeueTHo (478 4eTHoro n GOpMYAMDOBKY cAefyeT HeMHOTO
H3IMEHHTD).

Touxu Ay 06pasyloT KOHeTHOE MHOKECTBO, KOTOPOE MBI Ha3HBaeM petuemxoit
Honcene. PazofibeM 3Ty pelIeTKY Ha NOAMHOXeCTBA ZBYyMA criocoGamu. Jing kaw-
aoro j=0,1,...,n— 1 «KPyroBoe» MHOMECTBO P; COCTOMT U3 TOYEK A; i, ; {pazyme-
eTcA, MEAEKCH MEE TOHMMaeM BKIMYeckH, TaK YTo n+1=1H T. 2.}, a «pajuans-
HOe» MHOXECTBO Q; — U3 TOYeK A;_; ;.. 3aMeTHM, 4T P; =P, _;, moaToMy y Hac
umeercd (n + 1)/2 KpYTOBBIX MHOXECTB P;, KaXA0€e M3 KOTODBIX COASPHKUT It TOUEK,
a TAIOKe N pagHanbHBIX MHOKECTB Q;, KAKAOE M3 KOTOPBIX COAEPXKHUT (n+1)/2
TOYeK. Bee 5TH NMOCTPOSHHA NPOWUIIOCTPHPOBaHEL Ha pHc. 29.5 B anyyae n=7.

Puc, 29.5. PemerTia [ToHeeie
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Cornacuo teopeme Ilpapia, KaxkA0e KPyrosoe MHOXECTBO P; IeXUT Ha HEKo-
TOPOM aMLIHICe! Yj, IpU4YeM P; COCTOMT U3 BEPIIMH MHOrOyroibHMKa [loHcene,
BIMCAHHOTO B Y; Y OMHCAHHOTO OKOMO Y. AHAJIOTHYHEIM 06Pa3oM, KaXAoe pajn-
aJbHOE MHOXECTBO (; JIEKHT Ha HexoTopoii runepbote. Bostee TOTO, BCe Kpyro-
BHE MHOXECTEA Pj IDOCKTHBHO JKBHBANCHTHLL: AN KOKAOH Maphl UHAESKCOB j, i
CYHIECTBYET NPOEKTHBHOE NpeobpasoBanue, nepesoadilee P; B Py. [IpoeKTUBHAA
3KBUBAJIEHTHOCTb MMEET MECTO M A/ pafMaibHbIX MHOXECTE Q.

AHATOTHYHEIC PE3YIBTATE BEPHH AN YeTHOTO n. P. llIBapll goxasan cBoX Teo-
pEMY C MOMOLIEIC KOMIVIEKCHOH anrebpandecKod reoMeTpHy. MoxXHO Takke BH-
BeCTH Teopemy [liBapna 13 cBoiicT 6WILAPAOB B JUIHIICAX; cM. [60].

29.5. Teopema Manu-KytTca

Vimeercs psiA APYTHX TeOpEM O 3aMbIKaHMH, MOXOXKMX Ha mopusM [loHcerne.
OnHa U3 HUX — 310 TeopeMa lliTeliHepa o IlenouKe OKPYKHOCTeH, KacaTembHBIX
K ABYM JAHHEIM OKPYKHOCTAM vy U I'; oM. puc. 29.6. Ee yTBepKACHHE COCTOHT

Puc. 29.6, Teopema lTeiinepa

B TOM, YTO eC/Ii TAKAA eN0YKa 3aMHKaeTCd Yepes i MIArOB A OAHOM HadansHoH
TOYKH, TO 3TC CAYYHTCA W Ansa moboit gpyroit HauaneHoit ToukH. Tecpema IlTei-
Hepa CTAHOBUTCA OUEBHAHOH NOCAE NPHMEHEHHAA NOAXOAALIEr0 FEOMETPHYECKOr0
npeofpazosaHus, A HMEHHO, CYIIECTBYeT HHBEPCUSA, KOTOopad NepeBoAuT ¥ H |
B KOHIICHTPHYECKHE OKPYKHOCTH. (3aMeTHM, OfHaKo, YT Y mopHama [loHcene
AHAJOTHMMHOrO JOKA3AaTeNbCTRA HET, TAK YTO 2TO ropasfio 6onee TPyAHLL pesyib-
Tar.)

Lytor daxT Grir neBecteH Japby [33].
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B emte opHOI moGomkITHON TeopeMe paccMaTpHBAIOTCA Kacammeca JpyT ApY-
ra OKPY)KHOCTH, BIIHCAHHBIe B MHOTOYTONBHHKH. BoT ee npocTeiiuuii caysail. Pac-
CMOTPHM TPEYTONBHMK A AzA;. BrivmieM B yron A3 A A, OKPYKHOCTE C; 3aTeM
BIMIIEM B YTOI A; Ay Ax OKPYXKHOCTE Cp, Kacalolyloca C); 3aTeM BIHIIEM B YTOI
AzA3A, OKPYHHOCTE C3, Kacalollyiocs C,, M TaK AaJiee 1o MUKIY; CM. pHC. 29.7.

Ay

G
Ay Ay

Puc. 29.7. IlocnefoBaTeNsHO BIUCHBAEM CKPYKHOCTH B MHOTOYTONLHUK

TEOPEMA 29.2. Dma nocredosamensHocme oxpyscHocmeti senaemca G-nepuo-
duyecxoil: C;=C; (cm. puc. 29.8).

Pue. 29.8. [Ipoleee 6-nepuoduyex
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As

Ay

Py Py

Puc. 29.9. CooTHOMERHe MEXAY ABYMA BIHCAHHEIMH OKPY>KHOCTAEMHA

JIOKABATEALCTBO. JIOKA3aTENbCTBO COCTOMT B XHTPOH 3aMeHe NepeMEHHBIX
¥ TIPOU3BOAUT BlleYaTIeHHe okyca.

OGo3HauMM YIVIH TPEYTONBHHKA Yepes 2a,, 2d, U 2d,. PaccMOTpHUM nepBbie
JB€ OKPY/KHOCTH; NYCTh KX PaJNyCH DABHEL I H ry. MEI yTBepKAaeM, 4TO

rctgay +2m+ Iy ctg oy = |A Asl. (29.2)
JleficteuTensHo, HA puc. 29.9 HMeeM
{A1Pl=ncoga), (AP|l=ndaga; u PP =24/nn.
TonoxuM r ctg oy =u?, ry ctgay=ulu m =e, TorAa paseHcTeo (29.2)
MOXHO MEPENKCcaTh B BHJE
U + 2eu iy + ul = |A Ayl (29.3)
Hz dopmynnt (29.3) cneayert, dro
U, +euy = \/lAlAzl —(1—ePui, u,+eu; = \/|A1Az| -(1-e2nd. (29.4)
[NepenmmeM paBeHCTBO (26.3) B BHje
(U + ey )+ up(up + euy) = A3 Ay,

Wi, ¢ yieroM (29.4),

114/ 141 4| — (1= €22 +up /1A, Ay — (1 €22 = |A, A|. (29.5)
PaccMOTpHM OKPYXHOCTD, BIMCAHHYIO B HAHI TPEYrONBHUK, MYCTH r — ee pa-
OUYyc, a a,, d,, 43 — AJTHHEL OTPE3KOE KACATENLHBIX K 9TOH OKPYHOCTH, IPOBeJeH-
HBIX M3 BEPUIMH TPEYTOABHMKA (CM. pHc. 29.10). [Tycth p=a, + a; + a; — noaymne-
PHMETp TpeyTONLHHKA, a $ — ero maomaas. C oaHol cTopoHsl, S=rp, a ¢ ApyTo#,
no popmyne TepoHa, 5= +/pa,a,a,. CreAoBaTeABHO, r=a,a,a./p.
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Ay

a3 a3

A . A
2 o @ 1

Puc. 29.10. [lokazaTenLCTBO B-TIepHOAHYHOCTH

Haiigem e. MH HMeeM 1g o, =1/a,, g d; =i /a,, H, CIEOBATENBHO,

2 r? a3
e’ = = =,
a,a; P
B gacTHOCTH, ¢ < 1. OTCIoAa cAeayeT TakKe, 9To
1—g? = p-a; _ |A; Aqd
p p -

Terteph fepermilieM paseHcTBO (29.5) B BUAE

w f 31/ _8 _ 144
ﬁ1p+ﬁ1p__p' (29.6)

Kparknit Barasag Ha 2Ty GOPMYIY NOACKa3HBaeT 3aBEPLIAIOMIYIO IOACTAHOBKY:

&—-Sinso ﬁ
VP R

Toraa paBeHCTBO (29.6) MOXHO Ilepenucarsb B BHAE

= s$in p,.

. AA
sin(p, +,) = %4,

. A
1+ Py = arcsm(ﬁ -M—‘P—-?i 1= fa (29.7)

(nocnegHee paBeHCTBO — 3TO NpocTo yiachHoe 0603HaYeHNe).

Teneps oCTRHOBHMCA H IToAYMaeM, Yero Mul Ao6wnick. HexogHo Mei 3aaBann
OKPYKHOCTH, BIIHCAHHEIE B JBa YT/a TPEYTOJbHUKA, UX PAAUYCaMH Iy U I, U IPU
JTOM YCIOBHe KacaHWs 3aNyCHBANOCH CIMKHEIM paBeHCTBOM (29.2), 3aTem Mbl
BB&JIH HOBHE MepeMeHHble ¢y H Py, ¥ YCIOBHE KAaCAHMA YNPOCTHAOCE A0 BHA
(29.7).

PaccMOTPHM Teneps TPETHI Ki1ace OKPYHHOCTel — OKPYKHOCTH, BIIMCAaHHEIE
B yron Ay Az A, ; OHU 3aJal0TCA PagHyCcoM r; U IePeMeHHOH (p3, CBA3AHHOH € I3 TAK
Me, KaK @, B P, CBASAHEIC N H Iy,
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HaxoHen, nocnegumnii InTpux. Jnd NepBbiX CeMH OKPYIXHOCTeH HMeeM

er1+@a=Fa, P +es=P0, Pat=F Yits=PFi Vste=p Ystv;=5.

BosbMeM ITepBoe PAaBEHCTBO, BRIYTEM H3 HErO BTOPOE, IPHHABHM TPEThE, BEIYTEM
YeTBepToe U T. . B pesyasTaTe ME IIQIYMHM, YTO o] — 7 =0; T, &, CEAbMAas OKPYH-
HOCTB COBIIaZaeT ¢ fepBoi.

Teopema 29.2 TecHo cBA3aHa ¢ 3aja4eif ManedaTTH 13 aeMeHTapHO reoMeT-
pum, B Kotopoit Tpebyerca NOCTPOMTE TPH NONAapHO KacalomUecs APYT ApyTa oK-
PY’KHOCTH, BIMCAHHEIE B TPH yIJIa TPEYrONbHHKA, JTa 3ajava Ghina pemena ura-
JMBAHCKUM MaTeMaTHkoM JDi. Mansdart B 1803 r,, HO ITPOAOIKANA IPKEIEKATD
BHHMaHHe BRIZaompxcs reomerpoB XIX Beka, raxux, kak LlrefiHep, Ilmokkep
¥ Kamn. Pemerue sagaun MamedarTi Aerko crepyeT U3 Hamiux GopMya: A1 OK-
pyHOCTel ManbhaTTh UMEEM Q4= p), 5 =12, 5 =13, U

Bs+By—-6 — Bi+8-5; = B+ Bi—Bs
2 ? 2 ? 2 i

¥y = P2 ¥1

4TO OAHO3HAYHO ONpeAendeT HCKOMBIE OKPYKHOCTH,

[TopasUTenBHO TO, UTO YTBEPHASHHE TeopeMhl 29.2 OCTAHETCH BEPHBIM, €CIM
3aMeHHTb OOHYHEI TPeYTONBHUK Ha TPEYTOALHUK, COCTARNEHHBIH U3 AYT OKPYH-
HocTeilt! D10 o6Hapyxwm mareMaTukn-mo6urenu I'. B. Manu-Kyrre 1 C. k. V-
NHH TIPY ROMOLIK aKKyPaTHOTO depTexal, a gokasanu Tuppean u [Mayamn B 1971 .
(cm. [89]). Mx goka3aTeasCTBO HAMOMHHAET Halle AOKA3ATEAbCTBO TEOPEMH 29.2,
HO POVIB TPHTOHOMETpUdecKuX dyHRUmMil BhiIonHAoT (Gonee CIOKHBE) NAHNTH-
qecyue yHrkuuA. (Kerary, HHBapHaHTHYI GYHKONIO JUB SHALADAA B UIHNCE
TAIOKe MOXHO BRIPA3NTh YEPE3 JUTHATHYECKHE QYHKIHM.)

Kak HacueT [pyTHX MHOTOYTOILHHKOE? [IpaBMAa MTPHl COCTOAT B TOM, YTOOL
NOCAEAOBATENbHO BIKCHIBATE OKPYKHOCTH B YD MHOIOYTOMBHHKA TAK, YTOOH
Kak/ad caedylolan Kacanack Ipeasigymeii. Ha puc. 29.11 noxazaHel TATHYTOMb-
HMK ¥ IIECTHYTOMBHUK OOILEro BHAA; MBI BHAKM, YTO BITUCAHHEIE OKPY)KHOCTH He

Puc. 29.1L [ins MHOrOYTONBHHKA OGWIETC BHAA [TEPHOAHTHOCTH HET

13pa nepCoHATLHLIX KOMITBIOTEPOR B TO BpeMA eliie He HacTyIAa,
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TIPOAB/IAIOT HAKAKOH NMepHOAUYHOCTH. JnA THIHIHOTC YeTHIPEXyTONbHHKA [IoBe-
JAeHHEe 3THX OKPYKHOCTeH BIIOJIHE XaoTHuHo [87].

QAHAKO MEPHOAUYHOCTE MOMHO BOCCTAHOBHTH, MOTpeSoBaB, YTOGH n-yross-
HHK YAORIETBOPAI CHeYHATLHOMY YCIOBHIO, HaoOpaeHHOMY Ha puc. 29.12. ITycTs
n 2 5. O603HAYAM BePRIMHE MHOI'OYTONBHHKA yepes Ay, A,, ..., 2 eT0 BHYTPEHHHE
YIIIEL —Y9epes 2a;, 20y, ... [IpeRIOnOXMM, UTo ; + a;, > M/2 and Beex i. O6o-
SHAYUM 4Yepe3 D; TOUKY MepeccqYeHUA NPAMBIX A;_A; B A1 Aj2. PACCMOTPHM
BHEBITUCAHHEIE OKPY)KHOCTH TPEYTONBHHKOB A; A;D; ® A;A;,D;, Kacaloupecd
CcTOpoH A;D;_, 1 A;D; COOTBETCTBEHHO, YNOMAHYTOE YCNOBHE COCTOHT B TOM, UTO
3TH ABe BHEBMHCAHHEIE OKPYHOCTH COBNAAAIOT AJA BCEX i.

Puc. 29.12. Ycnosue, poccTaHABAHBAION{Ee TEPHOAUNMHOCTE

Torza B cIy4ae HEYETHOTO N MOC/AEACBATEARHOCTE BIUCAHHBIX OKPYXHOCTeH
ABNAETCA 2n-NepHOANYHONH. 1A YeTHOro i HeoGXOAUMO ACONONHKTENLHOE YCIo-

BHE
n
[T (V1-cgactga,, +1)

=1, | Heq.
_ 1,

- =
T (V1-cgocgan,+1)

i=1, i ner.

H €C/IM OHO BBITOMHEHO, TO MOCAeA0BATEALHOCTE BIIHCAHHBIX OKPYKHOCTEH ABNA-
eTCA N-NePHOANYHOMN.

JTOT pe3yAbTaT ACKA3KIBAETCA aHAJOTHYHO TeopeMe 29.2 M, TaK jKe Kak H OHa,
HMEET BEPCHI) AN MHOTOYTONEHHKOB, COCTABNEHHEBIX U3 AYT OKpYXKHocTelf; cM.
[84]. Aameueiimys uadopMatuno o nopusme INoHCeRe, HCTOPHK €T0 OTKPHITHA
u ofobmennax MoxkHo Haitti B [23, 26].

15 3ak. 3647
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XKan-Buxrop INoHcesne Puuapa Illsapn SIko6 LlTeiinep
1788—1867 p. 1966 1821—1895

29.6. YnpakHeHHA

29.1. TlokaxxuTe, YTO BCAKYIO Napy BJIOXKEHHBIX 3/UIMIICOB IIPOEKTHBHBIM IIpe-
obpa3oBaHHEM MOXHO NepeBecTH B napy co$OKYCHBIX /UIHICOB. BriBeguTe 10-
pu3m IloHcesne u3 cineacTeus 28.8.

29.2. Ilyctb I' ¥ ¥ — OKPYKHOCTH paZviycoB R U r, ¥ IyCTb a — pacCTOSIHUE
MeXJy MX LieHTpaMHu. IIpeAIonoxKuM, YTo ¥ JIeXUT BHyTpH I'.

(a) Joxaxxute, YTO TPEYroJbHUK, BIMCAHHKIN B I” M ONMKCAHHEBIN OKOJO 7, Cy-
IeCTBYeT TOTZA U TOMBKO TOTZA, Koraa a’=R? — 2rR (¢opmyna Uanruia).

(6) IMokaxxuTe, YTO YeTHIPEXYTOJIBHHUK, BIIMCAHHEIN B I' M OMMKMCaHHBII OKOJIO 7,
CyIIeCTBYeT TOTr/ia M TOIbKO Torza, korza (R? —a?)?=2r%(R%+a?) (¢opmyna Pycca).

29.3. (a) Joxaxwure Teopemy lllTeitHepa (cM. puc. 29.6).

(6) NokaxkuTe, YTO LEHTPHl OKPYXXHOCTEM, KacaTeJbHEIX K ' U ¥, JleXXaT Ha
aunce, GoKychl KOTOPOro HAXOAATCA B LIEHTPaxX OKpyKHocTeit I U 1.

29.4* TlycTb JaHa TPoMKa NPAMEIX [;, [,, I; B 0bieM nonoxxeHHUH. CKOIBKO Cy-
HIecTBYeT TaKUX TPOeK OKpyxHocTeil C;, C,, C;, 4TO JO6HIE BE M3 HUX BHELIHE
KacaroTcs pyT Apyra U npH 3ToM C,; Kacaetcs [, u I3, C, kacaetcs l; u [;, a C; Ka-
caerca l; ul,?

29.5. B ucxozaHoii 3ajaye ManbdaTrTu TpeGoBaJOCh BIHMCATh B AaHHBIH Tpe-
YTOJIbHUK TPU HemepeKphIBaIoIecs OKPY>XHOCTH TaK, YTOGEl CyMMa MX IUIOLIA-
Zeit 6bU1a MAKCMMaJIbHO BO3MOXHOM. ManbdaTTi npeafoiarai, YTo 3TOT MaKCH-
MyM JOCTUTaeTCs, KOrAa KaxJasa U3 TPeX OKPYKHOCTEH KacaeTcs OCTANbHBIX ABYX.
JlokaxkuTe, 4TO 3Ta rAIIOTE3a HEBEPHA.

YKA3AHHUE. PaccMOTpHTE paBHOCTOPOHHUI TPEYTOJbHUK.

3AMEYAHME. IIoNHOe pelleHUe 3TOi SKCTpeMabHO# 3a4a4u ObUIO OITyGJIMKO-
BaHO TOJBKO B 1992 r.; cM. [10].
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Jlexia 30
I'paBPITaIlHOHHOE NPpATHAKEHHUEC JITHNICOH 0B

B aroil mocinegueit mekuyu Mu! SyaeM cBoBofHO Momb3oBaThCA GH3IMYECKOH
TEPMHUHONCTHEIA, MpeAnonaras, YTo HApAy €O 3APABKIM CMEICIIOM YHTaTeNb obia-
JAaeT JeMeHTapHEMH 3HaHHAMHK (uanki. Hanpumep, OYHKUKA Ha3HEBAeTCA RO-
MEeHYUAROM CHIOBOTO IO, €CIH BEKTOP CHAH ABRIAETCA €€ rPajMeHTOM; Kau-
NOMEHYUAALHAR NOGEPXHOCTL — ITO NOBEPXHOCTh YPOBHA MOTEHIKANA, U T. 4. Pa-
3yMeeTcd, CiJIa IPaBUTAHHOHHOrO APUTMKEHHs IIPOITOPUHOHAIBHA MaccaM Tel U
06GPATHO MPONOPLHOHANBHA KBaAPATY PACCTOAHMA MEXAY HUMH, H TOT XK€ 3aKOH
BepeH ANA KyNOHOBCKOrO NPUTKEHNA/OTTANKNBAHUA NEKTPHYECKHX 3apANOB.

30.1. BuyTpu ceps IpUTA:KEHHA HeT

. HeloToH, ofFH M3 co3faTelicil MATEMaTHYeCKOTO aHan u3a, GblT BEMKHM
MACTEPOM reoMeTpPHYecKHX paccykaeHUH. Erc rmapHan xaura, «Philosophiae Na-
turalis Principia Mathematica» («MareMaTuveckue Havaaa HaTypaibHoH dunoco-
$uu») [15], sanoaHeHa TeCMETPHYIECKHMH YEPTeXXaMHU M TIOYTH IVIHOCTLIO JIHIne-
Ha popMya. TeopeMa 30 (npeanoskenue 70) oTaena 12, «O MpUTATATENbHBIX CHAAX
cepHUecKHX TeN», H3 «Hagan» yreepagaeT:

EcAH K OTAeALHEIM TOYKaM chepuuecKol NMOBepXHOCTH HalpaB/eHb DABHbIE OEHTPO-

CTPEMHTENEHBE CHIEH, yﬁHBalOIJ.‘[He B OTHOINEHHH KBagpaToOB pamomuﬁ A0 3THX TO-

9¢K, TO 9aCTHNd, [IOMEUIeHHAA BHYTPH aToll NOBEPXHOCTH, OT TAKUX CHA HH B KaKYI0

CTOPOHY NDHTAXCHHA He HCHHTHB&ET.I

13aeck 1 panee nep. A. H. Kpsinopa, LiutnpyeTes no kuure: . HuloToH. MaTeMaTHueCKHe Hadaia
HaTypaabHoit duinocodrm. M.: Hayiea, 1989, —— [pum. nepes.
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VIHEIMH cOBAMU, BHYTPY OZHOpoAHO cdephl (1M, ToUHee, HecKOHEYHO TOH-
KoH chepHYecKoi 06ONMOYKY) NPHTKEHAA HET,

BoT enierka MOANGUIMPOBaAHHOE AoKa3aTeNRCTBC HbioToHA (Cp. ¢ lekyHel 29).
IycTe P — Touka BHYTPH cdepsl. PaceMOTpHM SecKoHEYHO MaEli KOHYC ¢ Beplou-
Hoii P. [lepecedeHe cdepH ¢ KOHYCOM COCTOMT K3 ABYX GeCKOHeYHO Masbx obia-
creft A B B; cm. puc. 30.1. [TokaxeM, 4YTO CHIE MPABUTALHOHHOIC NDHTAXKEHHN,
AeHCTRYION(ME HA P CO CTOPOHEI 3THX ABYX ofmacTeii, B3aHMHO YHUYTOKAIOTCH.

Puc. 30.1. Cyist npHTSxe N, OKASHBAEMbie Ha TOUKY P, B3IaHMHO YHHYTOXKAIOTC

CHIE IPUTAXKEHN, KOTOPBie OKa3biBAKT Ha TOYKY P o6aacTH A 1 B, nponop-
LUHOHAJNBHE HX MaccaM, T.e, MACIaAaM, ¥ o6paTHO IPONOPIMOHANBHEI KBA/pa-
TaM paccTosHRit ot HIX A0 P. Och KoHyca o6a pa3a mepecekaeT cdepy [0 OAHHA-
KOBBIM yTnoM. CleAoBaTeNlsHO, ABa OecKOHeYHO MAJBIX KOHyca ¢ ofimeil BepIid-
HOH P nogo0OHEl, H OTHOMICHUA TLIOLIafell UX OCHOBaHHIT K KBagpaTaM paccTos-
Hu#t 10 TOYKH P paBHEIL. [103TOMY CIUIEI IPHTAXKEHHA, AeHCTBYIOMMe HA TOYKY P,
PapHHI H IPOTHROIONOKHC HanpasaeHsl. BHoBe mpounTHpyem HpioToHa:

CneaoBaTeAbHO, YaCTHLA P HH B KaKy10 CTOPOHY STHM NPUTAKERAEM K ABHKEHHIO HE
nobyxaaeTes.

Heobxoaumo cAenaTh ABa 3aMeYaHHA. Bo-NepBEIX, TO JXe paccyKAeHHUe MoKa-
3BIBAET, YTO CHJA MPUTAXKEHHS OTCYTCTBYET BHYTPH cheprdeckoil oBomouky mpo-
M3BOMIBHOH TOMIMHEL: TaKkaA 06oM0YKa COCTOUT K3 GeCKOHeYHO TOHKHUX CJIOEB, AJ1A
KaKAOTO M3 KOTOPHIX CHJIEI NPHTKEHHA B3aHMHO YHHYTOXKAIOTCA., BO-BTODEIX,
YHHYTOXKAETCA Takke M SAEKTPHYESCKAN CHTA BHYTPY PABHOMEPHO 3apsKeHHON
cdeprl, H60 KYNOHOBCKAA CHJIA TOXe OFINHAECTCH 3AKOHY OOPATHEIX KBAADATOB.
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30.2. IIpuTaxeHHe BHe cdeprr

3ateM HeloTOH paccMaTpHBaeT NPUTRNEHHE BHe ofHopozHoil cdeprl. Teope-
Ma 31 (npepnoxeHue 71) racKT:

TIpH Tex e npeANGNoMeHUAX YTBEDHAAI0, YTO YacTHIA, HaXxoAdmaaca BHe chepuye-
CKOif MOBEPXHOCTH, NPHTATHBACTCA K UeHTPY cbephl ¢ cliIoK, o6paTHO NMPONOPIHO-
HAJIBHOIO KBAAPATY €¢ PACCTOAHMA 0 HEHTpa ceph

WHEME CI0BaMH, ONHOPOAHAA chepa NPHTATHEAET TakK XKe, KaK MaTepHajlbHanA
TOYKaA TOi! e o6uiel Maccel, moMemeHHas B ee IeHTpe.

JoKasare/bCTBO ATOTO NpeAnoweHns, JaHHoe HbIOTOHOM, TaioKe reoMeTpHY-
HO, HO TIPH 2TOM AOCTATOYHO CNOkHO. Ml mpHBeAeM Apyroe, fotee mpo3payHoe
u Bosee KOHIENTYaALHOE PacCyXAcHHAe.

PaccMoTpHM TeueHHEe HECHMMAEMOH KMAKOCTH K CTOKY, PACTIONOMEHHOMY B
Hayale KOOpPAKHAT O. Y TaKoro Te4eHUs NMHHHK TOKA PajlHaibHE, H TIOTOK Yepes
nobyio chepy ¢ HeHTpoM B Touke O oAMHAKOB, [L10IaAL OBEPXHOCTH chepH
paguyca r paBHa 47irZ. CIeOBaTENBHD, CKOPOCTD XHAKOCTH, Kak QYHKIMA pac-
CTOSTHUA OT HAayasa KOOPAHHAT, [POMOPLHOHANLHA ™2, BHIBOA: MO CKOPOCTEH
TedeHHA ChepHYeCciH CHMMEeTPHTHOH HeCGKHMAaeMoll JKHAKOCTH K CTOKY COBHaja-
eT ¢ TPAaBUTALMOHHEIM TONEM MaTepHaIbHOH TOYKH.

I'paBUTAHOHHOE IIQJIe [IPOH3BOALHOTO pacupeAe/ieHHA MAcC ecTh CyMMa 1o-
JNeif, co3faBaeMEIX OTARNBHBIMH MaccaMi. OTclofa ciefyeT, YTo Takoe nofe obna-
JALT TeM Ke CROHCTBOM HECKHUMAaeMOCTH: NIOTOK Yepe3 rpaHHLy Mobol obnacTh,
He cofepsKallieil Mace, papeH HYo!,

BepHeMcda K rpaBHTANMOHHOMY HPUTDKEHHIO OXHOPOAHCH cdepH ¢ HeHTpoM
B TOuKe O. Bnarcaapsa chepudeckoii cHMMeTpHH CHa, AeHCTRYIOMAA HA KOHTPONE-
HYIO TCUKY P, 3aBHCHT TONBKO OT paccToAHNA PO H Hampap/eHa fio paguycy. Kpo-
Me TOTO, CHAOBOE Nofie HeoKuMaeMo. EfHHCTBeHHOe HeCXUMaeMoe cheprudecku
CUMMeTpHYHOe PaJHaNbHOE NI/l €CTH TPAaBUTALMOHHOE [T0/Ie MAaTe pPHANbHOK TOY-
Kd, PACTIoNoXKeHHoit B Touke O. YtoBhl yBHAETE, UTO Macca 2TOH TOYKM paBHA
nonHoit Macce cdephl, AOCTATOYHO CPABHUTH NOTOK ABYX MO/l Yyepes AOCTATOYHO
Gonpyc chepy ¢ ueHTpoM O,

O6a pe3ynETaTa, HEXTOHOBCKHE TeopeMH 30 U 31, BepHBI B IPOCTPAHCTBE JIO-
Goit pasMepHOCTH n, eCH TONBKO CHAA PUTAKEHNA TOYEK Ha PACCTOSHUH I TIpO-
nopuMoHanbLHa r!1 ",

30.3. PacnpegeneHHe cBOGOAHOTO 3apAja

YpOHHTE KaTUTIO 3apAKeHHOH HHUAKOCTH HA 3aMKHYTYIO NPOBOASLIYIO TOBEPX-
HOCTb, H 3apAJ CBOBOAHO pacTipefeiuTed No 9Toit nosepxHocTd. Hampumep, ans
ceprr pacnpefereHKe cBOGOAHOTO 3apAaa OyaeT paBHOMEPHEIM.

Pacnpeaenenue cBoGoAHOrC 3apaga 06aaaaeT ABYMA cBolicTBaMH. Bo-NepBhX,
Ha caMO¥ MOBEPXHOCTH NOTEHLMAN MOCTOSHEH, 3TO OYEBHAHO; Pa3HOCTD MOTEH-

1 YlHKME C1OBaMM, AMBEPTEHIIHA TO/ PABHA HY/TO,
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LHAJIOB B ABYX TOYKaX 3acTaBWia OB 3apAKeHHYIO HWIKOCTb ABUraTLCA OT oHoH
TOUYKH K ApyToii.

Bo-BTOpEIX, BHYTPK NMOBEPXHOCTH MEKTPUYECKad CUMA PABHA HYMIO, WM, YTO
SKBHBAJICHTHO, IOTEHLIHAN NMOCTOAHEH, JeliCTBHTeAbHO, NPEANOAMKHAM, ITO 3TO
He TaK, [IOCKONbKY Ha rPaHAYHOM cdepe NoTEHLHAN IOCTOAHEH, OH JJOCTHTaeT v-
6o Maxcumyma, 1160 MHHMMYMa BO BHYTPeHHeH TOUKe, CKakeM P, PaccMoTpimM
MANIYI0 3KBHIOTeHIHAABHYIO IOBEPXHOCTh, OKpyKatoulyio Touky P. Toraa moTokx
WIEKTPHYECKOTO TIONA depe3 3Ty MOBEPXHOCTE JUO0 CTPOro NONIOKUTENeH, TKH6o
CTPOIC OTPHLATENEH, B IPOTHBOPEYMH ¢ TeM GaKToM, YTo flojie HECKHMAEMO.

2TO pacCyKAeHHE JAeT albTepHaTHBHOE JOKA3aTeNbCTBO TeopeMbl HeroToHa
O TOM, YTO FPABUTANMOHHOE I0JIe BHYTPH OAHOpPOIHOM cdephl pasHO Hymwo. Pa-
ayMeeTcs, OHO OCHOBAHO HAa $U3UYeCKOM 3APABOM CMEICTe (HANPHMep, BOIPOC
O CYLIECTBOBAHHM H €AWHCTBEHHOCTH CBOGOAHOrO paciipefelleHHs 3apAAoB MaTe-
MAaTHYeCKHA HeTPHBHaAeH!).

30.4. I'omeoupabl

Tomeoud — ato OﬁﬂaCTb, 3aKmoYeHHad MeXAay ABYMA roMOTeTHIHMMHA IHIT-
COHAAMH C OGIJJ;PIM OEHTPOM.

TeorEMaA 30.1. Citna npumsacenun sxympu BeckOHENHO MOHK020 2oMeouda pas-
HA HY0.

JoKABATEALCTBO. CHavana paccMOTPHM GeCKOHEYHO TOHKYIO ChHePHUECKYI)
obonoyxy. M3 nn. 30.1 MBI 3HaeM, YTO CHIA IPUTAKEHHUA, C KOTOPoii oHa AeitcTeyer
HA KOHTPOILHYIO TOYKY P, paBHa Hymo; cM. puc. 30.2. OB6o3HAYUM Yepes v U V
obBbeMEl, NoMydeHHEIe NepecedeHieM GeCKOHEMHO MALOT0 KOHY A ¢ BepLIHHOH P
¥ cheprdeckoil 060NOYMKH, M TMyCTh r M R — PAaCCTORHMA OT TOUKH P Zo cdepul
BIOMb OCK KOHYCA. [TOCKONBKY CIla IPUTSHXKEHKA paBHa Hyllo, v/ri=V /R?,

1' v’

[—

— il

Pue. 30.2. Cuna NpUTMREHWA BHYTPH TOMEOHAA PaBHa HyMi0

Tomeonp nomyuaerca us chepudeckoit obonouku abhdHHHEIM 1peobpazoBaHy-
€M: PacTKEHHEM B TpeX NONApHO OPTOTCHANBHBIX HAMPABIEHHAX C PasHBIMK
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KoadduMerTamI; ¢M. pHC. 30.2. QO603HaYHM COOTBETCTBYIOLHE OOBEME H pac-
crosHuA 4epe3 v’, V', r', R'. AdduiHoe npeofpazopanne CoXpaHAET OTHOLIEHHE
06beMOB M OTHOLICHKE JJIMH KOUIHHeapHHX oTpeskos; V/ /v’ =V /v, R'/r'=R/r.
Otcioaa cneayer, aro v'/(r)=V’/(R')?, T.€. CAIH NPUTMKEHRA, AeiicTByIOMME
Ha TOYKY P, B3aHMHO YHHITOXKAIOTCH,

TaxkumM obpazoM, MOTEeHUKAN NoAA BHYTPH DecKoHeyHo ToHKore (a ¢reaoBa-
TEJIBHO, H KOHEYHO TOHKOTO) TOMEoH A ocTogHeH. PACCMOTPHM pacipeZeneHyie
3apAna HA NUTUNCOHZE, IUIOTHOCT KOTOPOrO NPONOPIHMOHANBHA IHpHHE Hecko-
HeYHO TOHKOr'C ToMeonAa. JUis aToro pacnpelenieHHs MOTEHUMAN HA INIICORAE
1 BHYTPH HeTO [TOCTOAHEH, 3HauuT, 3T0 cBobGoAHOE pacnpejencHIe 3apsajoB.

30.5. Teopema ApHoJbAa

PaccMOTpHM IIaAKylo 3aMKHVTYIO TOBEPXHOCTR M, 3afaBaeMyl) DOIKHOMH-
aneHLIM ypaBHeHHeM f(x, ¥, 2} =0 crenenu n. Hampumep,

ax*+by*+czt=1

— YPaBHEHHE NOBEPXHOCTH creneHn 4. Touxka P HasbiBaeTca sHympetell O OT-
HOUIEHHIC K MOBEPXHOCTH P, eC/Ii KayK/AasA NpAMast, NPOXOAAas Yepes P, mepece-
KaeT M poBHO R paa (pazymeerca, YHCIO epeceYeHHi He MoKeT GrITh Oonbie n).
Ha puc. 30.3 u3oSpaskeHH ABe KPUBHIE CTENeHK 4; BHYTPEHHHE TOUKH MepBoi
KPHBOI IeXKAT BHYTPH CaMOr0 BHYTPEHHETO OBaJa, a BTOpad XKpHUBas Boobile He
HMMeeT BHYTPEHHHX TOYEK,

Prc. 30.3. IBe xpuBLIe cTeneHy 4; 0AHa MMeeT BHYTPEHHNE TOUKH, a Apyrad HeT

PaccmoTpHM Ha IOBEPXHOCTH M pacnpeaencHue 3apsaaa, IAOTHOCTb KOTOPOTO
NPONOPUHOHANBHA TONIMHE GeckoHeVHO Manoi o6ONMOYKH MEXAY M M moBepx-
HocThio M, = {f(x, ¥, 5) = £}. DTo 0606ieHne roMeouaHON WIOTHOCTH, 06CYX-
nasmreiica B 1. 30.4. Tlycts P — BHYTPeHHAA TOUKA. 3HAK 3apaja 9epeayeTca: OH
NONOHITENCH Ha KOMIIOHEeHTe MoBepxXHocTH M, 6mnxaiimeii k P, oTpunareney Ha
ClelyIoIeil KOMIOHeHTe, ONOKKTENEH Ha CaeayIome u T. 4.
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TeoPEMA 30.2. Cuna npumsiceHis, ¢ komopotl nogepxrocme M delfcmayem xa
mouky P, pasHd Hymo.

JloKA3ATEABCTBO. Kak ¥ panee, paccMoTpUM GecKOHEYHO MasIbIi KOHYC ¢ BED-
mrHotl P 1 ockio 1. [Tepeceyenye 3Toro koHyca ¢ ofonouxoif, 3aKmMoYeHHOH MexK-
Ay moeepxHocTAMK M ¥ M., cocToHT K3 n obaacTed, 1 MBI ZOKaXKeM, YTO CHAH
NPHTAKEHHA, ¢ KOTOPHIMH OHH JAeHCTBYIOT HA TOYKY P, B3aMHO YHHYTOKAIOTCA.

PaccmoTpHM oAHy U3 3THX 0o6acTeli, ¥ nmycTh Q —Aexaman B Heil Touka, OGo-
3HaYuM 4Yepes h ZnuHy (GecKOHEYHO Majloro} oTpeaka ImpAMoit | BHYTPH obnacTi
H TonoxuM r = PQ; cM. puc. 30.4. O6beM 06/aCTH paBeH NPOM3BEAeHUI0 h Ha
IUIOIaAbL OPTOrOHANBHONO CEYEHUA KOHYCA B TodKe Q. DTa IIoWaAE Iponopupo-
HasbHa rZ. Cllej0BaTeNbHO, OBNACTD AeiCTBYET Ha TOUKy P ¢ CHIOH NpUTAXEHUS,
nponopuMonanshol r2h/r?=h. TakuM o6pasoM, HaM HYKHO AO0KA3ATh, 9TO CYM-
Ma CHaOXeHHBIX 3HAaKOM JUIHH (GeckoHeYHO MANIBIX) OTpesKoB mpAMoil | Mexay
M u M, paBHa HymO.

M M.

Puc. 30.4. BrluncaeHKe ciisl, ¢ KoTopoil ofnacTs  AeiicTByer Ha Touky P

NocnegHee yTBEPXKACHNE OAHOMEPHO: MBI MOXeM 3abHTh 06 06beMIIomeM
NPOCTPAHCTEE M OTPAHHYHTH MHOTOWIEH f Ha npAMylo l. [Ipy aTOM MEI IOMyYHM
MHOTOWIEH OT ofHOH nepemennoit f(x).

Beipazum h wepes f. [TocMotpum Ha puc. 30.5; f(q)=0, f(q+h)=¢. Oxnako
we f(q+h)=f(q)+hf'(g) (Mu or6pacripaeM SneHH MopAxka h? K BHLIE), H,
aHauwt, h= ¢/|f’(q)|. Ho HaM elrie HY)KHO TPOCYMMKBPOBATD 3TH BHIPAKEHHA C ITpa-
BHIbHEIMH 3HaKaMHK. MH yTBEpHKJAeM, YTC € YUETOM 3ZHAKOB PaBeHCTRO, KOTOPOE
HaM HY)KHO ZOKA3aTh, MMEeeT BHJ

1 1 1 _
Fay TPt Pl =0 (30
rAe cyMma Seperca o BCceM KOPHAM MHorowneHa f(x) creneH n.
JelicTBUTENBHO, 3HAKH TIPOH3BOAHEIX B TOCAEAOBATE/IBHAIX KOPHAX NepeMea-
foted (cM. puc. 30.6), u 3HaKu 3apaACB ToXe. [IycTb g, < ... < ¢ — KOPHH, Jexa-
IoHe ¢leBa OT TOUKU P, a g, <... < g, — KOPHH, JieXKallye cripaba OT Hee, Jlng
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Puc. 30.5. BaqucneHue ToNHHE GeckoHeaHo Manoit obonouky

A

\ A/
fh\/ Qk\/QkH \/Qn

Puc. 30.6. Cneaum 3a 3HaKaMH

ONpeAeNCHHOCTH MPEATIONOKHM, 9TO f'(q;, 1) > 0. Toraa obuan (nonoxHTebHAN)

CHJIA MPUTHKEHHUA TOYCK iy, .- §y DABHA m +..+ ﬁ AHaNOTHYHEIM
n

obpazoM, f'(q;) <0, v obmas (CTpULIATENBHAR) CH/IA NPUTAXKEHUA TOYEK q;, ..., Gk
paEHa ﬁ +..4+ ﬁ CyMmMupys, oTydaeM JEByIo YacTb ToxAecTsa (30.1).
1 k

Joxaxem 3To TOXAeCTBO, HanoMHHUM, 9TO BCe KOPHH MHOTOWIeHa f Belle-
creeHHEL f(x)=(x—¢q;}...(x —q,). OTciona cneayer, 9To

F)=(x—ga)..(x =g, )+ (x—q)(x —g3)...(x —g,) +
+.o+(r— g )(x — g2)e. (X — gpy),

u, 3HaunT, f{q;}=1(q; —q1)(q; — q3)...(q; — ¢} (pasymeercs, B aTOM NpoH3BeAe-
HHH COMHOYUTENE ¢; — q; onymeH). Toraa paseHcTBo (30.1) 3KBHBANEHTHO TOX-

JeCTBy

1 1
(@1 — @ Xq1 —gs)--.(q1 — q) * (@2~ q1)(q2 — g5)--- (g2~ q;) +
1 _
todt (.~ 01)(qx — 22} . (9 — Gu1} =0. (302

OcTaeTea gokazaTs ToxAeCTRO (30.2). PacCMOTPHM MHOTOYNEH CTENEHH n— 1

(x—q){x—¢q5)..{x—q,) (x— g Mx—gs)--(x—q,)

G—g @ — @)oo (@1 =) (@241 )(G2—¢3)...(q2— Q)
P (x =g, }(x = q2).-.(x — Gn_y)
T (g — i {gn—2)-(@r - Gn-1)

gx)= T
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Hmeem g(g,)=g(g,)=... =g(q,)=1. Ho ectn MHOTOWIEH CTeleHH n — 1 HMeeT
n KOpHEH, TO OH TOXZECTBEHHO paBeH Hymo. ChegoBarenbHO, glx)=1. B vact-
HOCTH, CTapIIHi WieH MHOrOWIeHa g(x) paBeH HYMIO, & 3TO B TOYHOCTH TOMJe-
ctBo (30.2).

30.6. IlpuTreHHe BHe NOMEOHA: TeopeMa AlBopH

Mel Zokasanu, YTO CHIA MPHTSKECHAR BHYTPH OFHOPOZHOTO FOMEOMAA paBHA
HyMO. A KAK HACYeT BHEMHOCTH romMeonza? OTBET Ha aTOT Bompoc 6bUI HaiizeH
AxefiMcom Aliropu B Hagane XIX Beka,

Dnnuncouy My, safapaemblit ypasHeHueM

2
X y:
= + bz
BITIOYAETCA B OFHOMApPAMETPHYeCKOe ceMeHCcTRO KBAAPATHUHBIX MOBepXHOCTel
M;, 3a]aBaeMEIX YpaBHEHHEM

+ =1,

2

x y z2
+ +
ad+A " VP4+Ad T 24+
U HA3WBaeMbIX COPOKYCHBIMHM KBAZPHMKaMH; CM. JeKuuio 28. B 3aBHCUMOCTH OT
3HAYCHUA napaMeTpa A Takaf TIOBEPXHOCTE MOMKET HRITH SNMANUNCOBAOM, OAHOIIO-
JIOCTHEM mﬂepﬁOﬂOH‘HOM HWAH ABYTIOIOCTHRIM FH“EPGOHOHAOM.

=1

TEoPEMA 30.3. OxsunomenyudIbHbE NOGEPXHOCINY pachipederenun caobodHo-
20 3apAda KA aRAUNCoUde REAAOMCA cOPOKYCHBIMU SAAUNCOUDAMLL

JoxasaTenscTBo. Ham noHagoGures ogHa AeMMa, MpHHAIeRAMEAL AHBODH.
PaccMoTpHM ABa cohOKYCHBIX MUMHICOMAA, My u M), TTocrenHI# moayvyaercs U3
nepeoro adPpUHHLIM MpeoHpPa3OBaHHEM, PACTAFUBAIOIIKM MPOCTPAHCTRO BAOIH
TPeX KOOPAMHATHEX OCeil;

Ai(x,y,5)—~(X,Y,2)= (Lx, Ly, £4), (30.3)

ad=va+ad, b=vyvbi+2a, =vcE+A.

Byzem HaswHBaTh TOuKH (X, ¥y, 2) M (X, Y, Z) COOTBETCTBEHHBIMH,

rae

Jlemma 30.4. flyeme P, Q-— 08e mouku Ha suncoude My, u nyems P/, Q' —
coomeenicmaenHbie mouku va M,. Tozda |PQ'|=|P'Q} (cM. puc. 30.7).

ACKASATEABCTRO JIEMMEL JlOKa3aTelALcTBO CBOAUTCHA K BBIYUGIEHHIO, [TVCTh
P=(x,y,2),Q=(u,v,w), P’=(X,Y,2), @ =(U,V,W). Toraa

1PQ'P =P +IQ P ~2P-@, IPQP={PF+|QP-2F Q.
3ameTM, aro P- Q' =P’ - Q, Kak nerko creayer B3 (30.3). OcraeTcs A0KA3aTh, UTO
P2 —1P? = Q' —1QI%.
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Prc. 30.7. JleMma AlBopH

JeHcTBITENBHO, IeBaA 9aCThL PABHA

[(£) 1]+ [(5) 1)+ [(8) -] = (B e e+ 5) =2,
H aHaNMOru4YHble BRIKNAAKH CIPABeIJIMBL] A4 npanon qacTH.

Teneps MRl MOXeM 3aBepIINTh ACKA3aTeNbBCTBO TeopeMul AlfBopH. PaccMoT-
puM aBa GecKOHEYHO TOHKHMX COGOKYCHHX roMeouaa paBHOro obnema, M, 1 M;.
MycTs P M P’ — mapa COOTBETCTBEHHBIX TOYEK HA 3THX roMeonjax. Toraa nomem-
yuan, coadasaemuiil noeepxHocmeio My e mouxe P', pasen nomenyuany, cosdasae-
MOMY noaepxHocmsio M, 8 mouie P.

JeticTeMTensHo, mycTh G 1 Q' - Napa COOTBETCTBEHHEIX TOYEK. PaccMOTpHM
6eCcKOHEYHO Masklit 06BeM B TOYKe Q M paBHHH eMy 06beM B Touke Q. Mo nem-
me 30.4 Bxaaj nepeoro ofbemMa B MOTEHIMAN, CO3faBaeMatii B Touke P/, paBeH
BRIAAY BTOporo ofbeMa B moTeHuuan, cosgapaeMulii B Touke P. [Tockonbky aTo
BepPHO ANd BCEX MAap COOTBETCTBEHHBIX ToueK (Q, Q’, MCKOMoe YTBEepHKACHHE JOKA-
3aHo.

TakuM c6pa3oM, OTeHUMAN, CO3ZaBacMHlil IOBEPXHOCTEIO My B NMPOM3BO/L-
HOii TouKe P’ MoBePXHOCTH M ;, paBeH MOTeHUMANY, CO34aBAEMOMY NTOBEPXHOCTLIO
M; B cooTBeTCTBEHHOI TOYKe P noBepxHOCTH M. HO BHYTPH CAHOPOAHOTO FOMEO-
uza M; noTreHnuan nocroaHen. CiefoBaTeNbHO, IOBEPXHOCThE M CO34AET B KadK-
Joft Touke TOBEPXHOCTU M; OAMHAKOBEL MOTEHIHA.

YnoMAHEM B 3aKJIICYeHHe, 4YTO TeopeMul HeloToHa W AHBOPH © IpABUTAIIHOH-
HOM NPHTAKEHUH KBaAPaTHYHHX [OBEPXHOCTEH MMEIT M3AIHbLIE AHANOTH ANA
MarHuTHHIX rmonef, obHapyxenusie B. V. ApHonbgom; cM. [2]. PaceMoTpHM npoBo-
JAnH OAHOMONOCTHOM ruTepGonoH U NPeATONOKUM, YTO MEKAY ero KOHIaMH
Ha GecKOHEeYHOCTH MMeeTcd Nepenaj HanpmMKeHUd. 3TOT [epenaj HallpsKeHHA
HFHAYLMPYET MMEKTPHYECKHH TOK BAOAL MepHAHAHOB ranepbomouaa. Yreepige-
HHE COCTOHT B TOM, YTO MQZHUMHKOE NOJAe 3Moz0 mokd eHympu zunepbonouda pas-
HO HyAr0, & éne eunepborouda Hanpaeaeno 80oab ezo napanneieti.
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Bnagumup Hropesny Hcaak HeloToH
ApHonbj, 1937—2010 1643—1727

30.7. YnpaxxHeHHNA

30.1. IlycTb X, ..., Xpyq Y 4y, ..., dpyq — ABa HaOOpa pasiIUYHHIX BEIIECTBEH-
HBIX yHces. IlocTpoiiTe MHOrOWIeH CTelleHH He BHILIE n, KOTOpHli MpHHUMaeT
3Ha4YeHMe a; B TOYKe X;. CKOJbKO CyLIECTByeT TAKUX MHOTOWIEHOB?

30.2. Ilyctb f(Xx)— MHOTOWIEH CTENEHH N, CO CTApIUUM KO3(PHUIIMEHTOM 1,
UMEIOIIMI n pa3jNYHBIX BELIECTBEHHBIX KOPHEH ¢, ..., §,. JlOKaXKUTe, 4YTO

k k
ql qn
,—+...+,— -_-0
f(q1) (g,
npu k=0,1,...,n—2wu
q;! gt
At .t =1
f'(q1) f(qn)

30.3. Jokaxwure, 4yTo 3axnodeHue TeopeMsl 30.2 ocTaHeTCs B CHJIe, eCJIU IUIOT-
HOCTD 3apsA/ia YMHOXHTb Ha IIPOM3BOJIbHBIN MHOrowreH ¢(x, y, 2) cTerneHu n — 2
WIH HIDKE.

3AMEYAHME. O606IieHre 3TOro pe3y/brara, npuHagiexamiee A. TMBEHTaMO
[6], yTBepxkaaeT, YTO eCJIM IUIOTHOCTh 3apfi/la YMHOXKHUTh Ha MHOTOWIEH CTelle-
HU M, TO NOTEHI[HAJ BO BHYTPEHHUX TOYKax OyJeT 3ajaBaThbCA MHOIOWIEHOM CTe-
IIeH! He BhIlle M+ 2 —n.

30.4. Tapmonudeckasa ¢yHkuusa f(x, y)— 310 QyHKUMA, KOTOpas yAOBJIETBO-
PAET YpaBHEHHIO

2 2
f LR

ax? = ay?

(Hanpumep, x2 — y? wiu In(x? + y?2)).

(a) JlokaxxuTe, YTO rapMOHMYecKas GyHKIUSA He UMeeT HHU JIOKAJIbHBIX MaKCH-
MYMOB, HH JIOKQJIbHBIX MUHHMYMOB.

(6) JloxaxxuTe, YTO JMHKS YPOBHA IIAJKOM rapMOHHYECKON QYHKIIMM HE MO-
3KeT GBITh MPOCTOM 3aMKHYTOM KPHBOA.
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(B} JoxaxuTte, 4TO CneayIolNe MHOMOWICHRI CTEMNEHH N ABIAKOTCA rapMOHKYE-
CKHMH:

P,(x,y) = (1) (T )xky*
" Y kEn(%m:odz) (k) y

o

k+1=n(mod 2)

(3TO BemIeCTEEHHAaR U MHMMAA YaCTH BolpakeHMa (x + iy )?).

(r) Jokakute, YTO KaXKABIH OZHOPOAHLIA rapMOHMYeCKHiI MHOTOWIEH CTeme-
HH 1t umeet Bux aP,(x, y)+bQ,(x, ¥y}, TAe @ 1 b — BenlecTBeHHEIE YHCAA.

30.5. JokaxuTe, YTO HHKAKAA KOHEUHAs KOHQHTYpanUA NOJIOKHTENABHHX H
OTPHULATENBHEIX 3APAZOR He MOXeT GEITh yeToNIUBOH,

YrA3AHUE. KynoHOBCKHIT OTEHUHAN — rapMOHHYecKan QyHKITHA.

30.6. TNomMHOMHaNbHOE ypaBHEHHE p{x, y} =0 3afaeT anrreGpandecKylo KpH-
BY10; OoBaJ anre0papdeckoil KpHBOH — 3T0 NPOCTaA 3aMKHYTad IMajKasd kpHBafd,
YAOBRETBOPAICIIAA 2TOMY YPAaBHEHHIO (OTHOCHTERLHO OBANOB KyOMUYECKHX KpH-
BHIX CM. nekiiuio 10).

(a) B nexyuu 17 ME BMACIM, NTO KPHBafA CTENCHH 4 MOMET HMeTh YeTHpe
oBana, JOKaxuTe, ITC OHA He MOXKeT MMeTh [IATh OBAJIOB.

YKA3AHUE. KpHBad cTemeHH 4 MMeeT He Goliee BOCBMH TIepeceYeHUH ¢ KOHH-
®OH oBuIerc monomeHHU.

(6) MokaxuTe, 9TO ¥ KPHEBO#H cTeneHH 4 uaK 5 MoxeT OuiTh He Gonee AByx BIO-
JEHHBIX OBAJIOB; €CAM TARKasA KPUBAS UMEET JBA BAOKEHHHIX 0Baja, TO HMKAKHX
APYTHX OBAJIOB ¥ Hee HeT.

YKAZAHHME, PaccMOTpHTE IMepecedeHue ¢ IpaMoit.

() Kakoe HaiGosnblIee Y1CIO TONAPHO BIOKEHHEIX 0BAZIOB MOXET UMETD KPH-
Bad CTeNeHK n?

3AMEYAHHME. AnrefpanvecKas KPHBad CTETleHH N B NPOeKTHBHON INIOCKOCTH
naMeer He Honee uem (n? —3n+4)/2 KOMIOHEHT (Teopema XapHaxa). lllecTHagua-
Tas npobneMa Tuae6epra COCTOUT B TOM, YTOOH KiaCCHGUIMPOBATE BOSMOXHEIE
B3aKMHEIE MONOKEHHUA OBAaROB aareCparyecKUX KpHBHIX.

30.7. IycTs AaHEl ABa cOQOKYCHEIX MUINICA, H IyCTh A — adduaHOE npeobpa-
aoBanMe (kak B (30.3)), nepeBogsiiee neperiii annunc Bo propoi. Jokaxure, YTo
MpOM3BOABHAA Touka P U ee o6pas A(P) nexaT Ha ogHoH rHnepbose, coboKycHOH
C UCXOAHBIMY JJUTMTICAMH.

30.8. Jan BEINYKIEH MHOTOTPAHHHK, PacCCMOTPHM BEKTOPEL, OPTOTICHANBHEIS
€0 IpaHaM, MOZY/IM KOTOPBIX PaBHEI MIOIIANAM rpaHel. JJokaxuTe, 4TO CyMMa
STHX BeKTOPOB PaBHA HYJIO.

Yra3aHME. Tlpu opToroHansHOH NpoeKIHH oAHOH IOCKOCTH Ha ADYTYIO IUIO-
mazb YMHOXKAETCA Ha KOCHHYC YT/Ia MEXAY TUIOCKOCTAMH.

3AMEYAHME, C PHM3MTeCKOH TOMKH 3pEeHHA 3TC YTBEDXK/JeHHe O4eBHAHO: 00-
CYXJAaeMEle BEKTOPH CYTh CHIIB AAB/IEHUA, OKa3EIBaeMble BO3AYXOM BHYTPH MHO-
rorpaHHHKa Ha erc PpaHK.
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Jexnpsa 1

14. Ecnu r=0, To
a = [ap; ay, ..., a4-1, al,

YTO MOKHO IepenHcaTs: B BHIR

.. Aa+B 2 _ .
a—Ca_l_D,mmCa +{(D—-A)Ja—B=0.

B ofmeM ciydae 3aMeTHM, 9TO G ¥ — KOPeHb KBaJpaTHOro ypasHenus Kx2 +
+Lx+M=0,Toa+ % — KOpD€Hb KBaJIPaTHOTO YpPaBHEHHA

Mx?+(L-2aM)x+(Ma*—La+K)=0
Ecni a — nepuoanueckan enHas Apo6s, 1y kotopolt r#0, To

a= [aﬂ;al’ very Qr_1, ﬁ]s
rae § — nepuogudeckas wenHaa Apobs, Ana koropolt r=0. Crano 6ure, § — Ko-
PeHb XBaAPAaTHOrO YpaBHeHHA ¢ UeNHIMH ko3ddrIeHTaMu; SHATHT, U

Bo1=a, 1+’3: Br_ 2—ar-z+ﬁ o b= a1+ﬁ: a=ao+“1—
-1

1
CYTh KODHH KBaipaTHEIX YPARHEHHI ¢ 1enniMu koaddRiHeHTaMu,
1.5, Cm. [62, rn. 4].
16.v3=[1;1,2,1,2,1,2,...],
J§= [2; 4’ 4’ 4! 4’ “']’
vn2+1=[n;2n, 2n, 2n, 2n, ...],
Vnt—1=[n-1;1,2(n-1),1,2(n—1),1,2(n—1)1,...}.
1.9. 3ameTVM AIA Havdaka, 4To JJIA BCAKOTO JelCTBHTENBHOTO ¥ 7 0 H BCAKOTO
Henoroa YMCAa Yy Ha-+ % 3KBHBAJNICHTHHI:

a+l_ar+1

y = r¥0° a-0—-1-1=-1

EC/iH uenHbe apody o K § «IOYTH COBAAAAINT», TO

a = [ay; a1, .0 @1, Y1, B = [bo; b1y eess bp1, 71

CnegoBaTeNbHO, Y SKBHBAJIEHTHO YHCAAM &y, 1 =apy-q + %, Apy2=0p g+ ':_1 s s
1

, a Tarxke yucnam 8, =b,_ 1+ » Bu—z=by_ot+ =— ﬁ
wBi=b + ﬂL, ﬁ-—bg+ L. Crano 6urre, @ B sxemBaneHTHH. (MH — B HeAB-
2

B,

HOM BUjie -— MHOTOKPATHO BOCTIONB30BAINCh PE3Y/IBTATOM YIPaKHeHuA 1.8.)

- i
s 1 =dy + a @=
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110, JIemMA. Ecau uucna a u B axeusaieHmust, mo f MOMHO NOAYUUNS U3 O
nocnedosanentHoM npumereruem onepauuil auda y— —y, y—y+1, y—1/y.

af+b _
Brd’ ad —bec==1. CMEeHHEB, €C/N HYX-

HO, 3HAK (¢, MOMHO CUMTATh, YTO a = 0, ¢ 2 0. Teneps NpHMeHAM aATOPHTM EBKIN-
Jaxmnape(a,c):ecnua=pc+q,05q<c¢,3aMeHAM a Ha - p (a——a——a+1—

JOKABATEABRCTEBO AEMMH. IycTh a=—"—r

v, =@+ p— @ — P} B TOAYTHM YHCIO0 g , e r=b—pd; oueBngno, gd —rc=
=ad — be¢=:t1. [IpeBpaTuM 3TO YHCAC B qf; +; 1 MOBTOPHM NPOUEAYPY. B xoHIe
KOHUOB MBI IIPHAEM K ApolH BHAa E"Egi—iﬂ’ B KoTopolt km—0-1=+1, otkyza

k=21, m=-1. Takum o6pa3oM, ¢ MIOMOILKIO HAINKMX onepauuii ¢ MOXHO NpHBe-
CTH K BHAY £ %1, a aT0 9HC0, OYEBHAHO, MOXKHO TIPHBECTH X .

B ceeTe 2Tol 1IeMMBI TpebyeMoe YTRepKACHNE BHTEKALT M3 TOTO, YT LIeMHLle
Apobn anst —a, a1 1 1/ ¢ HOYTH COBMAMAIOT ¢ MEMTHOM APOBEIO A & (CM. yITpak-
HeHHe 1.2 no noBoAy —at).

1.11. ITpeANOAOKKM, YTO IHCHO & = [ag; €1, 43, --.] HEIKBHBAJICHTHO 30JI0TOMY
ceueHmio, Toraa uMeeTcA GECKOHEYHO MHOTO MHZEKCOB 11, AJI KOTOPBIX 4, 2 2,

Cnyuaii 1. ViMeeTcs GeCKOHETHO MHOTO 1, JUI4 KOTOPHIX &, 2 3. TorAa nokasa-
Te/M KAYeCTBA COOTBETCTRYIOIIUX MOAXOAAMMX Apobell cyTh a, +...> 3> V8.

ITycTe Teneps a, < 2 A4S BeeX JOCTATOYHO GOABLINX 1.

Cnyuail 2. VIMeeTca 6ecKoHeYHO MHOrO i, AnA KOTOPHX q, = 1. Toraa cymie-
cTByeT GecKOHeYHO MHOTO TAKHX 11, YTO 4, =2, a,,, = 1. [loKkasaTenm KadecTBa
COOTBETCTBYICUIMX MOAXOAANNX Apobeil CyTh

1

1
S oL B

17
>2+1 +3 e > /8.

Cnyuati 3, IMmeem g, =2 ann Bcex gocTaTodHo Sonpimx n. Toraa npeaest noxa-
saTeneil KadeCTBa NOAXOAALIMX ApObei paBeH

[2:2,2,2,...]4+[0;2,2,2,..] =1+ V2 + =2v2=+B.

1
1+v2
1.12. B o6o3Ha4eHUAX NPeBIAYLIETO PeUIeHNA, BO3MOXHEL TPH CIydast.

Cnywail 1. UmeeTcs BeckoHe4HO MHOTO I, 4714 KOTOPHIX ¢, = 3. Torna noxasa-

221
25"

TocKonbKy o He IKBUBANEHTHO HU 3OJMOTOMY CeYEHHIO, HU V2, ipm pasbope
OCTANBHBIX CIy4aeB MOXKHO CYHTATh, YTO d, < 2 /A BCeX AOCTaTOMHO HONBIIMX R
¥ 9TO NOCAE0BATENbHOCTE {a,} cofepsKUAT HeckoHeuHO MHOTO parMeHTOB BHAA
{1, 2}.

Cayuail 2. [TocaeAoBaTeNBEHOCTE {a,} COMEPRUT GECKOHETHO MHOTO $parMeH-
ToB BHAA {1,2, 1}. Toraa nokasaredas KaveCTBa COOTBETCTBYIOIIMX MOAXOAALIMX
ApoGeit npeBocXoAAT

TeJIH Ka4eCTBa COOTBETCTRYIOIMX NOAROAAMWMX ApoGeii Gonplie, yem 3 >

22

1 + 1

2'-'-1+... 1+..

>3>
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IycTe Teneps 4ncao ¢parmMeHTOB BHAA {1, 2, 1} KOHEYHO.

Cayuaii 3. Cymecteyer 6eckoHedHo MHoro ¢parMeHToB BHAa {2, 1, 2}. Torma
uMeercd W GecKoHedHo MHOTO dparMednToR BHAa {2, 2, 1, 2, 2}. 3HayuT, y Gecko-
HEYHOTO KOMHUYeCTBA MOAXOAAIINX APobel MoKasaTeNH Ka4eCTBa HMEXOT BHJ

1
24...

1 1 1 z 221
- >2+3+—1+1 2+l+ L3> /2L
i

A

2+ +

1+
2+

1
3

[IycTe Tenepb KoAM4ecTBO dparMeHTOR BuAa {2, 1, 2} Toxe KOHEUHO.

Cayuaif 4, CymectryeT GeckoHeuHo MHoro $parMeHToB BHAa {2, 2, 2}. Toraa
CYLIeCTBYeT U GeckoHedHO MHoro dparMenTos BUAa {a, 1,1, 2, 2, 2,2, b}, raea <2,
b < 2. 3naynT, y GecKOHEYHOTO KONMHYECTBa NOAXOAAMMX Apobeil IoKasaTe/lH Ka-
YECTBa HMEIOT BHA

1
1

11 >2+ 11 + 11 =242 +ll7> 22251
2+ 1+ 241

T T ) I
T 2+ g3 1+3 2+3

2+

+

1+

1+

IMycTs 1 KosIHYecTBO PParMeHTOB BHAa {2, 2, 2} KOHeYHO.

Cnyuail 5. CymecTByeT HeckoHeuHo MHoro ¢parmedToB Buga {1, 1, 1}. Toraa
cylecTsyeT U 6ecKOHEYHO MHOrO (parMeHTOB BMAa {1,1,1,2,2,1, 1}, Tak uTo
¥ GeckoHeyHOro KOMMeCTBA MOAXOAAIIKX Apobeil mokasaTe/y KadecTBa MpeBocC-
XOHAAT

1 1 221
2+ + =2+3 + >
e 8 25
1+§ 1+§
B aToM crygae a skBuBaNeHTHO wmcay [2;2,1,1,2,2,1,1,...]= 9+/221 )

10
OcTaeTca ORWH-eAMHCTBEHHRI Corydaif.

Cnyuaii 6. Llensas apobs neprogndHa ¢ mepuogom {1, 1, 2, 2}. B aroM cayuae
NoKasaTeMH KAYeCTBa, COOTBETCTEYIOLINE HENONHBIM YaCTHHM, PABHLIM 1, MaiH
H Hac He HHTepecyloT, 4 BOT [MOKA3ATEH KaYeCTBa, COOTBETCTRYIOMINE HETOMHBIM
YaCTHBIM, PAaBHEIM 2, CTPEMATCH K TIPeAeny

[2;2,1,1,2,2,1,1,...]+[0;1,1,2,2,1,1,2,2, ...] =

9+\/22 v9+ V221 221
10 25

113. Ana uenHux ApoGel, NPUBEIEHHEX B YKA3aHMH, NPeAea [oKasarenci
KayecTBA MOAXOAAINUR ApoGeil, COOTBETCTRYIOIIMX HellONHEIM YACTHEIM 2, paBeH

24[0:1,1,1,1,...]+[0;2,1,1,1,...] = 24 8= 1+'°"2—‘/§=3
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1.15. Hau6onbimee 13 9HCeN, ¥ KOTOPHX BCE HEMNOJHEIE YacTHbIe HE MPeBOCXO-
JAT 1, paBHO, OYEBUAHO,

n+ynt+4an

[m:1,n,1,n,1,n,..]= 5

3uaunT, HauGoNBIMKIT BO3MOKHELA MpeAen nokasateneif Kadecrsa GeCKOHEUHOMH
NoC/eJoBaTeMLHOCTH NoAXoadmux Apobeit paseH

[n;1,n,1,n, 1,0, . J+[0;1,n,1,n1,n..]=vVni+an,
Crano 6uith, A, =/ n2+4n.

Jexknusa 2
2.3. TIyCTE Mgg, Mog, ..., My, Mg K Ngg, Nog, ..., N, g — NHOPH B ABOUTHBIX Pag-
NOXEHUAX IHCEN M K N COOTBETCTBEHHO. [To Teopeme KyMmepa uncio (m:")

Y€THC TOTAA H TOABKC TOCAA, KOTAA MPH CAOKEHHH M M N MPOUCKORUT XOTH 6K
OZIHH ITePEHOC B CAeAYIoWni paspag, T. e. Koraa (m;, n;) =(1, 1) xoTa 611 4714 0ZHO-
ro i. Crasno BEITB, A1A KAXA0H mapel (m;, ;) UMEeTCA TPH BO3MOKHOCTH, TaK 4TO

oblee koarMyecTBO Nap (m, n), A4 koropex 0 < m <219 0K n<21® (m:")

HeueTHo, paBHo 3'%, lons cpean Bcex yucen (m: “) paBHa

100
f}l—m ~3,21-10712,

2.4. llycte m; 1 n; 0603HAYAIOT TO Ke, YTC B npeAblAynieM penreHkH. [1o Teo-
peme KyMMepa qncno (m: ") HE AeNHTCA Ha 4 TOTAAa H TONBKO TOTAa, KOrja npH

CHOMEHWH M N n NPOHCX0ANT He Gollee OJHOTO MepeHOCa B CAeAYIOMUl paspaa.
HEbiMy caosaMu: a16o nap (1, 1) BooGine HeT {MH YoKe 3HAEM, ITO TAKUX MApP YH-
cen (m, n) poBHo 3'%), aubo eaAuHCTEERHAA Takan apa eCTb (mgg, Ngg), TGO FnA
HeKotoporo k <98 umeen (my. .y, Nk, )=(0, 0), (m;, n,)=(1, 1), a Bce ocTanbHBIE
napk {m;, ;) oTIHYHEL oT (1, 1). Crano 6uTh, 06iee KOTHYECTBO YHCEN (m:“),
He AeNAIAXCA Ha 4, DRBHO

31004 399 + 99.39 = 111.3% = 37.3%;

ZOJIA TaKMX 9uces paBHa 37-3%°/4190~:3,96.10712,

2.6. (a) MMeeM
(2)-(2) - 252 o,

n(n—1) =(n

410 AeNTCH Ha 8 Toraa H TOABKO TOrAa, xoraa JTucno p) 2

(6) Umeem

(2n) _ (n) _ 2n(2n—-1)2r-2)2n-3) n(n-1) _ 2n*(n-1)(n-2)
4 2/~ 24 2 3 .

) YETHO.
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3TO YHCIO He JAeMMTCA Ha 8 Toraa M TOABKO TOrAa, KOrja i HedeTHO, an—1 He
AeNUTCA Ha 4, T. e. korga n=23 (mod 4).
2.7. (a) UMeeMm

3 3n(3n—1)(3n—2 In(n—~1
(3)- (1) = Sm=261=0 g0 pyn-2)-21= 2D,
310 yucAc He geawrca Ha 27 Toraa M TOALKO TOTAa, KOTAA HU n, HA n— 1 He
BeNuTcA Ha 3, T. &, Korga n=2 (mod 3).

(6) Mmeem

(SH) _ (n) _ 3n(3n—1)(3n-2)(3n~3)(3n-4)(3n—5) _a(n—-1) _
6 2) = =50 =

= M1 ((3n — 1)(3n - 2)(3n — 4)(3n - 5) —40] =

on?(n—1){n—2)(%n%~18n+13)
80 3

H 3TC YMCI0 BCeraa AeNKTCA Ha 27.
2.8. (a) Oro BHITeKaeT U3 hopMyns 6uHoMa HeloToHA

(1+y)r_1+ry+ rr [1]y2+r(r 1)1(3' 2)J’3+

BepHOH N4 Moboro AeHCTBATENBHOTO I H MOGOT0 Y, YAORNETBOPAIOMIErO Hepa-
BeHCTBY |y| < 1. TMonaras y = —4x, r=—1 umeem

s
_1y(_3 1Y (_33Y(_5
L enne O, DD,
CraraeMoe ¢ (—4x)" uMeeT Buz
2n 1
( )( ) ( ) (~dx)" = (=1)" 1-3-5.2.;;52?1—' 1)(—43(')" —
= g2 = g = ()

Crano 6bITh,

1 < [ 2n
==x(%)
1-4x n=0 n

(6) V13 yacTH (a) BRITEKAEeT, 4To

(B02) (5 <) 2

IMpupaBHuBad ko3pOUIMEHTH DK X" B ABYX YaCTAX PABEHCTBA, MOMYYaeM, YTO

2 (F)) =

< = 1+ dx+{4x) +(4x)° +
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2.9 (a) OaHo 13 MHOTHX BO3MOXHEIX JOKA3ATENLCTB:

o (@myp (2n 711 (2n)r
T mn+1)! T a@m+) (a-Dinl - \rn n+l/ (@m-1)n!
_ (@n {2n}t - (Zn) _( 2n
Toalat (n-Din+1) " \n n+l
00
(8) Beugy nyHkra (6) umeem (xC(x))'= 3, (2nn)x" =(1—4x)" 2, Cnepora-
TeJBHO, =0
_ au-1/2 qe .. 1 (1—4x)'? __f1-ax ..
m(x)—f(l 4x)" V4 dx = S VN +C = — +C;
CpaBHUBaA 3HAYEHUA NpH X =0, NonyyaeM C= % Crano 6urrs,
_ 1 +l-4x oo 1-4/1-4x
JIC(X)-u‘E'- 2 N C(x)-— *ﬂ——iir———.
(r) V12 BEIBEieHHOI B TPeRIAYILEM IYHKTE (bopmynm C(x)= 1= 2; X Brrre-
Kaet, yto xC(x)? — C(x)+ 1=0. [Tockonbky (C(x))? = ( 3 CPCQ) , OTCI0JA
BHITEKAET, YTO "m0 Nprase
00 o0
> ( > Cpcq)x““ — Y Cx"+1=0,
n=0\p+q=n n=>0

TO €CTh

o el
0= z( T ¢ C)x” —1- ZCx +1—z(( 5 cpcq)-cn)xn
p+g=n-1 n=1 pHg=n-1
Crano BHITE,

Ca= 2 GCC mwpnnz1l
ptrg=n—1
(1) [TpoeeaeM uHAyKUHIC o n. [Ipr n =0 Halne BEHpPaKeHHE €CTE MPOCTO
¥ YMHOXEHH] OHO He COAPIKHT, TAK 9T0 OHO MOXKET HMETh TOJHKO OJHO 3HAYE-
Hue, Cy =1. IlycTh Tenepr Halle YTBEPXKAeHHE BEPHO LA NPOUIBEReHHI 4, *
k@, TP k < n. Jaa xaxAol paccTaHOBKH CKOGOK PaccMOTPUM MOCHEAHee
M3 YMHOXEHHI; OHO NPeACTABIAeT A B BUAE NIpoH3BefeHUa A=B*C, rae Bu C
TIONYIEHR! H3 ) % ... %a; H Qyyy * ... %dp,; (1 €Kk < n) ¢ IOMOIEBIO PACCTAHOBOK
cxobok. Crano 6uTh, KOTHIECTBO SHAYEHHIT BHIPAXEHUA a, % ... ¥d,,; PABHO

i
2 C1Cok = E CpCq =C,.
k=1 ptg=n-1
(e) IposeaeM HHAYKOKIC N0 1. [lpu n =3 KOMHYECTBO TPHAHTYAAIME paBHO
1=C;. lpeanoronmM, 9T0 YTBEPKASHHE BEPHO A BRITYKAHX K-YTONBHHKOB /1A
scakoro k <n. [Tycte P = A,...A,] pacCCMOTPHM TPOH3BOJNBHYIO TPHAHTYAALHIO
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STOr0 MHOTOYTOMBHHKA. [TycTe Ay Ax A, e 3 €k € n — TpeyroisHHK U3 2TOH TpH-
aHTYAANNH, cofepRamiui A, A,. Toraa Halla TPUAHTYAALMA ToNydaeTcsa obreau-
HeHMEM TpHaHTyAAuMHA {(k — 1)-yrosbHEKA Ay A,...A; (He ABAAICLIErocs MHOTO-
YroABHHKOM NpH k=3) u (n — k + 2)-yroneuura A; A, Axyq.--A,. CTan0 GeiTh, KO-
JIMIECTRBO TPHAHTYAANMI MHOTOYTONbHHKA P paBHO

n—1

Chst Z Ci3Cpop+Cp3 = Z Cpcq =Cp_a.
k=4 p+g=n-3

Jekipa 3

3.1 MycTs n=n; + ... + N, — pasbHeHne U3 NEBOH paMKy, B IyCTh n;=m; - 2%,

TAe M; HedeTHH. 3aMeHUM KaKAOE M; HA m; +...+n; M paccTABUM (araeMbie
24
B HeyGHIBalOIeM nopaake. [lonyunrea pazbueHue K3 NpaBoif paMKH.

IMycTe =1, + ...+ 1, — pasbHeHAe B3 IpaBoi paMKH. J/IA BCAKOTO HEYETHO-
ro m 0G0ZHATKM YEepes I, KOMHYECTBO MMEMeHTOB pasGHeHHd, paBHuX m. ITycTs
fpp =290 4 42 d, > >d,, 20 (3TO He YTO MHOE, KAK 3AIMCh THCIA Ty
B ABOMYHOI cucTeMe). Teneph ANA BCAKOTO TAKOTO Nt 3aMEHUM CYMMY M +...+m

r!I!
Ha m-2%m1 4+ . 4 m- 2%y mepecTaBMM caraeMble B BO3PACTAIOIIEM TODAIKE.
MonyunTea pa3bueHne 13 NpaBoit paMKu.
OcTaeTcs 3aMeTHTD, YTO ABa ONHCAHHEIX NpeobpasoBaHHA B3AMMHO oBpaTHBIL.
3.2. Umeem

P _ _1)‘1_ 1,1 1
=(1 o) =lhetop ot

p-1 p¥ ' p
CnefioBaTeNBHO,
p° ( 1,1, ) 1 > 1
—— =M1+ ++24. )= —_ =y .
l_I( pPF— 1 ) l_I Ps pzs p35 kz’kgs,“. (2*23&35’(5”.)5 51 n¢
3.3. lmeeMm
d(2k3kssks = ¥ 2bsbpgh | -
oxl, <k,
N ko1 _ 1
= [1 Q+p+p*+..+p)= [ Lt
P npoeroe p npoctoe P

3.5. HeoTpnuareAbHOCTE BRITEKAET HZ TOXKHAECTEA
KR+P4+m?—(k+14+m)P _ B2+ P+mP-1
2 - 2 ’

YTBEDKACHHE O BHIYETE IIC MOAYNIO 4 ciefyeT K3 TOTO, YTC NOJHBIE KBAZPATH
MOTYT OBITH CPABHHMMHI TI0 MOAYTIO 8 TOMEKO € 0, 1 M 4: OTCIOAA BHITEKAET, YTO
k?+I*+ m? — 1 He MOXeT AABaTEH OCTATOK 6 IIPH Ae/eHMH Ha 8,

3.8. Mut orpaHaYMCcs pellieHMeM NMYHKTOB (a)—(r); GyAeM HajeAThCH, 9ro
YHTATENb CMOMKET CAMOCTOATENBHO BOCCTAHOBHTE OCTAMLHOE.

—(kl+km+Im) =
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Jdemma Pl. Jna scaxkozo k umeem
F1 +F2+ +Fk = Fk+2 -2

JOKABATEALCTBO. MHAYRuHA 1o k. [lpn k=1 yrRepxieHne BepHo (1=3 —2).
Ecmu Fy+Fo+...+F, =F,,—2, TO

F]_ +F2+-.. +Fk +Fk+1 = (Fl +F2+ vee +Fk)+Fk+l - Fk+2"'2+Fk+1 = Fk+3_2.
JNemma P.2. Jna ecaxozo k umeem

F1+F3+... +F2k—1 = sz—l,
Fz +F4+...+F2k = F2k+1_1-

JoxasateEnscteo. ViHayxuma no k. Tlpu k=1 yreepakaenne Bepro (1=2-1,
2=3— 1). Ecau Fl +F3+.-.+F2k_1=F2k - 1, TO

Fi+Fy+ ...+ Fyqy =(Fy+Fy+ o+ Foy )+ Fopy = Py — 1+ Fypgy = Fp — 1.
Ecnu F2+F4+.n +sz=F2k+1 - 1, TO
Fy+Fyt ...+ Py = (F+Fat ..+ Fop )+ Fagyz = Faggr = 1+ Fop gz = Fopys— L.

(a) [TpoeeaeM NHAYKIHIO MO n. [IpH n=1 yTBepxAeHMUe BepHO (1=F,). [Iycts
OHO JIOKA3aHO AJA BCeX HATYPANbHEIX YHCEN, MEHBIIWX N, ¥ IyCTh Fj, — Hanbonb-
mee yucno PrGoHaTIH, He npeBocxogAee it, E¢au Fy =n, To HCKOMoe pa3bueHne
HMeeT BUA N = Fp; mycrk Teneps F. < n. Ilo npeAMonoXeRHK) HHAYKIHN HMeeM
n—F=F +..+F, e k) <... <k, VI3 nepaBencTBa n < F,, BHTeKaeT, 4To
n—Fy <Fyy — F,=F_,; crano 6mts, k, <k—1, tak 4ro pasbuenue n=F, +...
oo +F + Fp — HCKOMOE.

(6) CymectBoBaHne pa3fHeHrA n =Fg, +...+Fy, B KOoTOpOM k; —k;_; = 2 anst
Beex {, PAaKTHYECKH AOKA33HO B NPEABAYINEM IYHKTE: AOKA3aTeNbCTBO NMpoiiger,
eCNN JOoBaBUTE YCIOBHe k; —k;_; 2 2 K MpeAmonoxke HHIO HEAYKIUH. Jokakem eqHH-
CTBEHHOCTE. ITyCTE

Fk1 +... +Fk, = Fll + ...+F[‘
— ZBa pa3HbIX pazbuenns uncna n, npudem k;—k,_, 22 mpr 1<i<s, [;-1;_, =2
npu 1< j £t. Ecmm Fy =F , BHYTeM 5T0 claraemMoe U3 ofenx yacteit, u Gyaem mpo-
JO/DKATE 2TOT NPpOHECc, NOKA HaHGOMBIINeE claraeMble B jeBoil X NpaBod 9acTax

HE CTAaHYT Pa3INIHbL. COXPaTHB PABHEIE ClaraeMblie, MOXHO CIHTaTh, 9TO k, < I,.
Torga, nomsaysack AemMoii P.2, umeem

F 4.+ F €F +F o+ +(F,uu F) =
=Fa-1<F sk <
<R+ +E,

— NPOTHBOPEYHE.

(B) Mycte =Fy, +... + F —TaKoe xe pa3buenwe, Kax B (a), Ecnu natigerca
TaKoe i, 9T0 K60 i>1 U k; > k;_y +2, mibo i=1 u k,y > 2, T0 3aMeHuM F Ha
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Fy_1 + Fy,_; v noAyanM Apyroe pasbuenne, kak B (a), HO ¢ GSIBIINM KONUIECTBOM
cnaraeMilx. Ecy nonmydeHHoe pasbueHHe He o6ragaer TpebyeMBIM CBOHCTBOM,
MOBTOPHM ONMHCAHHYIO NMPOLEAYPY; MOCKOABKY KOAKYECTBO CIaraeMbIX He MOXKET
GecKOHETHO PacCTH, NPOUECe B KAKOH-TO MOMEHT 3aBepIIUTCd, ¥ 3THM JOKA3AHO
CYINECTBOBAHUE HCKOMOIO pa3breHus.

lina pokazatenbeTBa eJUHCTBEHHOCTH NPeANIONOKHM, ITO

Fk‘ +...+Fk’ = F;I +...+F;:

— IBA PAa3HEIX pa3OueHus, Ana KOTOpeIX &, €2, 1, €2, ki~ k<2 npr 1 <i<s
nlj—1;.; <2 npu 1<j <t Kaxu B nynkre (6), MH MOXKEM CIMTaTh, 4TO k; <I,.
Toraa, nons3yack semmamu Pl u P.2, nonyyaem, a0

B +..tF SF+FE+..+F =F ,-2<
<Fis2=1=F 1 +F 1 +...+(Fum F) <
SF+FR_+.. . +(F,amF) <
<F +..+F,

— NPOTHBOPEYHE,

{r) B pemenus nyHkta (B) MK NOKa3anu, 910 BCAKOe pasbueHue n=F +...
ot F, 15 ky <... <k,;, MOXKHO NPUBECTH K Pa36HeHHI0, yAOBNETBOPAIOWIEMY
YCIOBHAM MYHKTa (B), ¢ mMoMoIpio 3aMeH puga F, — Fi_y + Fi_,, tAe k =k; Ta-
KOBO, 4To 160 k> k;_, + 2, mbo i =1 u k; > 2. ObparHo, Bcakoe paabucHue,
YACBIETBOPAIOIIEE YCAOBHAM MYHKTA (@), MOXHO NOIYYUTH U3 pasGueHMsA, yao-
BRETBOPAICIIErO YCIOBHAM MyHKTA (B), ¢ TOMOIIBIO KOHETHOI'C THC/A 3aMeH BUfla
Fo+Fi =g tae =k, ki =k+1n k> k+2 (amm i+ 2 >5). Jina nensx
HONOXUTENBHBIX fy, ..., f TIOMOKHM

S(Jys e Jg) = (Fl +... +Fj,) +(1Fj,+2 +.. +Fj,+j=+1}+
i 4
oot Frpajra oot Fietjg-1)s

g

Jq
T oujyd= ({"2 +... +Fj,+1l)+ (fjl+3 +...+ Fj,+j;+:i) +

h iz

+..+ (f"jl+..‘+jq_,+q+1 +... +Fjl+‘..+jq+q4)'

Jq
W3 nynkra (8) BHITEKAET, YTO BCAKoe n MMeeT BUA subo S(jy, ..., J,), anbo
T(j1s +++» Jq). Byaem camrars, uro n=5(jy, ..., j,) (8TOpoii ciy4aii paccMarpuBaeT-
€A aHANOTHMYHO ¢ TOYHOCTHIO 10 OUEBH/HOrO MaMeHeHHd obo3nadeHuii 1 ¢ABUTA
ungexcos). Honoxum K, =K(jy, ..., jo), Ho=H{j1, ..., JQ) B Ky —Hya =M(Jy, .-, Jg)-
HauneM co cayuas ¢ =1, T.e. n= 5(j) (310 uucno pasHo Fj,, — 2, HO HaM 3To



PellieHHA HEKOTOPHIX YTIpakHeHHiH 471

cefiyac HeBaXKHO). B 3TOM c/yyae Bee paabHeRHA n B CyMMB! PA3TMYHBIX YHCEs
OuboHATIH MMEIOT BHJ

n =F1+...+Fj =Fl+"'+Fj—2+Fj+l =
:F]+ooo+Fj_4+FJ_1 +FJ+1 =

_ |F+F;+F;+...+F;,,, euIM jHeyeTHo,
Fi+F4+Fs+...+Fj,,, ecad jd4eTHo.

Jlerxo BHAETD, 9TO K, (COOTBETCTBEHHO H,,) — KONMYeCcTBO YeTHHX (COOTBETCTBEH-
.. i+1
HO HeYeTHBIX) YHces cpean j,j—1, ..., [12—] . Crano 6hITH,

n

_Jm, e n =4m-+1,
m+1, ecimun=4m,4m+2umndm+3;

m, ecm n = 4m,
" Im+1, ectan=4m+1, 4m+2 wim 4m+3.

OT1cioaa caeayeT, 9TO

1, ecmin=0(mod4),
M(}=K,—-H,=4~1, ecaun=1(mod 4),
0, eomn=2wuwm3(mod4).

TMycte Tenepb 1 =S(jy, ..., f), 4 2 2; MOXHO cquTaTh, 410 [M(hy, ..., h,}| €1 npn
r <q. Bcaxoe pasbueHre n B cyMMy pasyiiiHBIX avces PnboHaTdH MOMHO NONIy-
YHTh K3 BHITMCAHHOTO BHe pasbuenus S(j, ..., jo) ¢ MOMOINBIO HENOYKH Npe-
ofpasopasnit F + Fiyy — Fi,,. [IpecBpasosanue F;_, +F; — F; ,, Moxer smbo
BXOAUTH, THOO He BXOAWUTE B 3TY Henodky. COOTBETCTBEHHO, MPEACTABAM KaXA0e
K. n H, B Buge cymm K| + K|/ n H), + H;. PazbnueHns1, B KOTOPLIX NpeoBpasoranue
Fj,_1 +F; - F; . HE KCTIONB3YETCS, HAXOAATCA BO B3aKMHO OAHOSHATHOM COOTBET-
CTBUM € pasbuernamn wcaa S(jz, ..., jo), MpUIeM MpPK 3TOM COOTBETCTBHH YeT-
HOCTb KOMIMMECTBa CAaraeMbix B pasbueHuut S(jy, ..., j,) OTIHYAETCA OT YETHOCTH

KOWWIHYECTBA CaracMueix B paSﬁHeHHH n Ha 4YeTHOCTDb YHCTIa jl‘ WHeIMH C/IOBaMH,
o " j . .
Kﬂ _Hn _(_I)JIM(J2’ ""Jl’l)'

Ecnu npec6pasoBanne Fj _)+F; —F; | ICNOIB3YETCA, TO MOXHO C HETO M Ha4aTh;
TorAa AanpHeimpe npeobpaszosanud mid F, + ... 4 Fj su(F+..+ Fj;+i=) +...
NPOK3BOAATCA HE3ABUCHMO. CTano HBITS,

K:; = K(Jl _2)K(j2+ 11 j3x '",jq)'l-H(jl _2)H(j2+ 1! j3, ‘“’jq)x
Hp = K(jy—2)H(jy + 1, jas oo o)+ H(jy = 2)K(j2 + 1, Jas o5 Jo)

K —H; = M(jy = 2)M(jo +1, 3, -y Jo)-
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CnefgoBaTeJbHO,
M(j1, s Jg) = (1Y Mz, oo )+ MUL = 2)MUa+ 1, oo, Jg)-
Ecam j, =0 wiu 1 (mod 4), To M(j; -2)=0mn
M(j1, wver Jg) = (=1 My, -, jo) = O wimr £1.
Ecau j; =2 nau 3 (mod 4), To M(j; —2)=(~1)' n

M{j, °°°»jq) = (—1)j‘(M(J'2, '"»jq)M(jz'l'ls Jas !Jq)) =
= (-1 + (1M, ..o o)+
+(_1)J.l(M(j2 - 2)+MUZ - 1))M(j3 +1, j4; ey Jq)

Mocxonsxy (—1)2 + (—1Y* =0 u M({j, — 2) + M(j, — 1) =0 mmm 1 (g1a Beako-
IO j,), HMeeM
M(jl) '"qu) =0 :l:]-,

H AOKA3ATENBCTBO 3AKOHYCHO.

Jexiusa 4

4.1. Harrpumep, x3 + 3rx +(r® — 1) =0 npn mo6oM HedeTHOM r (€CIH I YeTHO,
TO BCe KOPHHM TOMXKE NPEeKPAacHO W3BJIEKAIOTCHd, HO KBAApATHEIE KOPHH 6ymyT He
HeNBIMH, a NOAyNeAsMH)}. EcT i ApyTHe pelleHns.

4.4, PopMyaa HMeeT BHJ

o= T n(3un(-25).

ITpu p > 0 ata dopMysna paGoTaeT U AaeT ofHO pelteHHe. HanmoMeuM, 4o arsh x =
=In(x+ v 14+x2).

4.5. (a) BcnomorarenbHoe Kybudeckoe ypaBHeHHE MMeeT BUA ¥ — 12y +16=0;
noAGOpOM HaXOAATCH €ro KOpHH —4, 2 ¥ 2. KOpHHM HCXOLHOrO YpaBHEHHA ¢ TOUHO-

CTBIC A0 3HaKd PaBHEI -?L“/ZEE‘/—Q ==1,+1+1i+/2. YeTsipe KOPHA ypaBHEHHA
CYTh

-1,-1,1+iv2,1-iv2,

{6) BciomoraTtenbHoe KyGuueckoe ypaBHeHHe UMeeT Bug y° —4y2 —4y+16=0,
H €T'0 KOPHH CyTE 2, 2 ¥ 4 (HaxozaaTcA nogdopom). KopHH HCXOZHOTO YpaBHEHHA
C TOYHOCTBIO 0 3HAKA PaBHE

+v2iy242 _ V2 (1&:-@-)1'.
2 2 2
HEI'IOCPEB.CTBEHHO TIpOBEDACTCH, YTO YHCIIO

%+(1+%)i
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ABJAETCA KOPDHEM, CICAOBATEJIBHO, KODHEM 6)7,![8'1’ H KOMIITEKCHO CONPAXKEHHOE
K HEMY

V3 AR

Z-(+ )

OcTaNEHBEE KOPHH HE MOTYT OBITh NMPOTHBOIIONKHE yiKe HalileHHBIM, HO NpH
3TOM CYMMa BceX KOpDHeil paBHa Hymio, CTaJio GuiTh, KOpHAMHK OyAyT eme

(1) (1

(e} BcomorarensHOe KyOHYeCKOe YpaBHEHHE NMeeT BUA
¥® — 7696y +230400 = 0;

€T0 KOPHH cyTk 36, 64 1 —100. KopHH HCXOZHOrO YpPaBHEHHA ¢ TOYHOCTBIO A0
3HAKa paBHEI

+10+6i+8i g JESEL
£10£6i+8i _ 4543744 =
2 tha {:1:5:1:71'.

Jlerko BHAETS, YTO —5 + i ABNAETCSA KOPHEM, MOCIE YEro Te JKe Paccy:KAeHus, YTo
B NIpeABIAYIIEM ITYHKTE, IOKA3BIBAIOT, YTO KOPHAMH ABIAIOTCA

—5+i,5+7i.
4.6, BenomMorareasHOe KyOHUecKoe ypapHeHHEe HMeeT BI
¥ —pyt—4ry+(q?—4pr}=0.

Ecny y,, Y2 ¥ Y3 — KOPHH 3TOTO YDaBHEHMH, TO BOCEMb THCeN +Xx;, TAe Xy, Xg, X3
H X4, — KOPHH MCXOIHOTO YPaBHEHHA, CYTh

i\/‘?l_yzi\/.)ﬁ _yadﬂ/_yz_ys

2
Jexmus 5
5.1. PewmieHue B pajikanax ypaBHeHHA x* + gx +r =0 mpeAcTanieHo CIeAyIo-
LMK YPaBHEHUSIMH (B KOTOPbIX, KaK OOBMHO, &= _1+T“/§):
2_ _64r® | & 2
xl = "“"27 + T, x‘ = =Xg — X3,
qz
xg = —-2—+x1, x52 = —83('2—5.7(3,
qz
X3 = -5 —x, x2 = —&xy — €xg,
- Xy +x5 +x,
Xp=——p—

Komiyecteo pewneHuit paBHo 24. ([ToueMy He 2.3:3-2- 2. 2=1447 Bubop gpyroro
3HaYeHWA ANA X; NPHBEAET TOMBKO K TOMY, YTO MOMEHAIOTCA MECTAMH X H X3;
AHANOTHYHO, €CNIM 3aMEeHHTD X, H X3 Ha £X3 U X3 WIH £Xy W £X3, 3TO NPUBEAET
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TONLKO K IEPECTAHOBKE X, X; H X3.) 3TH 24 pelleHHA CyTh KOPHH WIECTH YPABHE-
Huit x* +gx+r=0, x* L qx+er=0, x*+qx +ér=0.

5.2, [TycTe S — MHOKECTBO BCEBO3MOKHBIX pa3fHeHHnil YeThpexsleMeHTHOTo
MHOXeCTBa Ha ABa AByxanemeHTHBIX: §12/34}, {13/24}, {14/23}. Jerxo mpose-
PHTB, YTO BCAKAA YETHAS NepecTaHOBKA MHoXecTBa {1, 2, 3, 4} uHAYIMpYyeT deT-
HYI0 (HKIKYECKYI0) MepecTaHOBKY MHOXecTBa S. [Tockonbxy MUIJIHYeCKHe nepe-
CTRHOBKM KOMMYTHPYIOT, KOMMYTATOP YETHAIX MEPECTAHOBOK JOJIKEH GBITh TOMK-
JecTBeHHHM Ha S, [lepecTaHOBOK ¢ TAKHM CBOICTBOM POBHO YEThHIpEe: TOXKAECTBEH-
Has wuoc (2,1,4,3), (3,4,1,2) u (4,3,2,1). Bee 9TH nepecTaHOBKH ABJISAIOTCA
KOMMYTaTOPaMH YeTHBIX NIEPECTAHOBOK:

(2,1,4,3)=[(3,1,2,4),(4,1,3,2}],
(3,4,1,2)=((3,1,2,4),(1, 3,4,2}],
(4,3,2,1)=[(3,1,2,4),(1, 4,2, 3)].

Jeruus 6

6.5. [MonmoxumM

2 n
L =1+H+ 50+ + 25

Toraa umeem f, = f,_, = f, —x*/nl. Caregonarennno,

(fue™) = (f/ = f)e™ = —e* XL

nl’

Ecan n deTHo, TO $YHKUHA B MpaBoil 4acTH BCIOAY OTPHLATEAbHA (KpOMe HIA,

rne oHa ofpamiaeTca B Hynb). CreaoBaTensHo, Gyuxima f.e™* asaserca ybbiBa-

1oigeii. Tax kak lirf fo(x)e™* =0, nMeem f,(x)e™ >0 npu Bcex X, TaK 4TO ¥ f
X100

KopHeii HeT. EciM n HeueTHO, To f,(x) NOJOKUTENLHO TIPH X =3 0 i OTPHLIATENBHO
npu x < 0; CIeAOBATENBHO, ¥ f, €CTh KopeHb. Ecn y f, 6onee ogHOrO KOpHA,
TO Ho Teopeme Posns f) umeet KopeHb. Ho f/ = f,_;, a MBI yoKe BEIICHAIH, ITO
¥ MHOTOWIeHA f, 1 KOpHeH HeT.

JpyTHM crocoBoM 3aauy MOXHO PeliTs, AOKA3AB, YTO f, He MOXET UMEThb
JBYX COCEJHHX OTPHLATEAbHBIX KopHeil. B camoM gesne, mycTh a U b — coceaHue
OTPHLATEABHEE KOpHH. Torga

f@=flla+L =0, fm)=f0)+E =0,

Tak yTo uncaa f,(a) n f(b) nubo oba nonoxuTeAsHLL (eCAH N HeYeTHO), TH60 oba
OTpULATEABHH (€CAH 1 YeTHO), B TO BPEMH KAK 3HAKU NMPOM3BOAHOH B coceTHIX
KOPHSX JO/DKHB! GBITH PA3AMYHEL

6.7. O603HAYHM YHCIO NEepeMeH 3HAKA B IOCHEAOBATENLHOCTH dy, ..., 4, Ye-
pes S, a yneno KopHeit ¢yHxuMH f —yepes Z. [IpoeeaeM HBEAYKIMIO no S, Ecm
$=0, T0, o4eBHAHO, Z = 0. [TycTh k TAKOBO, UTO &3 ay 1 < 0; BEbepeM A€ (Ag, A1)
1 TONOKHM

g(x) = (e f(x)Y = T ay(A; - A)e~.
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IIycTs § ¥ 2 03HAMAIOT NPUMEHUTEIILHO K g TO XKe, YT0 S ¥ 2 03H2Yai0T NPUMeHH-
tenbHO K f. ITo TeopeMe Ponna umeeM % 2 Z — 1; koddPHIMEeHTEI B g CYTh

_al(p" - 3'1)9 reey _ak(l - )'Ic)» ak-i-l(lk-i-l - 7"}’ rrey an(ln - 7")’

OTKyAa s =S — 1. Tak KaK § 2 ¥ 110 NPEATON0KEHKIO HHAYKIMH, OTCIOAA BEITEKAET,
o S22,

6.9. ByaeM CUHTATh, YTO f — MHOTOUYNEH «OBIIEro MONONeHHA» B TOM CMEICTE,
YTO HH Y Kakux ero npousBoausx f0(x) u fU)(x) HeT oBumx xopHeit, B yacTHO-
CTH, HH ¥ KaKOH ero MpoM3BOAHOMN HET KPATHHIX KopHeit (paccyxaeHne ana obie-
r'o ¢ryvas aHaAorHYHO — oM. [19]). [lycTe x MeHsAeTeq oT a Ao b. BOMH3H TOYKH c,
ABAAOMEACA KOpHEM f, 3HAKH YHCEA B ocaeaoBaTeabHOCTH f(x), £/(x), F7(x), ...
ey f("‘)(x) COBAAAAKT CO 3HAKAMH YHCE B MOC/ESHOBaTENbHOCTH (X ~ c)g(x), g(c),
2'(0), g'(c), ..., rae f(x)=(x—c)g(x). Koraa x mpoxoAuT Yepes c, YHCIIO NepeMeH
3HAKOB BO BTOPOI N0OCAEA0BATENBHOCTH YMEHbIIAETCA Ha eJHHALY.

[TycTh Temepb X MPOXOAMT uepes KopeHb MHorowreHa fU), rae i > 1 (cHoBa
of03HaYUM 3TOT KOPEHE Yepea ¢}, HaM Hazo mokasaTh, YTO KOAMYECTBO MEPEMeH
3HaKoB B mocnegosarensrocTy U™ Y(x), fO(x), Fi+V(x) npu sTOM MeHAETCA Ha
YeTHOe HEOTPHIATENbHO: aKcIo. Kak v panbme, B mape (fO(x), FI+1)(x)) ume-
eTCA NepeMeHa 3HAKA CJIeBa OT ¢ H HeT IepemeHsl SHaKa ¢npasa oT c. YTo xe
kacaercs naps (fUD(x), f¥(x)), To nepemenni 3HaKa B Helt Takue xe, KaK B Iape
(FEI(x), (x — c)g(x)), tae fO(x)=(x —c)g(x). Ecan snaxu f¢D(c) u g(c) copna-
AAK0T, TO KONHYECTBO NIEPeMeH 3HaKa YMEHBIAETCA Ha ¢JUHHULY, KOTAa X MPOXO-
JUT ¢, 4 eCAM 3TH FHAKYK COBIAJAN0T, TO OHO YBETHIHBAETCA Ha eauHHLY. Mckomoe
YTREDKACHHE OTCIOAA CACAYET.

Jlexnus 7

7.3. By#eM paccy:xAaTh, KaK B JOKA3aTeNbCTRE TeopeMul 7.4, HaM AocTaToqHO
HaliT Taxve a U b, uro dyHruua f(x)=e* —ax —b gocTuraer OAUHAKOBHIX HaH-
GONBIINK 3HAYEHUN B KOHIAX oTpesKa (Touxax 0 # 1), a HAaUMeHbHIee 3HAYEHHE
dYHKIMM HA OTpe3Ke NPOTHBONIOKHO 3TOMY HanGonbieMy. M3 cka3aHHOrO BHI-
TexaeT, yro 1 —b=f(0)= f(1)=e-a—b, oTkyga a=e — 1. Touxa MHHAMYMA SIB-
JIAETCA pelicHHeM ypabHenud f'(x)}=0, oTKyAa e* =4a, a HakMeHbplIee 3HAYEHUe
paeHO a—alna—b. Crano 6uTh, a —alna—b=>b— 1, u HaUMeHbOIEE OTKAOHE-

Hue f(x) OT HyAA paBHO

2—e+(e—21)ln(e~1) ~ 0

L1,

7.8. lipnseaeM Habpocok AokasaTenbeTBa. JluHeiinas samena p(x)=ax +b ne-
peBoauT MHOTOWIEH f(x) B f(x)=¢ 'o fop=(flax+b)—b)/a. Ecnmt fog=gof,
To fog=go f. [IycTh f,, — NOCAEAOBATENBHOCTD KOMMYTHDYIOLIMX MHOTOUNEHOB,
B koTopoit deg f, =n. JInHeiliHO% 3aMeHOM MOXHO npuBecTH fo(x) K BuAY xZ + 7.
TycTs fy(x)=ax®+bx? +cx+d. PaBeHcTBO f, 0 f; = f; © f, pABHOCKALHO CHCTEMe
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YpaBHEHHH
al=a, ab=0, b*+2ac=3ay+b, ad+bc=0,
c?+2bd = 3ay*+2by+c, ¢d =0, d*+y=ay’ +by?+cy+d.

W3 aToit CHCTEME] BHITEKAET, Y4TO Yy =0 WK y = —2.

B nepBoM caryuae f,(x)=x?, oTkyaa f,(x?)=f2(x) u rem camum f,(x*)=£¥(x)
Ans Beex n u k. 3uauwt, BesKuil KOpeHb MHOTOwieHa f,(x%) ABNACTCA KOPHEM
mHerowieHa f,(x). Ecnn f,(x) umMeeT kopeHb, OTAMYHLRIA OT HYAA, TO MHOMXECTBO
PAMYHKK (KOMILIEKCHEIX) KOPHEH BCEBO3MOXKHBIX MHOTOWICHOB fn(x"’k), k=1,
2, ..., BeCKOHEeYHO; TaK KaK MHOMKECTBO KOpHeit f.(x) KoHeuHo, MoMydaeM MpoTH-
Bopeune. 3HauuT, f,(x}=ax", a nockombky f,{x*}=f3(x), umeem a=1.

Ecmu fo(x)=x%—-2, To f,(x*—2)= f}(x)— 2 Ana Beaxoro n. JuddepeHuypys,
nonydaem xf, (x — 2} = f,(x)}f1(x). Monoxmm g,(x}=(4 — xB f1(x)+n*(fZ(x) - 4).
C ofHOMH CTOPOHBL, CTAPMKHE KoaddHITHEHT MHOTOWIEHA g, PABEH HYITIO, TaK YTO
deg g, < 2n. C APYTOli CTOPOHBI, MOXHO IPOBEPHUTS, UTO gn(x? — 2) = g,(x)f3(x),
oTiyga deg g, = 2n. [TonydeHHOE NPOTHBOPEYHe MOKAIHBALT, UTO g,(x)=0. Crano
6uiTh, f, ynopneTBopAeT AnddepeHUMANEHOMY YPABHEHHIO

4=+ (-4 =0,

KOTOpOe MOXHO PellNThb B ABHOM BHZe: f,(x)= 2 cos(n arccos(x/2) + ¢). Yrobmu
HaHTH KOHCTAHTY, BOCTIONL3YeMCA TOXAeCTBOM f,,(x? — 2} = f2(x) — 2, U3 koTopo-
ro Berrekaer f,(2)=2, orkyaa c=0.

Jexkmua 10
10.1 (a). Cm. puc. P.1,

Pue, P.L. Oreer k ynpaxenuto 10.1(a)
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10.1 (6). Cm. puc, P.2,

Puc. P.2. Orser k ynpaxuennio 10.1(6)

10.4 (a). OTBeT:

2n 2w
L =f plpydy, A=1 J pleXp(p)+p"(eN dy.
0 0

10.5. NMpegmonoxum, yro fF*+(¢) >0 na I. Mlycts a <b, u nycrs g,(x) =gy (x)
A Hexkotoporo x, HMeem
ag _ it f(x‘-l-l)(t) ; n f(i)(t) -1 f(r!-l-l)(t)
00 = B Gem i) - 30 gy = S

Tak 4yro (4g,/ot)(x) > 0 npH BceX t, KpoMe t = x. CieAoBaTeabHo, g,(X) Bo3pacTaeT
KaK GYHKIMA OT &, OTKYAA 8,(x) < g,(x)— npoTHBOpedne.
10.6. PacemoTpum TToceAoBaTeNbHOCTD Gyt f, =(—1)(kI ()

2q

£,(¥) = ay cos kx+ by sin ke + (757 ) (g cosChe+ 1+ by sinCle+ 1)x) +
2

+ .ot (-ﬁ-) q{'_c!rl cos nx + b, sin nx).

Io Teopeme Ponna umeeM Z(f} 2 Z(f,;) ana seaxoro q. Tpu Goabmmx g GyHKIps

fo(x) cxonb yroano 6nmusKa K ay cos kx + by, sin kx, Tak uTo f, MeHser aHax 2k pa3.
Crano 6uiTh, Z(f) > 2k.
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Jexuua 11

11.6. B ofoux cnyqanX HeoGXOANMO HAHTH YHCIO HPOXOAAIINX J€Pe3 JaHHYIO
TOYKY KacaTe/bHEIX K ornGatoleii cemeifcrea npAMEIX, AeAHIOHX MOIMIAM NNO-
mafpk 9eTHPeXyrolbHHMKA. JTa OrHbaollas — BOTHYTHIA TPeYToIbHHAK H3 AYT TH-
niepbon. COOTBETCTBEHHO, OTBET TAKOB; 1 MAM 3, eC/IM TOYKa He JIeKHT Ha oruba-
oLei, 1 2, ecNU TOYKA JEXKHT Ha orxbaronieii,

11.7. 3aHyMepyeM BePUIMHBE UUKAHYeCKU: V|, V;, ..., V. [IpegnonoxuM, 4To co-
OTBETCTBHE CMOPOHT — NPOIMUIBOALHAUAA 8epUIUHE B3AHMHO OFHO3HAYHO. [1yCTh,
B YaCTHOCTH, CTOpoHa V;.,V; mpoTHBONEXHT BepmmHe V;. Toraa cropoHa ViViy,
TIPOTHBO/IEKMT BePIIKHHE V., —HWHAYe COOTBETCTBUE MEKAY CTOPOHAMH H IIPO-
THBOAEKAIIMMH BePIIMHAMH He Gy/leT B3aUMHO OAHOZHAYHHM. CrefoBaTeNAbHO,
CYILIECTBYeT TaKoe k, YTo AJIA BCAKOTO { cTOPOHe ViV, ; NPOTHBONEXXNT BePIIMHA
Viyx (MBI, KOHEYHO, paccMaTpHBAEM HOMEDa BEPUIMH KaK BHYETH 110 MOAYIMIO 11).
Jlerxo BHAETB, UTO TOTAA CTOPOHE Vi, ;. Vi, TIPOTHBONEKKT BEPUIMHA V;, TaK 4TO
(i+k—1)+ k=i (med n). CregoBaTeNBHO, it HEYETHO.

Jexmusa 12

12.3. OpueHTHpYeM OAHY M3 KPHUBHIX H OY/IEM CNEINTE 38 KOMHYECTBOM TOYEK
flepecedeHna e NOIOKHTEBHOH ToMyKacaTensHoit co Bropoil kpupeoit. [Ipu g8u-
WEeHHH TOYKH KacaHMA N0 NepBoif IpAMeit 3T0 YHCIO MeEHAETCA TAK, KAK ONHCAHD
B 1. 12.2. EC1M cyMMKpPOBATE BIUTAAH OT ofienx opHeHTanuil nepeoit KpHsoi, TO
obmuit Briaj kawAod BHEIUHEH ABOMHON KacaTesbHOH paBeH 2, ofuuii BrIag
KaxAoH BHYTpeHHeil ABOHHOM kacaTeNbHOM pareH —2 ¥ KAKAOH TOYKH repecede-
HHUA TOXe —2, TeM caMeiM t,. =¢_ +d.

12.5. PemreHre ocHopaHo Ha paGore [50]. ITycTs I — NONOKNHTENBHOE IETHOE
qucno, u nyete T, — T_ — 1 /2=D. Ham noHaaoGATCA TPH TOATOTOBUTENBHBIE KOH-
CTPYKUHH,

Bo-neppuX, mycth { = 2, D=2, a T_ npoussonsHo. Torga HekoMas kpHUBag #300-
paxeHa Ha puc. P.3(a) wau P.3(6) B 3aBHCHMOCTH OT YeTHOCTH umcia T .

(a) (6)

Puc. P.3. Cayuait [ =2, D=2
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Aanee, ecmu T_. =0, D=0, a ] —npoH3BOAbHOE 9eTHOC YHCIO, TO HCKOMAA
KpuBas HaobpaxeHa Ha puc. P4.

b )

Puc. P.5. CosgaHre AONOAHU-
Puc. P.4. Ciyqaiit T_=0, D=0 TenbHHIX CaMonepecedeHn

HakoHel, nollere/ine zBe MOYTH Napa/vie/bHEE AYTH, MOXKHO CO3JABATH JO-
NIOMTHHTENIBHEE TOYKU CaMonepecedeHns, He MeHAa [ win T_; Kak 5To JenaeTcs,
MmoKazano Ha puc. P.5.

Ecnu Tenmeph HadaTh © NepBoH KOHCTPYKLIMH ¢ AAHHHIM T_, TO ¢ MOMOIIBIO
BTOPO# U TpeThel KOHCTPYKUHK MOKHO MOAKGOHUINPORATE KPUEBYIO, KaK [TOKA3aHO
Ha phc. P.6; 310 gaeT pemreHue nyHKTa (a).

BTOpas
KOHCTPYKUHA

nepeasn
KOHCTPYKI{HA

@)

Puc. P.6. YcnonbacBaHue Beex Tpex KOHCTPYKUMI ¢ OAHOI KpHBOH

YrobH AOKA3aTh YTBEPHJAeHHE W3 MyHKTa (6), o6osHauuM depes y{a) mapa-
METPH3ALMIO Hallled XpUBoi, IPH KOTOPOI o — yroJ MeXAY HanpaBieHMeM Ka-
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CaTeNBHOH M HEKOTOPHM (QHKCHPOBAHHHIM HANPABRNEHHEM Ha NAOCKOCTH. Ecnu
YHCIO BpallleHUd PABHO W, TO o Mpoberaer 3HaveHud or 0 o 2mw. [Ipsmas, Ka-
caloliancs KpUeoii B Toukax y{a) H y(8), cyllecTRyeT TOTAA U TOABKO TOTAA, KOTAA
BekTopH ¥'(a) K y(8) — y(a) napannensHu. CreaoatensHo, f = a+ nk, mpuieM
IBoiiHaaA KacaTenbHasA ABAAETCA BHYTPEHHEH TOIa 1 TOMbKO TOTAA, Korka k HedeT-
HO. L% AAHHOTO K NOMOKHM

A = {a| Y'(a) = tly(a+mk) - y(a))}, (P.1)

TA€ t HONOKUTENBHO WM OTPHLIATEALHO B 31BUCHMOCTH OT TOT'O, ILTIOC WK MHHYC
CTOMT B BepXHeM HHAeKkce ¥ A. JoKazaTensCcTBa CILYICIUX TPeX YTBEPHACHHH
OCTABJIAIOTCA UHTATENIO!
+ - .
1) TouKM M2 A B A M€peRyIOTCA,
QYevma#Efua,feAl, 0 |f—al>m;
+ +
3) MHOXecTBa Al H A7, TIYCTHL
HmMeeM
M= 3 IAfI+IALL

1zks2w-1
k HEYeTHO

W3 yreepiaenua 1 Berrexaert, uro (A]|=|A, |; U3 yTBePKACHHUA 2 CEAYET, 9TO
IA:I € 2w —1 a4 BcAKOTO k; Tenepr U3 yTRepxAcHMA 3 caeayeT, uto T_ < (w—2) x
x (2w — 1}. Beuay pesynpraTa ynpakHeHus 12,11 umeeMm w <D+ 1, otkyaa T_ <€
£(2D 4+ 1)(D —1). Harorey, uncito T MOXHO NPeACTABHTE B BHAE CYMMH JBYX
c/araeMeix, COOTBeTCTRYIOLEHX Cllyuaam, korda B dopmyne (P.1) uMeeM ¢ >0 ut <0.
DTH craraeMule pasHE COOTBeTCTBEHHO

L% A
1gks2w—1
k weweTno
Beuay yrBepaAcHNA 1 2TH CYMMBI PABHEL, TAK YTO T_ 4eTHO.

Aokaxem yreepaenue (B). [Tycts T. wetHo u T < D(D —1). Toraa cyiiecTsy-
er Takoe n & D, uto (n;l) ST /2« (g) Nonowum k = (g) — T_J/2; scHo, 9T0
k € n-— 1. llonoxum, panee, g =D —n. Torza UCKkOMaA XpHBas CTPOMTCA B TPH
mara. CHaYana TOCTPOHM 3aMKHYTYH KDHBYIO Gez mepern6os c g + 1 mermamu,
3aTem Zobasum n — k MaJIeHBKHX TIETeAb K BHYTPeHHelH GOAbIION netie 3ol KpH-
EOii, a 3aTeM AoGaBHUM ellle k MaaIOCEeHBKHX TIETEND K OAHOH K3 MaJeHBKHAX IeTENb.
Ha puc. P.7 aTa KOHCTPYKIHSA ITPOYILTIOCTPHPOBAHA JUIA cAydaa q=2, n=8, k=3,
IMocTpoeHHan KPHEAA HMEET q + 1 =D ABoiiHbIX Todek. Kaxxaoii mape ManeHbKHMX
HJH MaTIOCEHBKHX MeTeNb COOTBETCTRYIOT [Be BHYTPEHHUEe KacaTejlbHBle, 3a HC-
KIIOYeHHEeM 1ap, B KOTOPHX MamoceHbKaA NeTIA COAEPXKUTCA B MajleHbKoMH. Cra-

70 GRITh, KOMUIECTBO BHYTPEHHUX ABOAHLIX KACATEIBHBIX PABHO 2 ( ( g ) - k) =T.

12.7. Cu. paboty [92].
12.8. Cm. pabory [41).
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Puc. P.7. Pewienue ynpaxseHus 12.5(n)

Jleknmna 13

13.1. ¥paBHerHe nnockocTH [T MMeeT BUA

A(x —x(to)}+B(y — y ()} +C(z - 2(t)) = 0.

[TnockocTs I1 COREPIKHT KAaCATENHHYIO IPAMYIO
x =x(to} +ux(te), y=yltd+uy(ty), z= 2(to)+uz'(ty)
(3aecs u — napaMerp Ha NpsaMoit) TOrAa U TOJIBKO TOTAA, KOTAa
AX'(t,)+By'(55) +C2'(t) = 0.
PaceMoTpum Ha KpHBOH QYHKIMIO
h(t) = Alx(t) - x(to)) + B(y (£} — y (to)} + C(2(£) ~ 2(t5)).

flero, uto h(ty)=h'(t,) =0, a NTOCKONBKY B OKPECTHOCTH TOYKM P KpHBAad mepexo-
AMT ¢ OAHOH CTOPOHEI TWIoCKOCTH [1 Ha APYTYIO, NpH t = t; QYHKIMA MEHAET 3HaK.
CaepoBaTenbHo, h(t,) =0, TO ecTh

Ax"(ts) +By"(ty) +C2"(t,) = 0.

310 03HaAYAET, YTO IVIOCKOCTE [T COAEPXUT He TOMBKO BEKTOP CKOPOCTH, HO H BEK-
TOP YCKOPeHHWH, SHAYHT, 3T0 CONPHKACAIOLAACA IUTOCKOCTD.

16 3ax. 3647
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13.2. Ecapi mapaMeTpHuecKie ypaBHeHUs pefipa Bo3BpaTa HMeOT BUA X = Xx(t),
y=y(t), 3=2(t), To NnapaMeTpHYECKHE YPABHEHNA PA3BepPTHIBAIOMENHCA TOBEpX-
HOCTH (3aMeTaeMOl KacaTeNbHEMH K pefpy BO3BpATa) HMEIOT BHA

x=x()+ux'(t), y=yt)+uy'(t), z=sz(t)+uz'(t).

KacaTeNpHaA IWIOCKOCTL K 3TOH MOBEPXHOCTHA B Touke (t, u)} MOPOXAEHA BeKTO-
paMH

(x5, 70> 20} = (') 4+ ux”(£), y' (€} + uy”(£), 2/ () + uz"(¢)),
(xi, Yoo 2,) = (X'(0), y'(0), 5'(2D),

M 9Ta IUIOCKOCTB, OYeBHAHO, COBNAJaeT ¢ COMpHKacalolleiicsa IUIOCKOCTH K KpH-
Boit.

13.3. BoT Halpocok aokasatenbcTea. [Tycte 11(t) — Hamre cemelicTBo. [pamas,
TI0 XOTopoil mepecekatoTea mnockoeTd M(t) u II(t + €) (£ # 0), cTpeMuTCa TIpU
&— 0 x npamMoii I(t) C [1(¢). Touxa nepecedeHus Tpex mwiockocTeil M(t), M(t + &),
II{t + &5) (&, £ &5, &, #0, £, #0) cTpeMuTca Npu £, — 0, &, — 0 k Touke y(t}l(t).
Obbegunerne NpAMEIX [(t) ABAsETCA pa3BePTHBAIINEACA ITOBEPXHOCTBIO, ANH KO-
Topoit I{t} — xacaTeAbHbIE IVTOCKOCTH; TOYKH Y{{) ONMHCHIBAIOT KPHBYIO, COMMPHKA-
carollfiecs TLTOCKOCTH ¥ KoTopo# cyrs M(L).

13.5. MNapaMeTpHyeckiie ypaBHEHHA MOBEPXHOCTH, 3aMeTaeMoll KacaTe/lbHH-
MH K Hawel KpUBo#, CyTh

x=t+u, y=t2+43c%, z=t"+4u.

TepecedeHne 3TOH NOBEPXHOCTH C IUIOCKOCTHIO, 334aHHO YpaBHEHHEM X =, 3a-
JaeTcd mapaMeTPHIECKUMI YPABHEHUSIMH

y =2 +3t%c—t) = (3¢ — 2t),
2=t +43(c—t) = 7(4c— 3t).

MpoussogHsie y’ =6t{c~t), 2’ =12t%(c — t) uMelOT ABa OOMMX HyML: t=0 M ¢ =c;
crano 6LITb, ¥ KPHBOH ABe Toukd Boaspara: (0, 0) u (3, ¢*). Tem cambiM y nmosepx-
HOCTH HMeeTcA ABa pebpa BoappaTa: MCXoAHas KpuBat x =t, y =t°, z=t* nmoc,
4r0 Gonee YARBHTENBHO, OCh X: X=t, y=2=0.

Hapsagy ¢ AByMA TOUKaMH BO3BpATa y KPHEOH ecTh H camonepeceyeHue. B ca-
MOM JeNie, CACTEeMa

t2(3c — 2t;) = t2(3c ~ 2ty),
e 3t — 1) = 4t — £3) = B2 -2
{t?(4c—3t1)=t§(4c—3:2) (67— 1) = 4elty — ;) = 651 - &

HMeeT, HapAAY ¢ OYEBUAHHIM PenIcHAEM t; ={,, PEIIeHHA

=1+2«/§c, t2=1—2J§C - tl=1——\/§ 1+3 .

5}
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1++/3

ITO O3HAYAET, YTO NPDH IHAYCHHAX 1apaMeTpa, PABHEIX 3 C NOIYJacTCA OJHA

¥ Ta e rtapa (y, z). Jlerkoe BIMUCAEHWE TOKA3LIBAET, YTO 3TA N1Apa eCTh Yy =¢°/2,
z=—c*/4, Takum o6pasom, HapaAy ¢ AByMA peBpaMy BO3BpATa MOBEPXHOCTb UMeE-
eT caMolepeceueHHE BAONb KPUBOLT

3 4

x=t, y=%, z=—%.

He GyaeM numiaTh uuTaTens YAOBONLCTBHA CAMOCTOATEARHO HAPHCOBATE STY IO-
BEPXHOCTB.

13.6. PemieHie onucaHo B paBore [85]. [lna fokasaTenbeTBa yTBepaeHa (a)
pasBepHEeM THCK Ha IVIOCKOCTE; TOAVUHTCA IWIOCKHH AUCK, CIOeHHE Ha HEM, COCTO-
flljee U3 OTPe3KOR (COOTBETCTBYIOINMX TPAMMMHEHHBIM 00paayIOIIHM TOBEPXHO-
CTH}, ¥ KpHBad ¥ Ha Avcke, HaM JOCTaTOYHO AOKAa3aTh, ITC HAWAYTCA Taxue ABe
TOYKH NepecedeHH ¥ ¢ OAHUM H3 OTPe3KORB, COCTARJIAIOUINX (OeHHe, ITO Kaca-
TefIBHHE K ¥ B 3THX TOYKaX HNapauie/ibHEI (M3 TOro, 4T KaCATENBHAN IIOCKOCTD
K pa3BepTHEaOIeHCA NOBePXHOCTH OJHA M Ta e BO BCEX TOUKAX fpamonnHeit-
Ho#t ofpasyiowmeit, GyAeT Torga CI€AOBaTh, ITO H KACATEALHHE K MPOCTPAHCTBEH-
Hoii KpHBoOii B COOTBETCTBYIOIMX TOYKAX GyAyT MapaaienbHEL).

Mycte 1, t €[0; 1], — ceMeiicTBO HPAMBIX, 06pasyonux croenne obinacti; Gy-
AleM CUMTaTh, YTO OHH OPUEHTHPOEAHEL CACBA HAmpaso. IIyCTE y JeXUT Mexay
lo 1 [}, mpHueM 3TH ABe NpAMEIE KacaoTcA KpuBoH (puc. P.8). Yepea C (t) u C_(t)

t=0

Puc. P.8. KpuBad W oTpeaku

0603HaYMM CAMYIO JEBYIO ¥ CaMyio NPaByio TOUKK nepecedenus y Ni,. Kpuskie
C.(t) ABnAIOTCA KyCOTHO MAAKHMA. O603HaUMM Yepes a,(t) € [0; 1] yron Mexay
C.(t) m .. PyHxuun a.(t) He ABAAIOTCA HENPEPHIBHBIMY, HO KX PA3PHIBBI JIETKO
onucark. TpH TUNa pasphiBoB $yHKIMKM «_(¢) Hao0pakeHs! Ha puc. P.9: B Kax-
JOM M3 3THX cy4aeB rpadbuk GyHKIMY COAepHUT «yOslBaonnit» BepTHKANEHEIH
orpezok. OyHruHHA @ (t) TalKe MOMXET UMETh PA3phiBHl TPeX TUIOB, U BCAKHIN
pa3 rpadiK COASPHT «BO3PACTAIONINI» BePTHKANBHEIH OTPE30K. 3aMEeTHM, 4TO
npH £, GAH3KoM k 0, 3Ha4YeHHe «_(t) 6:M3K0 K HymIO, a 3HaYeHue o, (t) 61M3Ko K 7.
AHAJIOrM9HO, ecH t 61M3Ko K 1, To «_(t) 6masko K 7T, a a,.(t) 6MH3K0 K HymIO,



484 PellleHWs HEKOTOPHIX YITpaKHEeHHH

\ /A /)
\//
[ L AN

t 4

0 1 0 1 0

Puc. P.9. Paspuien pyHKUMH a, (1)

Puc. P.10. KpuBan ez mapanieNbHbIX KacaTeAbHEIX

M= yTEepxAaeM, yro rpadrku ¢ynkimHil o . (t)} u o () NepecekaloTea B TOUKe,
He JeKalllelf Ha MX BePTHKAIBHBIX ydacTkaxX. Ui AoKasaTe/lbCTBA 3TOTO allNpoK-
cumypyeM obe GYHKUMH IMaJKUMH TAXMM 0Gpa3oM, ITo0Bl BEPTHKAABLHELE YUACT-
KM TTPeBPATIUIMCE B YNACTKU C OYEHb GonbiniM HakaoHoM: a_(t) <0 u a/ (t) >
>» () Ha COOTBETCTEYIOIMX MaNeHbKHX MHTepBanax. PaccmoTpum dyHiamio S(t) =
=a,(t)—a_(t). Ana t, Gnuakux K Hymo, uMeeM B(t) >0, a gaa t, 6au3iux k 1,
aMeeMm f(t) < 0. [lycte t) — HauMeHbIIHit Hynb QyHKIMM B(t). [lockonbky § Me-
HAET 3HAK ¢ NOAOKHTEABHOTO Ha OTPHUATENbHHH, HMeeM f/(to) € 0. 3HauMT, tg
He MOXeT JeXAaTh Ha HHTEPBANAX, HA KOTOPHIX a’ (t) < 0 wiw a’+(t):>0, TaK 4TO
B TOUKE t, ABA YIVIa AefiCTBHTEABHO COBIAAAIOT.

Yro6HE MOCTPOUTE TIPUMEP /1A NyHKTa (6), BO3sMeM pPaBHOCTODOHHHMIL Tpe-
YIOJIbHHK Ha IDIOCKOCTH M MPOBEJIEM BO3ME KAKAOTO U3 YIVIOB MO OTPE3KY, OTCSKA-
IOIEMY OT Hero MeHbLIIWH TPEYTOALHUK U HETapaiIeAbHOMY TPOTHBONONOKHOH
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cropoHe. CIOXKHM TPeYTOABHUK BAOIL STHX Tpex oTpeakoB Ges crufor (T. e, npu-
6u3umM cTUOH NMAKMHADAMU MaJoro PaANyca) TRKHM 00pa3oM, YTOGRI OTOrHYTHIE
yIVIEL GBUIM MOYTH BEPTHKANBHEL B KadecTBe KPHMBOH y BO3bMEM IMIAJKYIO Npo-
CTYIO 3aMKHYTYIO KDHBYIO, HAYILYIO BHYTPH TPEYIOALHUKA PAAOM € €T0 rPaHuuel.
TTocse cruGaHbA ¥ pa3raXHBaHAA CTUGOB MOMYIHTCA NpOCTPAHCTBeHHAA KPHBad,
He NMEeIas Iapate/bHeX KacaTenbHNX (CM. pac. P.10),

Jexkmus 15

15.3. O60zHayHM eAXHIYHBIH KacaTeNbHEH BeKTOp, EAMHHYHBIN HOpMaNbHBEA
BeKTOp U GHHOpMAL () KPHUBOH T(I), mapaMeTpH3OBaHHOM AnvHOH AyrH) tde-
pes T(t), N(t) 1 B(t) cooteercTBenHo. Qopmyant Opene rAACAT, UTO

T'(t) = x(t)N(t), N'(t)=—x(t)—(©)B(t), B'(t) = v(t)N(t).

IlycTe v(t) — BeKTOD, NPUAGKEeHHBLA B TouKe y{t) ¥ HanparjeHHEHT BAONE NPAMO-
nmiHeiHoH obpa3sylomedi. [ToBepxHOCTE, 3aMeTaeMas ITUMH OGPA3YIOUMUMH, UMe-
eT mapametpuzaumio r{t, s)=y(t)+ sv(t). Crano 6wITs, r, =y’ + sv’ U r,=v — Kaca-
TenbHBIE BEKTOPS! K TOBEPXHOCTH. TaK KaK NOBEPXHOCTE ABAAETCSA Pa3BePTHIBAIO-
wetica, HopMane v(t) He MeHsAeTCd BAOAD IpAMMIHHeHHOH obpasyiomeii, Crano
6brTh, BEKTOp v(t) OPTOTOHANEH K K v, M X ¥’ + sv’ ANA Beex s, a 3HAYHUT, K v’
K v, OTCI08a CreAyeT, ITO BEKTODH U, 1 ¥ v/ KOMIUIaHAPHEL. BeKTOp U HETDYAHO
BHIpasuTh depes T(t), N(t) u B(t):

v=Tctgf+Ncosa+Bsina.

Ipoauddepermupyem popmynsr Opene:
v’ = —T(x cos a+ B’ cosec? B)+N(xctg f+(t—a')sina)+B(a'— 1) cos a.

Tenepb Jerko COCHHTATh, YTO OPHEHTHPOBAHHHIA 00beM nmapa/ielenuneja, Ha-
TAHYTOTO Ha BeKTOpH v’, v M T, paBeH x sin a ctg § + v — «’. [IpupasHKBas ero
K Hymo, norydaeMm popmyny (15.2).

15.6. Eciiy BHYTPY JUEMH criufa HMeeTca ABIPKA, TO YaCTH NPAMOIHHeRHBIX 06-
PasyIoIMX, PACTIONOGXEHHbIE BHYTPH ALPKY, 3aKaHYWBAloTCd Ha ee rpaHuue. Ecom
e JBIPKH HET, To aTH 06pasyiolirie JOMKHE 3aKAHYUBATHCA TOKE HA JMHPH CTH-
6a. MockoneKy ceMelfcTBO 06Pa3yIOLUX HENPEPHEBHO, KAKKE-TO K3 06pasyommx
GyAyT KacaThCA NMHHK criba, B npoTHRopedHe ¢ TeM $aKkToM, YTo OHH 06A3aHH
nepeceKaTs ee N0/, HeHYIEBBIMH YTIAMH.

Jlexnus 16

16.1. OTBeT: THNepOOTHYIECKH TapaBOMOHA,

16.2. Ilycte ABCD — [aHHHI YeTHPeXyToNbHAK. JUId BCAKo# mwiockocTH I, ma-
pantensHoit AB u CD, obosnaunm yepes K 1 M Touku nepecedeHus I ¢ NpAMBIMA
BC n DA; po3pMeM Teneph ofbefUHeHHE BCEBO3MOKHEX IIPAMBIX KM,

16.6. (a) Bubpannaa HaMK 06pasylollas POSKTUPYETCA B TOYKY; 0B03HAYUM
ee P. OcransHue ofpasylome 2TOro ceMeficTBa MPOEKTUPYIOTCH B CEMEHCTBO
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napannenbHbIX IPAMBIX, He TPOXCAAIINX uepes P, Bropoe ceMeiicTBO MPOEKTHPY-
eTcd B CeMEeHCTBO NIPAMEX, NPOXOASmUX Yyeped P (HO cpefH 3THX NMpoeKuuH He
Oyaer npaMol, NapaniensHol 06pasaM MPAMBIX U3 epBore ceMeHCTRa),

(6) ABa ceMeiicTBa NapaJiIeNbHLIX NPAMEIX,

Jlexnus 17

17.1. ABeHAAUATD IPSAMHX, POXOAAIINK uepes Touxu (0, 0, 0}, (1, 0, 0), (0, 1, 0)
wmu (0, 0, 1), cyTe

x=0, y= —z; x=1 y=0; y=1,x=0; z2=1 x=0

y=0, x=-~5; x=1, z2=0; y=1,z2=0; g=1, y=0;

z2=0, x=-y; x=1L,y=-2 ¥y=1 x=-g g=1, x=~y.

Y1066 HAHTH OCTAJABHBIE MPAMBIE, BOCTIONB3YEMCA TeM QAKTOM, UTO KaXAaR
M3 27 NpAMBIX niepecexaeT 10 Apyrux. OTciona cieayeT, YTo Kaaasa U3 YKe H3BecT-
HHX NpPAMHX NEpeceKaeTcs ¢ KAaKHMH-TO HeK3BeCTHRIMH, Bo3bMeM, HallpuMep,
TIPAMYIO ¢ YpABHEHUAMHU x =0, y = —z. Ee o6man Touxa uMeeT BUE (0, t, —t). 3Ha-
YUT, ANA KAKMX-TO 3HAYEHM t 1 KAKWX-TO D, ¢ ¥ ¥ TOYKA C KOOPAMHATAME X =pil,
y=t+qu, z=—t+ru JOMmKHA eXKATh HA IOBEPXHOCTH NMpH BeeX u. [loacTasum
ee KOOPAWHATH B YPaBHEHHe NOBEPXHOCTH. [lomyunrea Kybudeckoe ypasHeHUe
Ha u 6e3 cpofoaHOTO wWieHa (IPH u =0 TOYKA JEMHUT HA MOBEPXHOCTH [IPH BCeX t).
Tenepb NpupaBHAEM K Hymo KoadduuHeHTs! npy i, u? ¥ u® M BHACHAM, NpH
KAaKHX { MOAYYAIoWAscd CHCTEMA YPAaBHEHUH ¢ HEM3BECTHBIMH p, § U r HMeeT
HEHY/IEBOE PEIICHHE.

Ha 3T0M IyTH MOXHO HAMTH elle 0JHY MIPAMYIO Ha TOBEPXHOCTH, 3aJaHHYIO
napaMeTpHYECKUMH YpaBHeHHAMH

x = ,/§2+1 + J§2—1t’ y= 1'2‘/5:, g=1+t.

OcranbHbie 11 npAMBIX, He JeXamuX Ha GeckOHEeYHOCTH, NOMyJaloTCA U3 aTo#
IpAMOH MepPecTaHOBKAMHY X, ¥ U % BKYTE C 3aMeHaMH 5 Ha — /5.
17.2. Ha aToii NOBEepXHOCTH JIErKO HalTH 12 npaAMuX. MIMeHHO, OHA H3 HUX

3a/la€TCA YPABHEHWAMK ¥y =ax, s=b, e b= —;-, Ba? + ba + B =0; eme oaUHHa-

AUaTh MOKHO NONYYHTH, BEIGHpas ApyrHe KOPHM YpaBHeHWi And ¢ u b u nepe-
CTaBIAd KOOPAMHATH. Ellle ofHy Npamyro MOXHO HaifTH cnocoboM, ONMHCAHHEM

B pemleHH¥ mpeAbAyHieil 3agaun; 3T0 MpsMasi ¢ YPABHEHHMAMH 2 =X + % +b,
y=-2f. Eme oANHHAAUATE MOXKHO HaliTH, BHGHpad ApyTHe 3HaYeHUI JIAa H b
H NepecTaBiafaa KoOpAWHATH. TpM NMpsMbe LETHKOM JIXAT Ha GecKOHEeUHOCTH:
Jutq GONbIUMX X, Y ¥ 2 YPABHEHHE Hamlell MOBepXHOCTH acCHMITTOTHIECKH 1IpUub-
WaeTed K xys = 0— 06sefuHeHRIO TpeX miockocTell, a nepeceyeHUA STUX IIOCKO-
creif ¢ 6ecCKOHEYHO YAANeHHOH IIOCKOCTEIO Cy'Th MPAMBILe.
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Jexkous 18

18.6. [lycTe HyJIb IPYNNOBOrC 3aKOHA — TOUKA E — paclofoyeH B OFHOH M3
TOYeK neperkfa, BosabMeM MPOH3BOALHYIO TOYKY A KyOH4ecKoH KpHBOH, H ITyCThb
B — TpeTsa TOuKA TouKa MepecedeHHs npAmoit AE ¢ xyGudeckoit kpusoii. Mu
yTBepa#zaeM, yTo A+ B=E. B caMoM Jene, NOCKONEKY E — TouKa neperuba, Tpe-
ThA TOYKA NepecedeHHA KpHBOH H KacaTeNbHOif K Heii B Touxe E copnafaer ¢ E.
(Orciona cnexyer, wro To4KH A, B 1 C KO/UTMHeapHE! TOTAA H TONBKO TOTAA, KOTAA
A+B+C=E.)

ITyeTb A — TouKa neperu6a. Torza U3 onpesie/leHHA CIOKEHU ToYeK CAeIyeT,
yro A+ A=—A, T.e. 3A=E. Q6parHo, ecnu 2A=—A, TO TPeThA TOYKA Iepeceye-
HHA KPHEBOH C KacaTeNBHOM K Hell B TOYKe A COBNAJAET ¢ A, TAK YTO 3TA KACATENb-
Haff IMeeT KacaHHue TPEThero NopAgka H A — Touka neperuba. TeM caMBIM TOYKH
neperxfa — To XKe camoe, ITO TOUKH TIOPAAKA 3, T. €. TOUKH, YAOBJETEOPAIOLIHE
yenoenio 3A=E. Ecnu Teneps A — Togaka neperk6a, To 3A =E, otkyaa 3(—A)=E,
3HayHT, —A — TOXe TOYKa Nneperuba, u Tpu Touku neperuba A, E 1 —A AexkarT Ha
OAHOHN NpAMOIi.

JNexuusn 19

19.7 (B). Briepem HampaBiaeHue {0603HAYHUM €ro a) U PacCMOTPUM ONOPHEE
NpAMBIE K JAHHOH KpHBOH Y MOCTOAHHON OIMpHHE, WMeollHe HaNpaBlAeHHA O,
a+n/3, a+2n/3, a+n, a+4n/3, a+5n/3. OTH NpAMEIE OrPAHHYKUBAIOT LIECTH-
YTOJBHHE, BCE YIAB KOTOPOro paBubt 21t/ 3, TlycTs d — paccTosame Mexay moboi
nHapoil MPOTHBOMOMOKHBEIX Mapall/IeNbHBIX CTOPOH 3TOr0 IECTHYTONLHKKA (paB-
HOe MIKPHHEe KPHBOH), M NyCTE a ¥ b — ziBe cocefiHne cTopoHkl. Toraa d ={a+b) x
x cos(1/6). CneaoBaTENBHO, CyMMa A/IMH MOGLIX ABYX COCEAHUX CTOPOH OJHA U T4
3Ke; SHAYUMT, [UTHHBI BCEX CTOPOH C HEYETHHIMH HOMEpaMK OfIHHAKOBBHL, H TO Xe
BEDHO I CTOPOH € YeTHBLIMHM HOMepaMH. ITycThb ¢( o) — pasHOCTh MeXAy ANUHOA
CTOPOHE! ¢ YETHBIM HOMEPOM U AAMHOI CTOPOHEI ¢ HEIETHHIM HOMEPOM.

EcnH HenpepHEBHO H3MEHATS ¢ {0 BETHUMUHE ¢ + 71/3, To 3HaK ¢(a)} H3BMeHHTCH
Ha NPOTHBONOAMKHEE. CrefoBaTenpHO, NS KAKOTO-TO ITPOMEXYTOUHOro 3HaYe-
HuA a aMeeM c{a) =0, 4 IUeCTHYTOIBHUK IPaBUILHBI,

19.7 (). ITycTdb ¥ -— KkpYBaA NOCTOSHHOMN mMpHHE d, ¥ mycTs ABCDEF — onu-
CaHHEI} OKONO Hee NPaBWILHEI MeCTHYrONBHNK, O603HaTMM Yepes ¥, TPeyroib-
HMK Pesio, BIMCAHHEIH B 3TOT IIECTHYTONBHEMK W KacAIOMWIACA €ro B BEpPIIMHAX
B, D u F. TlomMecTHM Havajo KOOPAMHAT B UeHTpP WIECTUYTWILHHKA, a ock abc-
IMCC MPOBEAEM NMaparieNbHO cTOpoHe AB. OnopHyw GYHKNUIO, PAAUYC KPHBH3-
HEL H NAOWAAb, 3aKNIOYeHHYIO BHYTPH KPUBOH v, 0003HauuM gepes p(y), plplu
A COOTBETCTBEHHO; Te XK€ BeAMYHHH, HO /A KPHBOit v,, 0603HauMM vepes p, (i),
p£1(p) 1 A,. CornacHo peaynbrary ynpaxHenus 10.4 umeem p(y)=p”(p)}+ p(p)
nA=(1/2} | p(e)p(p)de.

W3 pacemoTpenua Ayru BD TpeyronsHMKa Peso v, IcHO, uTo p({) 2 p, () npu
n/3 <y <2n/3, u aHATOrMYHO AMA 7t < ¢ £ 47/3 K 51/3 € ¢ < 2w, PaccMaTpu-
Bad TpeYTOIbHHK Pesio, eHTPaIbHO CUMMEeTPHYHbLIN TPEYTONbHHKY ¥,, 3aK/0Ya-
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emuro p(p+ )2 p{¢+r)npun/3<p<2n/3, n<eL4n/3ns5n/3<p < 2n.
CTano GHITH,

2
2A= j p(elplp)de =
O

2n/3 4n/3 an
= (J‘ +J’ +j )(P(‘P)P(‘P)+p((p+ﬂ)p(¢+ﬂ))dkp >
/3 E

5n/3

2mf3 4nf3 2n
> U +J' +J )(p((p)+P(80+?TDP1(‘P)d‘P-
i 51‘!!3

i3
Nockomexy p(p)+ ply + 1) =d, umeeM p(¢) + p(y + n) =d, Tax YTo UHTErpan
B NIpaBoH 9acTU paBeH

2am/3 an/3 2n 2=
d(f +J. +J. )pl((p) dy =f PP () dy = 24,,
/3 4

5r/3 1]
OTKY/la BCE U CEAYeT.
19.9. NyeTh y(t) — napaMeTpusanua AauHoii ayru. Torga [y(t) €1, [y’ ()l =1
 |y”(t)] = k(t)| npu Beex t. Crano GHITH,

L L
L= j (v'-rde= (rr’)lé—f (r-y"de<
4] v]
L L
£ 2+J lyl-1y"| dt < 2+j k|dt =24+C
Q Q
(Touxoit o€o3HaYeHO CKaIApHOE TpouaeeeHMe). Bee JokasaHo.

19,10, ®opMyaMpoBKa TaKasd Xe, KaK B ILTOCKOM ciaydae (/11 IUIOCKOH KPH-
BOif, 3aKMIOUeHHON BHYTPH eAMHHYHOIC Imapa, HMeeM L < C); ans gokasaTensb-
CTBAa MOMKHO BOCTIONIL30BATHCA PACCYIRAEHHEM H2 pelleHHA yIpaxkHeHHs 19.9.

19.11. AnINpPOKCHMHKPYSA MIAAKYIO KPHEBYIO JIOMaHOH, CBOAMM 33jady K OTy4alo,
KOrZa Y — ABy3BeHHad JoManad, Tlycrs @ —ee Buemuuii yron. Tak kax Mepa dv
VMHBapHaHTHA OTHOCHTENILHO H3OMETpPHH NIPOCTPaHCTBa, HHTerpan I{a) = f C, dv
3aBHCHT He OT PacmoNOoXeHHsA JIOMaHoM, HO TONBbKO OT yra a. flcHo, uto I{a)
HeTpepHBHO 3aBHCHT OT a ¥ 4To J{a+ #)=I{a)+1() (nockoAbKy aaanTHBHOCTE
HMeeT MeCTO JJIH KaKJ0H NMpoeKouM). Beakan HenpephlBHAA AAANTHBHAA (yHK-
1w uHeiHa: I{a)= Ca. Yro6u HalTH KoHCTaHTY C, paccMOTPHM cydal a=1.
TouTH BCe MPOSKIHH ABY3BeHHOM TOMaHOI ¢ TAKHM BHEITHHUM YTJIOM TaloKe HMe-
10T KPUBH3HY T, TaK 4YTO C PaBHO IVIOWASH eAHHHYHOH cheprl, To ecTh 47, Bee
AOKa3aHo,

19.12. ITycTs HaM AaH TpeyrolsHHUK ABC. [Ipogo/DKHM €ro CTOPOHH AO TiEepe-
ceueHHA ¢ rpaHulel BRNyRAoH obnacT ¥ 0603HAYHM TOYKH NepecedeHUs Yepes
P, P, Q, Qy, R, R, (puc. P11}.

HamM Hazo noxasars, 4To

[P: A» B’ Ql] [Q: B» cs Rl] 2 {Plr A: C» R]-
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Puc. P.11. JloKazaTelbCTBO HEPABEHCTEA TPeyroAbHIKA B TIULGepTOBOi MeTprKe

Ilycte X, ¥ ¥ Z — Touxu nepecedeHns npamo#t PR c npamumu PR,, PQ u (4R,
COOTBETCTBEHHO, ClpoekTHpYeM npaMylo PQ, Ha PR w3 Touks R;; Tak Kak ZBoii-
HOe OTHOILIEeHWe NMpH IPOeKIMH He MeHAeTC, IMeeM [P, A, B, Q1] =[X, A,C, Z].
AHaJlorH4YHO, MPoeXTHpYA QR, Ha PR M3 Toukd P, noaygaem, 9to [Q, B, C, Ry]=
=[Y, A, C, X]. Mockomexy [X, A, C,Z1[Y, A, C, X]1=[Y, A, C, Z], Ham Hafio TTOKa-
3aTh, 910 [Y, A, C, Z] 2 [P, A, C, R]; 3T0 mocAeaHee HepaBeHCTEO AeliCTRUTEIBHO
BHITOIHAETCH, MOCKOMBKY ¥ 1 Z Gnuke KA C,4eM P, H R.

Jexona 20

20.4. Koraa meTamo CTATHBANOT BHU3, €€ JMIHHA MHHUMHSHPYeTCA H OHA CTa-
HOBHTCA reodesHJecKoii Ha KoHyce, PaspexxeM KoHyc BAoAb obpazyrouieii, mpoxo-
IAmeH Hepes TOUKY, 34 KOTOPYIO NETAI0 CTATHBAIOT, M Pa3sBepHEM KOHYC Ha IIOC-
KoCTE. [onyunTes kpyroeoit cextop, a reogesHyeckas nepeiifer B orpesok. Ecix
YTIOBAA Mepa CeKTopa MeHbLIe 7T, TO OTPE30K JIeXKHT BHYTPH CEKTOpa H IeTad
OCTAeTCH HA KOHyCe, a eCTH GodbIe 7T, TO COCKONB3HET.

ITycTs 20— yron pacTBopa KoHyca B { — zymHa ofpasytouteli. Toraa pazsepr-
K ABNIACTCH CEKTOPOM ¢ AAuHOM Ayrn 27l sin . B NOTpaHUYHOM ciiydae 3TOT CeK-
TOP — IONYOKPYKHOCTb, TO ecTh 27l sin o = 7!, oTKyAa a =1 /6.

20.6. (a) 3o yrBepKAcHNe OyAeT Z0Ka3aHO, €C/ MBL IIOKAXKEM, YTC KpHBad v,
(¢M, onpegeeHNe B ynpa)HeHrH 20.6(B)) opToroHanbHa K HOPMa/IAM K KPHEOI y.

B ciydae, KOTAL ¥ — OKPYXHOCTh, 3TO OUeBHAHG: TOTHA Y, CYTh KOHIEHTDU-
YeckHe OKpyxHocTH. B ofmeM crydae 3aMEHHM Y Ha COTIPHKACAIOLIYIOCH OKPYXK-
HOCTB; TOTA2 KOHLEHTPUYeCKHE OKPYXHOCTH OYAYT KacaThCA KPHBOH Yy, B COOT-
BETCTBYIOUIMX TOYKAax.

(6) Mycrs C(y) — noiHan reogeanueckas KPUBUIHA KpHUBoLL y. Ecau gokasats,
gro I{y*)=C(¥), T0 BCe GyaeT cnenoBath us popmynn Faycca—BoHHe A9 KPHBBIX
Ha cdepe,

Jna pokazarenscTea paeeHcTBa (") = C(y) aNNpOKCUMHpPYeM KPHEBYIO JIOMa-
Ho#t 13 Sonb1nMx KpyToB, Byaewm, cTano OHTh, CYATATH, YTO ¥ — BBITYKABIH MHOTO-
YTONbHUK B chepruIecKoil reomeTprn. O6o3naunm uepes C MHOTOTPaHHHEH yron
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¢ BepuIuHoii B eHTpe cdephl, COOTBETCTBYIOMI STOMY MHOTOYTONBHHKY, H ITYCTh
C* - ABOHICTREHHBIH JBYTpaHHHI YTONl; €ro mepeceyeHne ¢ efUHHYHON cdepoii
ectb v*. Teneps I(y”) — 2To cymMa yrioB Meskay pebpamu C*, a C(y) — cymma go-
NOAHEHHMH 10 7@ ABYTPaHHLIX yrnoB koHyca C. OcTaeTcqa cocaaThed Ha JeMMy 20.2.

(B) ByneM CUUTaTh, YTO ¥ — BRUTYKIBIH cdepHyeckiii n-yroAbHHK (caydai
MAAKOH y TONYyHaeTCA U3 cTydasd MHOTOYTO/IBHAKA C TIOMOIBIC anpOKCHMAITHH).
Myers 1y, ..., |, — AAMHE €10 CTOPOH, A4, ..., A, — €ro yIislL, 54, ..., f, — BHeIIHHKe
yrael. KpHBas v, COCTOMT U3 1 AYT, MOAYIEHHBIX CABHIOM CTOPOH MHOTOYTONBHU-
K4 Y Ha £ B NEPNEHANKYAPHOM HANpABMeHNH (AIMHBI 3THX AT PaBHH [; cos€),
IUTIOC OCHOBaHMA 1t cdepHYeCKHX PABHODEIPEHHBIX TPEYTONEHHKOB C BEePRITHAMMK
B BEpLIMHAX Y, 60KOBEHIMM CTOPOHAMMU € M YTIaMHK NPH BepRmiRe 7 —a; = f§; (anu-
HBl 3THX OCHOBaHHMH paBHH f; sin €). CneaoBaTeNbHO,

iy, = (Z Ii) cos £+ (Z )31-) sing =I(y)cose+ (2w —A(y))}sine

(BTOpOE paBeHCTBO cAeAyeT M3 hopMyIIn [aycca-—BoHHe). Tak KaK ¥,y qn/2 =¥, B3
dopmynel Maycca—BoHHE CIeAyeT, YTo

AlYe) =2 =Y opnp2) = 2+ 1(y)sine —(2n — A(r)) cos e.
To-ApyToMy MOMHO IOAYYKHTE STOT Pe3y/lbTAT, 3aMeTHB, 4TO

dA(ye) _ dily.) _
e = Hredy —3 =2n—-Alr.)

{ETOpOE paBEHCTEC BHTeKaeT U3 GopMynnl Maycca—BoHHE), OTKYIA

d?A(y,) d?l(y.)
"_c'i;?_- = 2?.5 —A(Te)s dgg = I(Y&)'

oH auddepeHIUANBEHEE YDABHEHUA JIETKO PEIIAICTCA; C YYETOM HaYaJbHEX YCHo-
Bl Homy4daeM Te e GOPMYAL, YTO BhOOE,

(1) OmATs 6yAeM CHMTATH, YTO Y — BRIMyIUIHIE cdeprdeckuii n-yromsHUK. To-
rja nonHaA KpuBu3HA C(Yy) paBHa ), a;. O61acTh BHYTDH Y’ ABASETCA 00BeAHHe-
HHMEM BHYTPEHHOCTH Y U It ITYK PaBHOOEAPEHHEIX chePHYECKiX TPEYTOILHUKOB
¢ GoxoBo# cTOPOHOI /2 ¥ yriaMH ¢; NpU BepIHHAX, TDIOWAAE TAKOTO TPEYTOAb-
HUKA paBHa @;, TAK YTO IOWAAb BHYTPH 1’ paBHa ¥, a; + A(y)=C(y)+ A(y)=2=n
BBHAY dopmyanl Taycca——BoHHe.

20.9, 20.10. Cm. pabory [43].

Jlexnna 21

21.2. Tyers (x, ¥, 2) — TOUKa Ha efMHMYHO#H cdepe x2+ y2 4+ 232=1, a(X,¥Y)—
ee crepeorpadMuecKas NpoeKHA Ha TIIOCKOCTh. M3 noAio6Ha TpeyrolkHAKOE Jer-
KO TIONYIMTh CleAyioutne popMYIbL:

_ _2X _ _2Y _ R*-1
“rev YTRT T R

rie R2=X?+ Y2, PaccMOTPHM Ha IUIOCKOCTH OKPYXKHOCTD C ypaBHeHReM (X +a)?+
+(Y +b)* =c%. OTo ypaBHEeHHE MOXGIO TIEPENHCaTh B BHAE R? -+ 2aX + 2bY =4, rae
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d=c*—a*—b?. Jlanee, 310 ypaBHEHHE PABHOCHIBHO YPABHEHHIO

2aX , 2by ., ({d+1(R*-1) _ d-1

R*+1  R*4+1 2(R2+1) 2
win 2ax + 2by + (d + 1)z =d — 1. 3To ypaBHeHHe TLIOCKOCTH, He NPOXCAAIICH de-
pes «CeBepHHIif nomoc» (Touky (0, 0, 1)), a nepecevexmne 2Toii IWOCKOCTH co cde-
Ppoil ABnAeTCA OKPYKHOCTEIO. (JleJoBaTeNbHO, Tpoo6pas CKPYKHOCTH NPH CTepec-
rpadHTeCcKOil MpOEKITH — CKPYKHOCTE, Jiexaman Ha cfepe, [To HellpepHBHOCTH
3aKRII0OuaeM, YTo npoobpas NpAMoi — OKPYKHOCTE, IpoxoaAnasn Yepe3 CeBepHBIiH
TIOMIoC.

ITpH AoKA3aTEABCTBE TOTO, YTO ¢TepeorpadHyuecKas NpoeKHA COXPAHIET YTIIbL
MeXJy OKPYHOCTAMM, MOKHO CYHTATH, YTO 0HA U3 3THX OKpyXHoCTei (06o3Ha-
quM ee C,) ApndeTca MepuananoM. [TycTs C, — ellle ofHA OKPYXHOCTE Ha chepe,
nepecekapomanca ¢ C; B Touke X. 3aMeHMM C, Ha OKPY:KHOCTD C;3, MPOXOAALIYIO
yepea X ¥ yepes CeBepHHH NOMIOC H Kacaomywced C, B Touke X. OGoaHaTmM
yepes C, MEPHAKAH, Kacalolluiica C; B CeBepHoM nosioce, Yepes Ly, L, u Ly o6o-
3HAYMM o6passl oxpyxHocTell Cy, C; 1 C; npu crepeorpaduyieckoil NpoeKunH;
5TO TpH TIpAMBIE, TpHdeM Ly U L, napanneabHel. JJocTaToOYHO MOKA3aTh, YTO YTOJI
Mexay C, 1 Cy paBeH YTy Mexay L, v Ly, OaHako xe yron Mexay Ly U L; paseH
yray Mexay L, 1 Ly BBUAY NapaJIeNnsHOCTH, 4 yro)t Mexay L, u L, paseH, oueBHi-
Ho, yray mexay C) u Cy; 9TOT DoCIefHHH, HakoHell, papeH yriy Mexay C, u Gy,
TIOCKONBKY ABa yria, obpasyeMble mpH NMepeceyeHHU ABYX OKPYXHOCTEH, paBHH
APYT APYTY.

21.3. JloxasaTe/1bCTRO AHANOTHYHO (M B HEKOTOPOM CMEIC/E JBOHCTEEHHO) Z0-
KA3aTeNbCTBY TeopeMH 21,1,

TipeAnonoxuM, 410 P — oIMcaHHBE MHOTOrpaHHEK, [TycTs AjA;.. A, —ero
rpaHs, Kacaiomasica cdepbl B Touxe 0. CyMMa YIIOB KaXHOTO H3 TPEYTOABHHKOR
A;0A,,, paBHa 7. Kak ¥ paHbIlle, CJIOXKMM 3TH YTVIEL IO BCEM IPaHaM, Heps VIV Ha
GeNIEIX TPaHAX CO 3HAKOM «IUIFOC», 4 YIVIEL HA YepHEIX TPAHAX CO 3HAKOM «MHHYC»,
IMockonbky YepHLIX rpadeil Gombmie, aem GeNwIX, NOJMydeHHAA cyMMa T GyaeT oT-
pHuaTenbHa.

C Apyroii cTOPOHE!, PacCMOTPHUM fABe CMexXHEble TpaHH ¢ obmum pebpom AB
(puc. P.12(a)). BameTum, yro yrnsl ACB ¥ AD’'B paBHHL. B camoM Jene, IoOBepHEM

+ +

OI

(@ 6)
Puc. P.12. Pewienne ynpaxHenus 21.3
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IOCKOCTh AOB BOXPYT OTpeska AB, KaK Ha IIapHHpe, TaK, YTOOH OHA COBMECTH-
nach ¢ mAockocTbio AQ’'B. [Ipu 3ToM Touku O 1 O’ coBMecTaTea (puc. P.12(6)), Tak
YTO TpeyroabHUKH AOB 1 AO'B paBHH.

Mapki cMeXHBIX rpaHeil GHBAOT ABYX THNOB; yepHO-Benbie H 6eno-Oenrie, npu
3TOM BKJIAA YepHo-Gennix pefep paBeH Hymo, a BKIaj Geno-Gensix pebep nonowm-
TeneH. CneaoBaTentsHo, L 2 0 — NpoTHBOpeune.

21.4, Ilycte KaXkaana BepUIMHA TPHHAZACHKUT k rpanaM. O603HAYHM depes e
obmee THeao pebep, a 9epe3 b U W — KOIMYECTEO YepHHIX H (e/bIX BepIIMH COOT-
BETCTBEHHO, [1oCUHTaeM KOVIKUECTBO pebep AByMA crocobaMu. C 0gHOH CTOPOHH,
M3 ka0l YepHo# Bepomubl BRIXOZUT k pebep, Tak uto e = bk. C Apyro# cTOpOHH,
Mo AHANOrUYHOH NpuYkHe KMeeM ¢ = wk. Craao BbiTh, b=w,

HNexng 22

22.5. O6o3Ha4iM Hall MHOTOTPaHHHK Yepe3 P. [Ipeanonoxum, aro Dehn{P) #
# 0; KOHKPETHO, NYCTb B HHBapuaHTe JleHa koagduLueHT Npu a; ® a; paBeH ¢ #0.
O6Bvem MHOTOTpaHHMKA P 0GosHadmM depes V, a ero guamerp —vepes d. 06o-
3HAYMM fanee Yepes C CyMMy aGCOMIOTHBIX BETHIMH KO3bOUIMEHTOB IPH &; ® a;,
COOTBETCTBYIOIIMX BKAaAY Beex pebep B Dehn(P). PaccMOTpHM 3aMOIIEHHe NIPO-
CTPaHCTBA MHOTOTPaHHHUKAMHM, paBHRIMH P. 3adlkcupyeM map B paguyca R, u
nycTs Q — 0ObeAMHEHHEe MHOTOTPAHHKUKOR H3 3aMOIeHHA, MMEIOLIX HEHyCToe
nepecedeHue ¢ mapoM. KoMHecTso MHOTOTPAHHHKOB, BXGAAIHX B (), 0603HATMM
yepes N. ITockoneky Q O B, HMeem

obvem B _ 4nR®
= =
N2 oremp — 3V "

AGcomoTHAA BeIMYHHA ko3hduLMenTa npn a; ® a; B Dehn(Q) pasHa Nicl. C apy-
ro# CTOPOHEI, BCAKoe peGpo MHOTOrpaHHHKa Q MPHHAIEKHT MHOTOrPDAHHUKY
H3 3aMollleHHs, JeKaLleMy MeXY KOHIEeHTpHIecKKMH chepaMH pazuycos R+d
H R—d (puc. P.13).

Q6BeM 4acTH MPOCTPAHCTBA, 3AKAIONCHHOH MeXIy STUMHU cbepaMK, paBeH

%n((R+d)3 —(R—d)®) = %ﬂ:(Gde +2d%) = gnd(:mz +d2).

CI[EAOB&TEJIBHO, KOMTHY€CTBO MHOTOrpaHHHKORB 3aMOIOeHHAA, JeXKaUlHX MeXIy C(l)e-

2 2
PaMHu, He NPeBOCXOAUT w, a abcomoTHAadA BeIHYHHA HX BKIAJAa B HHBa-
2 2
pHaHT JeHa anda Q He NpeBOCXOAUT SndGR +d7) -, Cralo GhITh,

v

4nR3 8rd(3R*+d?)

2d(3R2+d*)
IR o ZES D g, g < 2E D) g,

R3
a KOMIb CKOPO R MOMKET OBITE CKOMB YTOAHO BeAHK, OTCIOAA BHTEKAET, UTo |c| MeHs-

e J0GOro NOAOKATEIBHOIO YUCIA, H 3TO NPOTUBOPEYNT MONOKHTEILHOCTH |c}.
CM. [37] u npuBeeHHE® TAM CCEUTKH.
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Puc. P.13. K ynpaknenuio 22.5. BHelHAA oMaHas Mao0paxaeT rpaHHuy MHOTOTPaHHH-
Ka Q; MHOTOYTOILHHKH, PACTIO/IOKEHHBIE MEXKAY ABYMA TOMAHBIMH, M305pakaloT MHOTO-
rPaHHHKH M3 3aMOUeHHd, Jalomue Briag B Dehn(Q)

Jexuna 23

23.1. BeAnlx U YEepHEIX KAETOK B 3T0i ¢urype MOPOBHY, HO B ee Jeroil momno-
BHHE YePHBIX KieToK Gonblie, uem Gesblx, a B mpapoii — HaoGopor (16 mpoTHs 9
B 00oux CAydasx), [IpefnonomuM, 4To 3aMolfeHHe JOMHHOIMIKAMM CYRIECTBYET.
Torga ne GoNee YeM OAHO AOMHHO TIePeCeKaeT BOJIHHUCTYIO JUHUIC B cepejiHe
puc. 23.24, Tak 4To AeBas NONIOBHHA GUTYPKH (KpoMe, BOIMOXCHO, KIETKH, IPHMEL-
Karoel K BOIHUCTOM THHUK) BCA 3aMolleHa JoMHHOmKAaMH. [Tocko/IbKy B 3TOM
9acTH GUIYpPH YepPHbIX 1 HeNbiX KIETOK He TOPOBHY, Takoe HEBO3MOKHO.

23.4. ByaeM paccy>KAaTh Kak B JOKa3aTeAbCTBe TeopeMsl 23.1. CymiecTEOBAaHHE
3aMOLICHHS ITPH N, cpaBHAMOM ¢ 0, 2, 9 wii 11 o moaymo 12, apu n < 12 no-
Ka3bIBAETCH ABHOM KOHCTPYKIMEH, a flanee ¥3 3aMOIlleHnA A n = 12k cTpoMTes
aamomenne anda n=12k +1, rae [ pasuo 2, 9, 11 v 12.

YrobH A0KA3aTH, YTO NMPH OCTAABHBIX 1 3aMOINEHHe HeBO3MONCHO, 3aMeTHM
I Hawajla, YT OpH HAAMYHH 3aMOLicHAA ofljee KOMHYECTBO TOYEK SOMKHO Je-
JHTHCA Ha 3, 3Haunt, n(n+1)/2=0 (mod 3), Tak 910 n ¢parHUMO ¢ 0 WK 2 Ho
Moaymo 3, TeM caMEIM HAM HAJ0 PACCMOTPETh CMydal, KOTZla OCTATOK OT Aefe-
HUA n HAa 12 paseH 3, 5, 6 wiH 8, ['paHHYHEIe CIOBA TPEXTOUSYHBIX TPEYTOABHHKOB
nnmeroT BuAl x2yx~lyx~ly™% u xy?x 2y lxy~l. Ux Ay6neprl Ha MICCTHYTONLHOM
penieTKe 3aMKHYTH. COMOCTABHM KOKAOMY 3aMKHYTOMY OpPHEHTHPOBAHHOMY MY-
TU 10 MIeCTHYTONLEHONR pelmeTke cyMMy dncen o60pOTOR BOKPYT IMeCTHYTONABHBIX
obsacreii. Jlna rpaHUYHBIX OyTeH TpeyTOJLHHKCB 3TH YHCAA PaBHH +1, a ama
IIyTH BOKPYT BCETO TPEYTOABHHKA 3T0 uMcao pasHo [(n+1)/3]. Crano GbiTh, ecnn
B 3aMOILEHWH YYaCTBYIOT M TPeyroAsHAKOB, TO [(n+ 1)/3] =m (mod 2). C apyro#t
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cropoHH, n{n+1)/2=3m, otkyaa n(n+1)/2=m (mod 2). 3uaunr, [(n+1)/3]=
=n(n+1)/2 (mod 2), u Aerko BUAETH, YTO NPH N, CPABHUMOM ¢ 3, 5, 6 Han 8 o
MOAYM0 12, 5TO CpaBHeHHe He BBITOIHARTCA,

23.5. ByzseM paccyKJaTh ¥aK B JCKA3ATeABCTEE TeopeMH 23.6. Onpeaenum aj-
AVTHBHYI0 dyHxumio f caeaylomum obpazom: f(1)=1, f(v2)=—0,5u f(x)=0,
€M X He ABMAETCA PallMOHANbHOM AHHeHHONH xoMb6uHammedt 1 1 v2. «[lroma-
Ablo» TIPAMOYTONBHHKA CO CTOPOHAMH u M v Gyaem HaseBars wncno f(u)f(v).
Toraa «mwicmags» obmactd Ha puic. 23.25 paBHa —0,75, a eci 6t 3Ty o6AacThb
MOX%CHO OBUTO 3aMOCTHTD KBaZPaTaMH, e€ «IL0Mazb» 6bia 66 HEOTDHIATENEHA —
MPOTUROpEYHE.

Jlexkmua 24

24.3. PellleHMe HAMOMMHAET JOKA3ATEABCTBO TeopeMul 10.9. [TapaMerpusyeM
OB&JIl HANPABNEHUAMH KaCATENBHEIX; 0B03HAIMM 3TH mapaMeTpu3amu y(p) |
r1{p). Toraa v (v} =h(¢)r'(y), rae dynkuua h ecrs oTHomenMe ds;/ds. Ham
HAAO0 NOKA3aTh, 9TO ¥ i MIMEETCA He MEHEe YeTHIPEX SKCTPEMYyMOB.

Iyets fi(¢) v fo(yp) — KoMIOHEeHTH BekTOp-QyHKUMK f(ip). Tak Kax y —3a-
MKHYTas KpHBasd, HMeeM

2m Fid
0= f i (p)dy = j h(p)(f(9), f(@Ndy;
O

o
crano GuITh, f hf] dyp= f hf, dip =0. UHTerpupya no 4acTaM, noAydaeM, ITo

j h'fide= j Wfyde=0.

flcHo, yTO B f hdp=0.

[Ipeanonoxum, yro h' MeHAET 3HAK TOABKO ABRKABLL. MOXHO HAMTH QYHKIHIO
BUAA af; + bf, + ¢, MeHAIONUIYK 3HAK B TeX JKe TOUKaX, ¥To X h’. Jpyrux Hyneit
y dyHkim af; + bf, + ¢ HeT — B NPOTHBHOM C/ydae NpAMas C ypaBHEHHEM ax +
+ by + ¢ == 0 mepeceyer oBan y HoMee ueM B JBYX TOWYKAX. 3HAYHT, HHTEDBAAH
3HAKOIIOCTORHCTBA ¥ af; +bf, +c¢ Te xe, uTo ¥ h, oTkyga f h'(af, +bf+c)dyp #0,
B IIPOTHBOPEYHE C TEM, YTO MHE YCTAHOBIWIH B IpeabiAymieM abaaue.

24.4, 3To puckpeTHBI aHaAoOr npeabiayiieil aagayu. O603HAYMM pajuyc-BeK-
TOPH BEPUIMH MHOTOYroJibHuXaA P uepes V,, ..., V,, Tak wro [; = |V}, — V}|. Ilomo-
xum by =1{/1;. Tlockonbky P’ — 3aMKHYTHE MHOTOYTONBHMK, Y, hy{Viy; ~ V) =0;
OTCIOAA, NPHMEHAA JUCKPETHEI aHAJIOT HHTETPHPOBAHMA TIO YaCTAM, MOMYYAEM,
yto Y.(h;,, — h;)V;=0. [lonoxpmM Teneps g; =h;,, — h;} Mbl yTBepKaAaeM, IT0 IHK-
NYecKand MOCAefOBAaTENBHOCTE g; GO COCTOMT M3 OAHMX Hynel, nH6Go MeHseT
3HAXK He MeHee JeThipeX pas. [Tockombky Y, g; =0, nonyuaeM, 9To eC/IH He Bee g; —
HYJH, TO llepeMeH 3HaKa He MeHee AByX. [IpefiNo/oxkUM, UTo HX POBHO ABe. Toraa
CYIeCTByeT TaKad NpsAMas m, IT0 JUIA BCeX BEPIIHH MHOTOYTONBHHKA P, mexaumx
10 OAHY CTOPOHY OT in, MMeeM g; 2 0, a U1 BCeX BepUIMH, JIEXALUMX 110 APYTYIo
CTOPOHY, HMeeM g; € 0, IpHYeM CpeAH §; eCTh KaK MOIONKHTEAbHEIR, TAK K OTPHIA-
TeNbHEE YHCA. [ToMeCcTHM Hauano KOOPAMHAT Ha NPAMYIO m; TOrAa TouXa 3, &V
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JIeKUT ¢ TOM CTOPOHEI OT M, IZAe &; > 0, TaK YTo BeKTop ), &;V; OTIMYEH OT Hy/A.
IMonyuaeM IpOTHBOpPEYHE.

Ecmu, naxowen, g, <0<g;, 10 hiyy > hy, by <hyy, oteysa I, [l > /L,
L/ <t_ /l;_,. Crano 6bITh, @; > 0; aHATOTMYHO PacCyXAacM A CIyvast g;_, >
> 0>g;.

24.5. Cm. [49, Teopema 2.191.

Jexansa 25

25.7 (a). [Tycts pebpo E MAororpanHuka P, uMeer JyuHy I(t), a AByTpaHHHK
YTOJI IpK 3TOM pefpe pabeH @(t). Yepes n(t) u ny(t)} o6o3HauuM eAHHUYHEIE HOD-
MaJbpHEIE BeKTODH K TPaHaM F U F|, cMexHbIM ¢ pebpoM E, a depes w(t) u w, (t) —
BHYTPeHHMe HOPMANLHEE BeKTOPH K E B rpanax F H Fy, uMelompe Ay [(t). Mut
YTBEPXKAAEM, UTO

=)'t} = (e} w(t) +n(e) - w(t) (P.2)
(irTpuxoMm obosHaueHo Auddepennuposanne no £). B camom aexe, anGepem ae-
KAapTOBEl KOOPAHHATH B ILIOCKOCTH, MEPIeHAUKYAAPHOR E, U mycTb 6 ¥ 8; — yT-
151, o6pasoBaHHbIE BEKTOpaMH n(t) M n,{t} ¢ ockio abeiice. Toraa onpejeneHHbe
HaMH BEKTOPEI MMEIOT KOOPAHHATEl

n=(cos 0, sin @), n,=(cosG,sin8), w=I(sin B, — cos @), w,=I(sin ,, — cos 6,).
CregoBaTenbHO,
n =0'(—sin@,cos @)= -%—G’w, ny = 6/(—sin 6, cos6,) = %Gl’wl,

oTKyAa i’ - w -+ ny - wy =1(8] —6”). Ocraerca 3ameTuts, uro &,(t) — 6(t)=m — @ (t).
Jing gcAakodt rpaHu F MHOTOrPAaHHHKA P cyMMa BHYTPeHHHX HOPMAABHEIX BeK-
TOpOB X pe6paM, OrpaHMIMBAIOIMM 3TY I'PaHb, C JJIAHAMHA, PABHBIMM JJIMHaM
pebep, paBHa Bymo (cp. ynpaxHenue 30.6). CKaNApHO YMHOXHM ofe YacTH 3TOro
TOXAECTBA HA IIPOM3BOAHYIO BHEIIHETO HOPMAJABHOIO BEKTOpa K F M IpoCyMMU-
PyeM 1o BeeM rpaHaM. C oZHOL CTOpOHB, 3Ta CYyMMa pagHa HyMmo, ¢ Apyroit — oHa
paBHAa cyMMe NPaBBIX YacTel paBeHcTBa (P.2) no BeeM pefpam. Bee aokasaHo,

Jexua 26
26.2. (a) VIMeeM
1_ ..l —o,f1 1,1 —
1=2.1-» (9 i +) = [0,020202...15,
10
10 _20.L [202]3( + 5—7-3-+ ) = [0,202202202... ],

19 _2 __.
2=24 [0,201],.

Mymuxr (6) 2aga4 MOKA3LIBAET, 9TO BCE 3TH YHCAA Jexar B C.
(6) Unrepean ( 3) COCTOHT M3 uncen Buaa [0,1...];, kpome [0,1],, naTep-

1.2 7.8
BaJb (9 9) " (9 9) COCTOAT M3 BuAa [0,01...]5 u [0,21...]; COOTBETCTBEHHO,
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3a uckmoueHHeM [0,01], u [0,21],, u Tak ganee, Tem caMsiM C COCTOUT U3 YHCEN
Buga (0,d,d,d;...]5, Toe d; # 1 m1a Beex i, a Taoxe yncen [0,dyd,...d,_11]);, 18
xorophix d; Z1mpu 1< j <n.

26.3. V3 onpefieneHUA ¥ cleyeT, YTo

r(10,1...13) = [0,1],, y([0,01...]3) = [0,01],,
r({0,01...3;) = [0,01];, y([0,021...]5) = [0,011],,
T([OJZI'"]B) = [Osll]z» T([0,201.]3) = [0;101]2:

y({0,221...]3) = [0,111],.
BHAHO, YTO 3aKOHOMEPHOCTD TakoBa: ecnn x = [0,d,d,d,...]5, rae cpean d; ecrs
eAMHUIEL, TO HAZO B3ATH IEePBOe N, A4 koropore d, =1, u Torga

4
}’([O,dldzdg...lg) = [0,81...€n_11]2, € = 5

fIcHO, YTO MM IPOACIKEHHA ¥ 40 HeNMpePHBHOH GyHKUMY Ha BceM oTpeke [0; 1]
cnegyer nonoxurs y([0,d,d.ds...]4), rae Bee d; OTNHYHB OT eUHULE], DABHEM
wmcny [0,eq¢e5e5... ], TAC €= 5.
(6) MockoAbKyY -‘1? =[0,020202...]5, uMeeM ¥ (%) ={0,010101...]);= %- Tak KaK
§ _an 1 _ S5y _
£ =10- 2 =[0,101101101.... 5, umeenm y( > ) =[0,1],=
() Cm. nyHxkT (a).

(r} C oueBHAHOCTRIO CteAyeT |3 ITYHKTA (a). ) )
26.4. (a} Ucxopuyw kpuByio F o6osHawum yepes Fy; nonoxuM Fy=F,, F, =F,

H T. A. U3 mocTpoeHud BUAHO, uTo F, oTobpaxaeT KaxkzAbiil oTpe3oK [41,, s k4+,,1
E KBaApaT sHAa
hoh+17, 1L L+l
["27' 3 ] [2"' 2 ]

HpHYEM PA3IFYHLIE OTPE3KH OTOGPKAIOTCA B PA3NNYHbIE KBAAPATH], 2 CMEKHEe
OTpE3KHM — B CMeXHEIe KBaApaTil. Kpome Toro, ecnu

B[ 5) < [ )< (355

([ < 52 s 2]

AN BeAKoro p > n. Crano 6BITE, €CAH P, § 21, TO JUIA Beakoro t€[0; 1] paccTosHue
Mexay F,(t) u Fq(t) He NpeBOCXOIUT v'2/2". Teneps BCe BHITEKAET U3 CTAHAADT-
HBIX TEOpeM aHaMaa: kpuTepHii Koy mokassiBaeT, 4To NoCAeA0BATENBHOCTD F,
PABHOMEDHO CXOAWTCA K HEKOTopoMY oTobpaxenmio P: [0; 1] — [0; 112, a npeaen
pPaBHOMepHO cxofamelicd nocneqoBaTENBHOCTH HEMIPEPHBHEIX OTOOpasKeHKI Tak-
e HENMpepHIBEH.

1
5

(6) flcuo, uTe F, (41,,) HE 3aBHCHT OT HCXOZHOro oToGpaxkeHHA F u 4To

Fu(4) =R () = =2 ().
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Tem caMpiM 3HayeHHA P B TOYKaXx, SBAAIOLIAXCA APOSAMM CO 3HAMEHATeNeM BU-
JAa 4%, He 3aBUCAT OT F; MOCKONLKY TaKKMe TOUKH IVIOTHBI Ha OTpeske, Bee orobpa-
weHue P taicke He 3aBHCUT OT F.

(B) B pemeHu nyHKTa {a) 6610 MOKa3aHO, YTO 06pa3 P COREepiMHT TOYKH M3

KaxAaoro Kpajparta sHjaa
Il'll+1] |:_Ii Iz+1]
[2_"*_2n X2 T

JUTA KAXJOTO n. 3HA4MT, 3ToT obpas wioTeH B {0; 1)2. Mockonsky 06pa3 oTpe3ka
TIPH HePePRIBHOM OTOBpAKEHHH BCerja 3aMkHYT, 06pas P coBnajaer co BLeM
{0; 102

(r) Mimeem £ =10,010101...],. Myers

A=010101... u P([0,4],) = ([0,B]4; [0,C),).

W3 pewreHnn 3agavy (x) HibKe Caegyer, 4TO
P(3) = P[0,0141;) = ([0,1B1;; [0,0C],) = ([0,B]y; [0,C1o).
Crano 6erTe, B=1B 1 C=0C, oTkyga E=1111..., C=0000...
P(3) =00
Janee, % =[0,00110011001...],. Nonoxrm A=00110011001..., 1 mycTs
P({0,A],) = (10,Bl3; [0,C]3).

Toraa

P([0,11A),) = ([0,0C],; [0,1B],), P([0,0011A],) = ([0,01B),; [0,00C],),

oTKyza
P([0,00110011A],) = ([0,0110B],; {0,0000C],).

Crano 6uiTh, B=0110B, C = 0000C, otkysa B=011001100119... u C=000000...,
TaK ITo

P(1) =(0,B); [0.Cl) = (£,0).

Yurarens, xKeNaoWyi nposectd Honee CIOKHOE BHIMUCIEHHE, MOXET ORpobo-

BaTh HaHTH P(-;—) Ecyi MH He oInMOINCEH, JO/DKHO MOMYyYHTHCA (%, %)

{7) Beakoe t € [0; 1] MOXKHO npeAcTaBUTh B BMAE [0,A];, rae A — (ofa3aTens-
HO) BeckoHeTHAA IOCMEAOBATENFHOCTE HYIEH ¥ eAMHAL (BOAMOXCHO, 3aKaHYUBa-
IOMAACA GECKOHEUHRIM «XBOCTOM» M3 Hyaelt wm eguHun). O60sHauMM vepe3 A
NoCIe JOBATENBHOCTD, NONYYAIOIYIOCH M3 A 3aMeHOoH Hynell Ha efUHUMIK, A efu-
Hu1l Ha Hynu. [Tycts F([0,4],) = ([0,B],; [0,C],). U3 pemieHua nyHxTa (6) BuAHO,
YTO MOXHO CHUMTATE 0ToOpakeHHe F «CHMMETDUYHBIM», T. €. YAOBICTBOPSICIHNM
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yenosuio F({0,A],)=([0,B],; [0,C],). Onpeaenenue oTobpaxenus K, ganxoe me-
peJ YIpaxHeHHeM 26,4, MOXKHO nepedopMy/THpOBATh TAK:

F({0,00A],) = ([0,0C1,; {0,0B],),  F([0,014],) = ([0,1B]; [0,0C],)
F({0,11A1,) = ([0,1B),; [0,1C];),  F([0,104],) = ([0,0C],; [0,1B],);

B 3THX GOPMY/Iax MOXKHO 3aMeHHTb F i F Ha P.
(e) TIpuBejeHHke Billie GOPMYIIH TIOKASLIBAIOT, YTO eCIN g — NPOU3BOIBHAA
TI0CAeA0BATENbHOCTD HY/ACH U eAMHAL AJIHE 211, TO

Fn([O,G.A]z) = ([O,bB']z; [OSCC’]Z) nnn ([O:CC’]Z; [O’bB’]Z)s

rae B’ paruo B wn B, C’ parHo € wiu C, a b ¥ ¢ — nocIeqoBaTenbHOCTH JAMHHEH N,
3aBHCALME TONEKO OT a, [IpumMeHsas 3Ty GOPMYNY Ye TRIPeKABL, NOMYYaeM ClReayIo-
muii pesymsTar: ecan P([0,A],)=({0,B],; [0,C];) 4 ecin @ — NPOH3BOMLHOE CIIO-
BO YeTHOL! AMKHH, To P({[0,aaaaAl,)=([0,bB],; [0,cC],), rae b U c 3aBUCAT TONBKO
oT a. OTCI0Aa BHTEKAET, YTO ecld MocneAoBaTelbHOCTE A MMepHoANYHa, To Bu €
TaKoKe mepHoanyHEL. (Ecau nepuoy y A HauKMHaeTcsa He ¢ Havana, To A =aA,, rae
NepKoa A; HaIMHAETCA C HAYaja, a MOC/AeI0BaTeAbHOCTD @, KOHeYHAa; TOTAA HAlH
dopmynel mokazuBaloT, ¥To B 1 € Takxke 6yayT NepHOSUYHE, HAYHHAA ¢ HEKOTO-
pOro Mecra.)

Jexmun 27

27.1. (6) OtBer: —(x%y —x—1)* —(x?-1)2
27.2. (6) OTBeT: x3(1+y¥)* + y2.
27.3. Cm, [13].

Jexnua 28

28.8. CmM. puc. P.14. Ha pucynke ¢oKyc napabosnsl ABNIAETCA Takoke H GOKycoM
SJINIICA; ABe KOHHKM NPOH3BOAEHEM 06pazoM coefHHEHE! MAZKUMU KPHBEIMU.
HcronksyeTcs pesyAbTaT yNpaxKHeHHA 28.4.

Puc. P.14. Jlosyluka pis napan/iejlLHOTo NyiKa

28.9. Cm. [65, 91].
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Jleknua 29

29.5, CpaBHHAM CyMMapHBIe IUIOWIAAH ABYX TPOEK KPYTOB B DABHOCTOPOHHEM
TPEYTONBHHKE ¢ €THHWIHOH cTopoHoil. [lepeas TpoiHKa COCTOHT M3 Tpex molap-
HO Kacalouuxcs Kpyros, BIIMCAHHBIX B TPH PasHHIX yraa. ECaM r— paguyc STHX
KpYTOB, TO 2r + 2+/3r=1, orkyaa r=1/(2(1+ +/3)). CymMapHas mwiowass Tpex
KDYTOB paBHa A, =31 /(4(1+ v3)?), Tax ut0 A, /7= 0,1005.

Bropas TpotiKa COCTOWT H3 BIIHCAHHOIO Kpyra M ABYX MeHBOIHX KDYT'OB, BITH-
CAHHEIX B JIBA YA TPEYTONBHHMKA ¥ KACAKIMHXCA BIIHCAHHOIO Kpyra, Ho He ApyT
apyra. Ecin R — paauyc Gonbmiero Kpyra, a r — paHyc MeHbIINX KPyToB, T0 R=
= +/3/6, a paguyc r Haxoaurca U3 ypapHeHua (1/2 — v3r)2 +(R—r)?=(R+r)%
[MoryyaeM KBaApaTHOe YPaBHEHHE C KOPHAMH V3 3/2m V3 3/18, npuyeM r paBHO
MeHbIIeMY KODHI0, CyMMapHas IUIOIAAb TPEX XPYroB paBHa A, = m/12+ n/54,
" Ay /7= 0,1018, Tak 9TO Y BTOPOil KOHGUIypaluy cyMMapHas naonans Gonsme,

MoskHO TalKe PacCMOTDETb TPH KPYTa, BIIMCAHHEIX B OAMH YTOI TPeyrolbHu-
Ka ¥ PACTIONOMKEHHBIX «IIeNOuKoi», ECnu B3ATh 04eHb AJNMHHEIA M TOHKHHA paB-
HOGeApeHHLI TPEYTONBHUK, TO CYMMapHaA IUIOMAAb TAKKX TPeX KPYTOB MOYTH
BABOE IPEBOCXOANT CYMMADHYIC IAOLIAAL TPeX MOMapPHO KacaloUIHXCA KPYTOB
MamedarTa.

JNekung 30
30.1. OrBer:

"i‘ (3 =33 )00 = X )00 = X ) = X1 Do (X = X 1)

a '
f k (o =20, )03, — %) 0064 ey WX = Xpe )= {2 — Xp11)

OTBeT eARHCTBEHEH.

30.2. Bocrione3yeMca pellleHHeM NpeAu ymei sagavii. B HeM MBI YCTaHOBHAH,
4910 eCNn gy, ..., 4, — IPOUSBOJLHBIE It YHCEJ], TC MHOTOWNEH CTeleH < n— 1, npn-
HUMAIOIIHE B TOUKE ¢; 3HadeHHe ¢;, SIMHCTBeHEH H HMeeT Buj

i X = ) (X = Q)X = Qo)X 2 G0)
(g — @ )@k — €2)-- (G ~ Ge-1 {0k — Qus1 ) (G — Gn)
= Z (x - g )x~ga ... (X — Qoo X — Giy) .. (X — Ga)
flad '

OTKyA2 BHAHO, YTO K03)PHHHEHT 3TOr0 MHOrOWIeHa npi X"~! paBeH 2 T

(q )
Crano GbITh, eCM dy, ..., @, — 3HAYEHHs HEKOTOPOTO MHOTOWIEHA CTENEHN 71— 2

B TOUKAX q,, ..., J,, TO 3TA CYMMa PaBHA HYJIO, 4 eCIH 4y, ..., 4, — 3HATCHUT MHO-
rowieHa cTerneHy n ~ 1, To 3Ta cyMMa paBHa cTapiiieMy Ko3bhHIIEHTY YKA3AHHO-
IO MHOTOWIEHA.

30.3. JocTaToyHO JOKA3ATE, YTO ecNH f(x) — riHnepSonudeckuil MHOTOWIEH
# h(x)— MHOrOWIeH cTeneHH €£n—2, To

h{g;) n k{g,)
flg) gy

Man) _ o

Tt g
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Ie CyMMHPOBaHHe BefeTcAd O BCeM KOpHAM MHorowieHa f(x). dro Gblio yera-
HOBJIEHO B pelIeHHH NpeAuaymeii 3agauH.

30.7. Hanomu¥M (cM. Aexumio 28), YTo eciid 3aJaHO ceMeHCTBO codOKyCHRIX
KOHWK BHAQ

x2_ L yo_
a2+d b+

TO MUIUIITHYECKHE KOOPAUHATHL TOYKH (X, ¥) — 3TO Te ABA 3HaueHHA A, ANA KOTO-
PHIX BBOIOMHEHO YKa3aHHO€ PaBeHCTBO. MHOXECTBO TOUEK, ¥ KOTOPHX MOCTOAH-
Ha OHA M2 AUIMITHIECKAX KOOPAWHAT, ABAACTCA JVIANCOM, & MHOIKECTBO TOUEK,
Y KOTOPHIX TIOCTOAHHA BTOPaA ATHIITHUECKAH KOOPAKHATA, ABNAeTCA ruiepbonocit,
codoxycHol ¢ aTHM MUIKICcoM. Jlerko NOACIKTATE, YTO eCIn (A, f} — FUINNTHYEe-
CKHE KOOPAMHATH TOYKH (X, ¥), TO

2= (@ +A)a%+uw) s _ (PP4+ )+ u)
T R A Jurs
MycTs Touka P =(x, ¥) IeXUT Ha IJLAKIICE

x2 ¥y
ps) + "= 1,
4 COOTBETCTRYIONAA € Touka Q = A(P)=(X, Y)— Ha anannce

2

1,

x_2 y_ —_
2ia  Biia
e X =xva?+A/a, Y=y b2+ A/b. O6osHaMM QUIHMOTHYECKHE KOOPAHHATLL

TouKd P uepes (0, i), a ToukH Q —vepez (A, ). Mbl XOTHM ZI0KA3aTh, 4TO 4=1.
s 3Toro BHIpasuM AeKAPTORH KOOPAHHATH 9epe3 MIANITHIeCKHe:

2= 8@ e al+d de’+p)  (@+A)al+n)

1L

at—y a? a?-b? az-b

OTcloda BHITEKAET, YTO [ =1), UTo K TpeGoBaliocs,
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KpydeHHe 238

narpamxuad 305
JaCTOYKHH XBocT 135, 219
neMma Alisopu 458

— Koumm 172

JNHHekHad cvcreMa 429
nuct MEébuyca 224, 295

Mansdartu 450

MagTHHK Pyko 324

mertog IHTypma 109-111

MeTpHKa risfeproBa 304

— puManosa 303

MHororpaHHuk Bpuxapa 379

— HarubaeMeiii 378

— Konnuenu 384-386

— Ilteddena 388
MHoTroyroneHuK HetotoHa 27
MHOTOWIeH runepSoirdeckuit 114
— conpHxacamowmpitca 175

— Teitnopa 175

MHOTOUNEHN CHMMeTpHYecKue 87
— - 3NeMeHTapHue 87
MHOXeCTBO CHMMeTpuH 169

— UEHTPaIbHOHM CHMMeTpuH 188
Monentd Benbrpamu—IKneliina 304

HeNoNnHoe YacTHoe 22
HepaBeHcTBO JHK 30C
HOpMans 143

oran 158

orubawomas 125

OZHOMONOCTHEIN runepboaouy 248

OAHOCBA3SHOCTL 403

okTazap Bpuxapa 379

onopHad ¢yHkuua 166, 299

OITTHYeCKOoe CBOHCTBO KOHHMK 419

— — napa6onh 242

OTKIOHeHHe MHOTOYIEHA OT HYJIA
16

napabosa 418
HapaynerbHE nepeHoc 315

IepecTaHoBKa 95

— HeveTHas 96

— yeTHasA 96

NOBEPXHOCTE 246

-~ JBAKAH IHHEHYaTan 249

— KyOuueckas 262

— mmHeiliqaras 209, 226

— JIOKaNbHO Tnockag 405

— nepeHoca 290

— paaBeprriBaoanca 209

— TPIDKAL IMHeHvaTaa 250

— BKBHIOOTeHUHANBHAR 451

nerpyvikexne 205

oxxoAsnasg Apody 22

noaykyGHyeckan rapatona 129, 142

nopusm IoHcene 438

nocaeacsaTensHocTh HlTypMa 109

moTeHHHaN 451

npaeuna Kupxroda 363

npasao Jekapra 108

TIPHEMAECTHPOBAHHBIE TIOKa3aTen
69

npunnun Jlarpamxa 417

— (depma 416

npobneMa Mwisbepra TpeTha 336

— — yerpepras 303

— — mwecTHaAuaras 461

NpoekTUBHAA ABOUCTBeHHOCTD 130

— IIOCKOCTE 133

MpoeKTHBHOe ITpeobpazcsaHue 439

npouseoanas lleapua 172

Hy40K KOHHK 441

PABHOCOCTABIEHHOCTD MHOTOIpaH-
HUKOB 346

— MHOTOYTORBHHKOB 337

paauyc KpUBH3HH 159

pacnpeneneHne cBOGOAHOTO 3apana
453

pe6po BoaspaTta 214

perynspHan roMoTonug 196

peiteTxa 16

— INoHcene 443

pag dypoe 168
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CBEPXCONPHKOCHOBEHME 159

crub 236

ceTh Yebniuepa 288

cina Kopuonuea 325

cHHycouza 149

CIOWeHNe TOYeK Ha KyDH4eckoH
kpuBoii 285

CTy4yail MAKCHMAaAbHOTO BEIPOMAE-
Hud 182

CONIPHKACAIOMAACA APOOHO-THHEH-
Has ¢yHKIs 172

— KoHHKa 170

— kybuxa 171

— OKPYKHOCTL 159

— TOCKoCTh 222, 236

codOKyCcHEIe KBaZpUKH 426, 458

— KOHKKH 419

TeopeMa egregium 322

— Aiisopn 458

— ApHomb/{a 456

— Beay 262

— Beymrpamu 304

— Bwopana—®ypre 114

— T'amensa 306

~- Taycca 205

— Tlaycca—bBonge 317, 323

— Ipeiinza 422

— I'pama 327

— I'ypeuna—Bopens 20

— eBKJIHAOBOH reOMeTDHH caMan
AeMeHTApHaA 425

— Mu3a 172

— Xopaana 396

— Kupbu—3ubetmana 404

— KymmMepa 46

— Jlicka 43

— Mébuyca 170

— Munsopa—®apu 300

— Hama—Kiotinepa 413

« 0 TEeHHUCHOM MAYEe 71

— O ueThpex BepIInHax 144, 158

— ocHoBHan anre6per 107, 112

— — TeopuH OGBIKHOBEHHBIX AHG-
¢depeHHANBLHEIX YpaBHeHI!H 288

— IMarma 284

— INackana 284

— IloHcene 438

— Poana 108, 302

— Tapckoro o mojockax 296

— Tefita—Knesepa 163, 175

— YurHn 196

— — ana chepUdecKHX KPUBHX 198

— XapHaxka 461

— Mana 428

— liBapua 444

— [liéndunca 397

— ireiinepa 444, 450

— Irypma—Typeuna 168

— fAxoGmrrans 47

Teopus Cmetina—Xupma 199, 413

— yanos 203

TokAecTBa Makaonansga 72

ToxAecTBo laycca 65

— Kneiina 69

— Jitnepa 56

— Axobu 65

Touka 2-neperuba 170

— 3-neperuta 171

— BHYTPEHHAA ANA NOBEPXHOCTH
455

-~ BO3BpaTa 142

— nepernba 149, 170, 190, 239

tpeyronbHUK MNackang 39

— Peno 308

— CepnuHckoro 42

ypaBHeHHe, pPaspelliMoe B pagHxa-
Jax 92

$urypa nocroaHHo# WHUPHHE! 298
dopmyna Beitnepa 192, 204

— lepcHa 446

— Kapgano 79

— Kpodrrona 297

— Myagpa 83

— lMackana 38
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dopmyna INuxa 35, 158

— Qabpuiiuyca-beeppe 190, 203
— deppana 194, 203, 204

— dycca 450

ww Yanirema 450

— Ditnepa 311, 371

dbopmynn [Tmokkepa 193

— DpeHe 485

bpoHT 147

byaKIEA IFnepa 56

HEeHTP KPUBHM3HE 159
ienHas apobe 20

mHKIouAa 143

qucha IATHYTOAbHEIE 57
— dubouayun 75
YHCAO BpalleHua 195

— ofoperoe 201

LIHpHHA 298

3BONMBBEHTA 160

3BOJIIOTA 144, 160, 162
aiinepoBa XapaKTepHCTHKa 312
PIEKTPHYECKHE ey 362
anAunc 418
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